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How to DO theoretical physics?

Ludvig D. Faddeev vs. Phillip W. Anderson

according to: L.D.Faddeev, ‘After-dinner speech’, Rome, 2010

‘Top-down approach’
Principles, symmetries, conservation laws ⇒ models ⇒ phenomenology

‘Bottom-up’ approach
Phenomenology, effects ⇒ models, simulations ⇒ principles, symmetries,
conservation laws
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Nonequilibrium quantum physics: Experiments!

Time evolution

Newton’s cradle with the ultracold bose-atom gas (87Rb atoms)
(Konishita, Wegner and Weiss, Nature 440, 900 (2006))
Prethermalization and universal dynamics in near-integrable quantum systems 18
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Figure 4. Quantum Newton’s cradle realized with a 1D Bose gas [2]. (a) Long-lived

oscillations in momentum space demonstrate the absence of thermalization in this

near-integrable system. A period of ⌧ = 13ms is shown. (b) Examples of expanded

momentum distributions for � = 4 and three di↵erent evolution times t = ⌧ = 34 ms

(green curve), t = 15⌧ (blue), t = 30⌧ (red), which clearly reveal a non-thermal nature.

Figure adapted from Ref. [2].

In a 1D system, all transverse degrees of freedom are e↵ectively frozen out and

excitations can only propagate along the longitudinal, weakly confining direction. For

bosons, this leads to markedly di↵erent behavior than in three-dimensional (3D) Bose-

Einstein condensates. In a 3D BEC, only the lowest momentum mode is macroscopically

occupied as the gas is cooled to lower and lower temperatures [224]. In a 1D confinement,

the scaling of the density of states ⇢(E) /
p

E leads to a large occupation of many

momentum modes. This is the origin of strong density and phase fluctuations, which

prevent the creation of long-range order [234, 235] and lead to a more complex set of

possible equilibrium quantum states [229]. The key parameters determining the state

of the system are the temperature T and the interaction parameter � = mg1D/~2n1D

where g1D = 2~2as/ml0 is the 1D interaction strength. For typical temperatures T

reached in experiments and � � 1 the system is a strongly interacting gas of hard-core

bosons (Tonks-Girardeau regime) [72, 73, 236, 237]. For � ⌧ 1 the gas is a weakly

interacting quasi-condensate where density fluctuations are suppressed but the many

occupied momentum modes lead to strong phase fluctuations.

3.2. A quantum Newton’s cradle

The first result visualizing how integrability influences the relaxation in such a system

was the experiment by Kinoshita et al. [2]. Atoms were trapped in an optical lattice

providing strong confinement in two transverse directions, realizing a 2D array of 1D

Bose gases. Changing the strength of the radial confinement allowed for a tuning of

� all the way from weak to strong interactions [73]. By applying an optical phase

grating [238], a superposition of two longitudinal momentum states with opposite sign

was imposed on the trapped gas. Given these initial conditions, the atoms started

to oscillate in the trap, much like a Newton’s cradle. These oscillations were directly

imaged, and revealed a persistent non-thermal distribution.
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Relaxation and thermalization — Generalized Gibbs Ensemble

|Ψ(t)〉〈Ψ(t)| −→ Z−1 exp

−∑
j

βjFj

 , F2 ≡ H
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Relaxation and thermalization — Generalized Gibbs Ensemble

|Ψ(t)〉〈Ψ(t)| −→ Z−1 exp

−∑
j

βjFj

 , F2 ≡ H

Observation of prethermalization and Generalized Gibbs ensemble
review: Langer, Gasenzer and Schmiedmayer, to appear in J. Stat. Mech.
(arXiv:1603.09385)
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Figure 5. Outline of the Vienna experiments described in [5, 8, 9, 22, 141]. (a,b)

A phase fluctuating 1D quasi-condensate is coherently split, creating two 1D gases

with almost identical phase profiles 'L(z) and 'R(z) (represented by the solid black

lines). The gases are then allowed to evolve in the double-well potential for some

time tevol, which leads to strong fluctuations in the local phase di↵erence �'(z) and

a decrease of the phase correlation length �'. The question the experiment aims at

answering is whether and how this dynamical state reaches the thermal equilibrium

state of two independent quasi-condensates. In these, the phase di↵erence between the

1D gases fluctuates strongly, and the correlation length �thermal is determined by their

temperature and density. (c) The phase di↵erence �'(z) between the two 1D gases

is probed through time-of-flight matter-wave interference of the two gases. The local

relative phase is directly transformed to a local phase shift of the interference pattern.

This relative phase shift or the contrast C(L) of the axially integrated interference

pattern can then be used as a direct measure of the strength of the relative phase

fluctuations. Figure adapted from Ref. [5].

can build up along the axial direction, and the splitting happens independently at

each point in the gas. The process can be intuitively pictured as a local beam splitter

where each atom is independently put into the left or right half of the new system

with probabilities pL and pR = 1 � pL, respectively. The corresponding probability

distribution for the local number of particles N on either side is therefore binomial.

These splitting fluctuations cause a locally fluctuating interaction energy and hence set

the system out of equilibrium.

The outline of the experimental scheme is shown in Fig. 5. After the splitting

quench the system was let to evolve for a variable time. Subsequently, all trapping

potentials were switched o↵, and the gases rapidly expanded transversally. This reduced

the internal interaction energy to zero on a timescale ⇠ 1/!? such that the gas

expanded mostly ballistically. This stopped the many-body evolution and froze the

state. The matter waves of the two 1D gases in the double-well trap overlapped and

formed a matter-wave interference pattern that could be measured by standard imaging

Prethermalization and universal dynamics in near-integrable quantum systems 21
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Figure 6. Relaxation behavior after splitting a single 1D quantum gas into two as

revealed by the square of the interference contrast integrated over the central 110 µm

of the 1D interference pattern. The graph shows the time evolving mean squared

contrast hC2i, integrated over the full length of the 1D system. A decreasing hC2i
reveals the growing fluctuations in the interference pattern as it gets more ‘wiggly’.

Initially, the contrast decays quickly due to dephasing of the approximate eigenmodes

of the near-integrable Hamiltonian. This dephasing spreads through the system in a

light-cone-like fashion [7], cf. Fig. 8. The system then relaxes towards a quasi-steady,

prethermal state [5] which is characterized by a generalised Gibbs ensemble (GGE) [9].

The fast initial relaxation reflects the build-up of a prethermal coherence-length scale,

which can be related to the fast approach of the red line on one of the blue trajectories

in Fig. 1. On longer timescales, the system shows further relaxation, and it is a

key future challenge to separate and distinguish any further relaxation from processes

caused by outside influences like heating due to trap instability or atom loss. Figure

adapted from Ref. [5].

techniques [250]. Because of the fast reduction of the interaction energy, interactions

during expansion could be neglected and the position of the fringes after time of flight

approximately reflected the di↵erence �'(z) = 'L(z) � 'R(z) between the phases of

the two 1D gases. The phase fluctuations can be characterized by means of the phase

correlation function,

C(z, z0) ⇠ h 1(z) †
2(z) †

1(z
0) 2(z

0)i ⇠ hei�'(z,t)�i�'(z0,t)i. (4)

Here,  1 and  2 denote bosonic field operators describing the two halves of the

system [7, 9]. This function provides a measure for the correlations of the phase between

two di↵erent points z and z0 along the length of the system. It contains only the

experimentally measured relative phases �'(z) and �'(z0), and could thus be directly

calculated from the data. Besides this local phase �'(z) extracted from the relative

shift of the interference pattern, a second important observable in the experiments was

the mean squared contrast hC2i of the interference patterns, integrated over a specific

length scale [165, 166, 245, 246].

Repeating the experiment many times with identical initial conditions allowed

studying the fluctuation dynamics of this relative phase and its relation to thermal

Gring et al. Science 337, 1318 (2012)
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Precise experimental measurement of correlation functions
Prethermalization and universal dynamics in near-integrable quantum systems 24
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Figure 9. Observation of a generalized Gibbs ensemble (GGE). (a) Two-point

phase correlations visualizing the emergence of the GGE. The correlation functions

show a characteristic maximum on the diagonal and a decay of correlations

away from the diagonal (cf. Fig. 8). Additional correlations on the anti-

diagonal are the result of the enhanced occupation of even (with respect to

the longitudinal trap) quasiparticle modes, in good agreement with a theoretical

model assuming multiple conserved quantities. (b) Examples of cuts through

experimental 4-, 6-, and 10-point correlation functions. The GGE describes well

also phase correlations up to 10th order. From left to right, we plot the cuts

C(z1, 10, z2, 10), C(z1,�12, z2, 14), C(z1, 10, 10, z2,�20, 10), C(z1,�8, 8, z2,�24,�20),

C(z1, 4, 10, z2,�8, z2,�22,�18, 10,�4) and C(z1,�22,�8, z2,�22,�26,�22, z2,�26,

�24). All coordinates are given in µm and were chosen as representative cases for our

high-dimensional data. Adapted from Ref. [9].

Robinson bound limiting the spreading of information to a finite group velocity, as

originally introduced for lattice spin models [167] and studied both numerically [87, 168]

and experimentally [15]. The limits observed here extend these ideas to continuous

models, as previously put forward for quenches in conformal field theories [85, 86].

3.3.4. Observation of a generalized Gibbs ensemble The experimentally observed

prethermalized state can be described by a single e↵ective temperature Te↵ . Although

this state was observed in a system that is very well described by an integrable model,

this state is practically indistinguishable from a thermal state. As mentioned above, the

key to this surprising result lies in the particular quench protocol that was employed.
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Expansion dynamics

Ronzheimer et al. Phys. Rev. Lett. 110, 205301 (2013)
Bosonic 39K atoms..

39K atoms in a three-beam optical dipole trap. The con-
densate is loaded into a blue-detuned, three-dimensional
optical lattice (lattice constant d ¼ !=2, wavelength
! ¼ 736:7 nm) with a lattice depth of V0 ¼ 33:0ð5ÞEr.
Here, Er ¼ h2=ð2m!2Þ denotes the recoil energy, m the
atomic mass, and h is Planck’s constant. For suitable
harmonic confinements, sufficiently strong repulsive inter-
actions, and adiabatic loading, a large Mott insulating core
with unity filling and a radius of (40–50) d is created in the
center [see Fig. 1(a)]. By employing a Feshbach resonance
at a magnetic field of 402.50(3) G we can tune the inter-
action strength during loading and thereby control the
amount of multiply occupied lattice sites. In the deep
lattice, where tunneling is suppressed [tunneling time
"d ¼ @=Jd $ 58 ms, with the tunneling amplitude Jd and@ ¼ h=ð2#Þ], the atoms are held for a 20 ms dephasing
period, during which any residual coherences between
lattice sites are lost [35] and all atoms become localized
to individual lattice sites. The resulting state after this
loading procedure is a product of local Fock states,
j!initiali ¼

Q
i

1ffiffiffiffiffi
$i!

p ðb̂yi Þ$i j0i, $i 2 f0; 1; 2; . . .g, where b̂yi

is the creation operator for a boson on site i. This state is
characterized by a flat quasimomentum distribution nk ¼
const, where k 2 ½&#=d;#=d' denotes the quasimomen-
tum. During the dephasing period, we change the magnetic
field to set the desired interaction strength U=J for the
expansion. Because of the suppressed hopping during
this part of the sequence, this field ramp does not alter
the density distribution; i.e., the initial state prior to the
expansion is identical for all interactions. The expansion is
initiated by lowering the lattice depth along one or both
horizontal directions (x, y) in 150 %s to a depth of 8.0(1)
Er to induce tunneling with amplitudes Jx (" ¼ @=Jx ¼
0:55 ms) and Jy between neighboring lattice sites along

these directions. This is equivalent to a quantum quench
from U=J $ 1 to a finite U=J. Simultaneously, the
strength of the dipole trap is reduced to a small but finite
value that compensates the anti-confinement along the
expansion direction created by the lattice beams (see
Ref. [36] for Supplemental Material).
The dynamics in the resulting lattice can be described

within the homogeneous Bose-Hubbard model:

H ¼ &Jx
X

hi;jix
b̂yi b̂j & Jy

X

hi;jiy
b̂yi b̂j þ

U

2

X

i

n̂iðn̂i & 1Þ:

Here, U denotes the on-site interaction strength, n̂i¼ b̂yi b̂i,
and hi; jixðyÞ indicates a summation over nearest neighbors
along the x (y) direction.
We monitor the in situ density distribution of the

expanding cloud using standard absorption imaging along
the vertical axis. The recorded column densities are inte-
grated over one direction and the resulting line densities
are presented in Figs. 1(b)–1(d) as a function of the expan-
sion time for the 1D case. In both the noninteracting and
the hard-core limits we expect a ballistic expansion which
splits the cloud into a left- and right-moving portion
[20,37,38], as can be seen in our numerical results shown
in Figs. 1(e) and 1(g). While the splitting can be clearly
observed in the experimental data for the noninteracting
case [Fig. 1(b)], the presence of a few multiply occupied
lattice sites decreases its visibility in the strongly interact-
ing case [Fig. 1(d)].
Expansion velocities.—To quantify the expansion dy-

namics we extract the half-width-at-half-maximum
(HWHM) from the line density profiles [39] and determine
the core expansion velocities vc [Fig. 2(a)] via linear fits to
the evolution of the HWHM at intermediate times [36]. In
both one and two dimensions, themaximum core expansion
velocity occurs in the noninteracting limit, where the sys-
tem expands ballistically. Because of an exact dynamical
symmetry of Hubbard models on bipartite lattices, the
expansion dynamics are independent of the sign of the
interaction [40] and we therefore focus the discussion on
the U > 0 case. In two dimensions, increasing the interac-
tion strength monotonically reduces the core expansion
velocity until it essentially drops to zero. In one dimension,
in contrast, a similar but much weaker suppression of the
expansion velocity extends only up to interaction strengths
on the order of the bandwidth U) 4Jx, while vc increases
again for stronger interactions and eventually reaches
values comparable to the noninteracting case.
The same qualitative behavior is evident in the t-DMRG

simulations for ten particles, shown as red triangles in
Fig. 2(a). Since the numerically calculated HWHM
suffers from rather large finite-size effects, we also present
t-DMRG results for an alternativemeasure of the expansion

velocity, namely vr ¼ ðd=dtÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2ðtÞ & R2ð0Þ

p
, extracted

from the radius R2ðtÞ ¼ ð1=NÞPihn̂iðtÞiði& i0Þ2d2 (inset),
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FIG. 1 (color). Experimental sequence and time evolution
during the expansion. (a) Sketch of the experimental sequence.
(b)–(d) Experimental time evolution of line density profiles
during a 1D expansion for various interaction strengths (each
line is individually normalized). (e)–(g) Corresponding t-DMRG
calculations for eight atoms, plotted using cubic interpolation.
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17 MAY 2013
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Manipulating OPEN quantum systems: ion traps

J.T. Barreiro et al. Nature 470, 486 (2011)
4
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FIG. 1. Experimental tools for the simulation of open
quantum systems with ions. a, The coherent component
is realized by collective (U

X

, U
Y

, U
X

2 , U
Y

2) and single-qubit
operations (U

Z

i

) on a string of 40Ca+ ions which consists of
the environment qubit (ion 0) and the system qubits (ions
1 through n). b, The dissipative mechanism on the ancilla
qubit is realized in the two steps shown on the Zeeman-split
40Ca+ levels by (1) a coherent transfer of the population from
|0i to |S0i and (2) an optical pumping to |1i after a transfer
to the 42P

1/2

state by a circularly-polarised laser at 397 nm.
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FIG. 2. Experimental signatures of Bell-state cooling.
Evolution of the Bell-state populations |�+i (down triangles),
|��i (circles), | +i (squares) and | �i (up triangles) of an
initially mixed state under a cooling process with probability
a, p = 1 or deterministic and b, p = 0.5. Error bars, not
shown, are smaller than 2% (1�). c, Reconstructed process
matrix � (real part), displayed in the Bell-state basis, describ-
ing the deterministic cooling of the two ions after one and a
half cycles. The ideal process mapping any input state into
the state | �i has as non-zero elements only the four trans-
parent bars shown. The imaginary elements of �, ideally all
zero, have an average magnitude of 0.004 and a maximum of
0.03. The uncertainties in the elements of process matrix are
smaller than 0.01 (1�).

delity [37] of 87.0(7)% with the ideal dissipative process
⇢
S

7! | �ih �| which maps an arbitrary state of the
system into the Bell state | �i.

FOUR-QUBIT STABILIZER PUMPING

The engineering of the system-environment coupling,
as demonstrated by Bell-state cooling above, can be read-
ily extended to larger n-qubit open quantum systems.
We illustrate such an engineering experimentally with
the dissipative preparation of a four-qubit Greenberger-
Horne-Zeilinger (GHZ) state (|0000i+ |1111i)/

p
2. This

state is uniquely characterized as the simultaneous eigen-
state of the four stabilizers Z

1

Z
2

, Z
2

Z
3

, Z
3

Z
4

and
X

1

X
2

X
3

X
4

, all with eigenvalue +1 (see Fig. 3a). There-
fore, cooling dynamics into the GHZ state are realized
by four consecutive dissipative steps, each pumping the
system into the +1 eigenspaces of the four stabilizers. In
a system of 4+1 ions, we implement such cooling dynam-
ics in analogy with the Bell-state cooling sequence. Here,
however, the circuit decomposition of one cooling cycle
involves 16 five-ion entangling operations, 20 collective
unitaries and 34 single-qubit operations; further details
in the Supplementary Information.

In order to observe this deterministic cooling process
into the GHZ state, we begin by preparing the system
ions in a completely mixed state. The evolution of the
state of the system after each pumping step is char-
acterized by quantum state tomography. The recon-
structed density matrices shown in Fig. 3b for the ini-
tial and subsequent states arising in each step have a
fidelity, or state overlap [38], with the expected states of
{79(2),89(1),79.7(7),70.0(7),55.8(4)}%; see Supplemen-
tary Information for further details. Since the final state
has a fidelity with the target GHZ state greater than 50%,
the initially mixed state is cooled into a genuinely four-
particle entangled state [39]. The pumping dynamics is
clearly reflected by the measured expectation values of
the stabilizers ZiZj (ij = 12, 23, 34, 14) and X

1

X
2

X
3

X
4

at each step, as shown in Fig. 3c.

Although the simulation of a master equation requires
small pumping probabilities, as an exploratory study, we
implement up to five consecutive X

1

X
2

X
3

X
4

-stabilizer
pumping steps with two probabilities p = 1 and 0.5, for
the initial state |1111i. The measured expectation val-
ues of all relevant stabilizers for pumping with p = 1
are shown in Fig. 3d. After the first step, the stabilizer
X

1

X
2

X
3

X
4

reaches an expectation value of -0.68(1); af-
ter the second step and up to the fifth step, it is preserved
at -0.72(1) regardless of experimental imperfections.

For X
1

X
2

X
3

X
4

-stabilizer pumping with p = 0.5, the
four-qubit expectation value increases at each step and
asymptotically approaches -0.54(1) (ideally -1, fit shown
in Fig. 3d). A state tomography after each pumping step
yields fidelities with the expected GHZ-state of {53(1),
50(1), 49(1), 44(1), 41(1)}%. From the reconstructed
density matrices we determine that the states generated
after one to three cycles are genuinely multi-partite en-
tangled [40].
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Boundary-driven steady state paradigm

Open quantum system’s approach:
Canonical markovian master equation for the many-body density matrix:

The Lindblad (L-GKS) equation:

dρ
dt

= L̂ρ := −i[H, ρ] +
∑
µ

(
2LµρL†µ − {L†µLµ, ρ}

)
.
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Boundary-driven steady state paradigm

Open quantum system’s approach:
Canonical markovian master equation for the many-body density matrix:

The Lindblad (L-GKS) equation:

dρ
dt

= L̂ρ := −i[H, ρ] +
∑
µ

(
2LµρL†µ − {L†µLµ, ρ}

)
.

Bulk: Fully coherent, local interactions,e.g. H =
∑n−1

x=1 hx,x+1.
Boundaries: Fully incoherent, ultra-local dissipation,
jump operators Lµ supported near boundaries x = 1 or x = n.
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Analog Classical problem: Asymmetric simple exclusion process

Markovian model on a 2L dimensional probability state vector p(t):

d
dt

p = Mp

Total Current transported through an Open System

A paradigm of a non-equilibrium system

R1

J

R2

The asymmetric exclusion model with open boundaries

q 1

! "

1 L

RESERVOIRRESERVOIR

# $

K. Mallick Exact Solutions in Nonequilibrium Statistical Mechanics
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Markovian model on a 2L dimensional probability state vector p(t):

d
dt
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Total Current transported through an Open System
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Nonequilibrium steady state (NESS): a fixed point probability state vector p∞

Mp∞ = 0
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Analog Classical problem: Asymmetric simple exclusion process

Markovian model on a 2L dimensional probability state vector p(t):

d
dt

p = Mp

Total Current transported through an Open System

A paradigm of a non-equilibrium system

R1

J

R2

The asymmetric exclusion model with open boundaries

q 1

! "

1 L
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# $

K. Mallick Exact Solutions in Nonequilibrium Statistical Mechanics

Nonequilibrium steady state (NESS): a fixed point probability state vector p∞

Mp∞ = 0

Applications: driven diffusive systems, traffic flow, hopping conductivity in soild
electrolytes, Motion of RNA templates, Brownian motors, etc.
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Matrix Product Ansatz (MPA)

Derrida, Evans, Hakim & Pasquier, J. Phys. A (1993):

Let A0,A1 be a pair of matrices, and 〈L|, |R〉 a pair of left and right ‘vacua’.

MPA : ps1,s2,...,sL = 〈L|As1As2 · · ·AsL |R〉, sj ∈ {0, 1}
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Matrix Product Ansatz (MPA)

Derrida, Evans, Hakim & Pasquier, J. Phys. A (1993):

Let A0,A1 be a pair of matrices, and 〈L|, |R〉 a pair of left and right ‘vacua’.

MPA : ps1,s2,...,sL = 〈L|As1As2 · · ·AsL |R〉, sj ∈ {0, 1}

Asking such MPA p to solve the Markov fixed point condition Mp = 0 results
in a single algebraic relation in the bulk

A1A0 − qA0A1 = (1− q)(A0 + A1)

with two boundary conditions

〈L|(αA0 − γA1) = 〈L|, (βA1 − δA0)|R〉 = |R〉
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Matrix Product Ansatz (MPA)

Derrida, Evans, Hakim & Pasquier, J. Phys. A (1993):

Let A0,A1 be a pair of matrices, and 〈L|, |R〉 a pair of left and right ‘vacua’.

MPA : ps1,s2,...,sL = 〈L|As1As2 · · ·AsL |R〉, sj ∈ {0, 1}

Asking such MPA p to solve the Markov fixed point condition Mp = 0 results
in a single algebraic relation in the bulk

A1A0 − qA0A1 = (1− q)(A0 + A1)

with two boundary conditions

〈L|(αA0 − γA1) = 〈L|, (βA1 − δA0)|R〉 = |R〉

This algebraic structure is enough to yield all physical observables in NESS!
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Rich non-equilibrium phase diagram of TASEP (q=0)
Kolomeisky et al. J. Phys. A: Math.& Gen. 31, 6911 (1998)

6912 A B Kolomeisky et al

clarification and development of the domain wall picture for the system with open boundaries
[11] constitute the primary goal of this paper. The totally asymmetric exclusion process
(TASEP) is the simplest case and we shall use this model to develop a theory of boundary-
induced phase transitions (section 3). The central ingredient of this theory is an interplay
of two characteristic shock velocities which can be derived from the (bulk) current density
relation j (⇢). We are lead to the observation of two different types of domain walls
whose structure and motion can be characterized to a large extent. The system dynamics,
stationary states, the nature and the location of the phase transitions can then be understood
quantitatively in terms of the domain wall picture. The basic mechanisms which generate
the phase transitions in this model will be shown to be universal and will thus eventually
lead us to an understanding of more generic cases of driven diffusive systems which have
a single maximum in the current density relation j (⇢). Moreover, we shall obtain—with
somewhat stronger assumptions on the coarse-grained domain wall dynamics—quantitative
results on the stationary density profile close to the phase transition lines (section 4). Some
further conclusions are drawn in section 5 where we also summarize our main results.

2. The TASEP with open boundaries

In the TASEP particles enter an N -site lattice from the left with rate ↵ whenever the first
site is empty. In the bulk particles can jump to the neighbouring right-hand site with
constant rate 1 provided that this site is empty (hard-core exclusion). On site N particles
exit the system with rate �. This choice of rates corresponds to a coupling of the system to
reservoirs of constant densities ↵ and 1� �, respectively. The steady states in this system
(figure 1) have been determined exactly [11, 12]. For self-containedness we summarize the
main results.

The hard-core exclusion implies that the steady state particle current j is related to the
bulk density ⇢ by j = ⇢(1� ⇢) [13]. When particles are supplied at the left end with the
rate ↵ > �, and removed at the right end not too fast, � <

1
2 , there results a high-density

Figure 1. Phase diagram of the ASEP with stationary values of the particle density ⇢, current
j , and allowed types of domain walls: low-density/high-density (0|1), maximal-current/high-
density (m|1), low-density/maximal-current (0|m).

6916 A B Kolomeisky et al

Figure 2. An ASEP with a domain wall present. The diagonal lines represent the instantaneous
position x (measured in lattice spacings) of every 10th particle at various times t (measured in
Monte Carlo steps per site). (a) ↵ = � = 0.2; (b) ↵ = 0.3, � = 0.2; (c) ↵ = 0.7, � = 0.2.

↵ = 1
2 . Further increase of the left boundary density results in a negative collective velocity

and the perturbation does not spread into the bulk. The system has entered the maximal-
current phase where it remains even if the left boundary density is further increased [8].
This phenomenon explains what may be intuitively described as the onset of an overfeeding
with particles [11].

For � <

1
2 the system does not enter the maximal-current phase (because of the negative

shock velocity), but the overfeeding still occurs for ↵ >

1
2 and leads to the domain wall

transition (0|1) ! (m|1). The overfeeding implies that further increase of the left boundary
density beyond 1

2 does not result in any change of the characteristic length scales in the
high-density phase. This is seen in the behaviour of the domain wall velocity V (4), (5)
and also in the divergence of the localization length ⇠

↵

. The overfeeding originates in the
change of sign in the collective velocity. Particle–hole symmetry can be used to extend our
results to the low-density phase. Thus we can explain both the location of the second-order
phase transition lines in the TASEP and the nonanalytic changes in the density profile within
the low- and high-density phases.

We have performed numerical simulations of the ASEP, shown in figure 2, that give
support to our ideas. We chose N = 1000 and on each Monte Carlo step attempted to
advance the particle on a randomly chosen site (if there was one present). The initial
configuration had particles placed independently and randomly, with a density step at the
middle or near one end of the line. Time is measured in units of Monte Carlo steps per
site. We represent the subsequent behaviour of the system by tracing the path of every
10th particle. The figure shows three cases: (a) ↵ = � = 0.2, describing a (0|1) domain
wall between phases that are particle–hole equivalents; (b) ↵ = 0.3, � = 0.2, with a (0|1)
domain wall between inequivalent phases; (c) ↵ = 0.7, � = 0.2, with a (m|1) domain wall
(choosing any ↵ > 0.5 would give exactly the same diagram). We verified that for each of
these, equations (4) or (5) accurately predicted the velocity V of displacement of the wall.
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Deterministic classical interacting system driven by stochastic boundaries

Eγ,δ

Eα,β

...

...

P P P P

P P P P

1
2
3
4

n-1
n

Ue

Uo

x

t

TP, C. Mejia-Monasterio, J. Phys. A: Math. Theor. 49, 185003 (2016)
Exact solution for NESS exist in terms of a specific matrix product ansatz!
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Quantum noninteracting problem: phase transition in a driven XY spin chain

TP & I. Pižorn, PRL 101, 105701 (2008)

H =
n∑
j

(
1+γ

2
σx

j σ
x
j+1 +

1−γ
2

σy
j σ

y
j+1 + hσz

j

)
L1 =

1
2

√
ΓL

1σ
−
1 L3 =

1
2

√
ΓR

1 σ
−
n

L2 =
1
2

√
ΓL

2σ
+
1 L4 =

1
2

√
ΓR

2 σ
+
n

C(j , k) = 〈σz
j σ

z
k〉 − 〈σz

j 〉〈σz
k〉
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Quantum interacting problem: driven anisotropic Heisenberg spin chain

Steady state Lindblad equation L̂ρ∞ = 0:

i[H, ρ∞] =
∑
µ

(
2Lµρ∞L†µ − {L†µLµ, ρ∞}

)
The XXZ Hamiltonian:

H =
n−1∑
x=1

(2σ+
x σ
−
x+1 + 2σ−x σ

+
x+1 + ∆σz

xσ
z
x+1)

and in&out (source& sink) Lindblad jump operators:

L1 =
√
εσ+

1 , L2 =
√
εσ−n .
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Again, nonequilibrium phase transition in the steady state!

For |∆| < 1, 〈J〉 ∼ n0 (ballistic)

For |∆| > 1, 〈J〉 ∼ exp(−constn) (insulating)

For |∆| = 1, 〈J〉 ∼ n−2 (anomalous)
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Two-point spin-spin correlation function in NESS

C
(x
n
,
y
n

)
= 〈σz

xσ
z
y 〉 − 〈σz

x〉〈σz
y 〉

for isotropic case ∆ = 1 (XXX )

C(ξ1, ξ2) = −π
2

2n
ξ1(1− ξ2) sin(πξ1) sin(πξ2), for ξ1 < ξ2
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Exact solution for the steady state: Matrix product ansatz

TP, PRL106(2011); PRL107(2011); Karevski, Popkov, Schütz, PRL111(2013)

ρ∞ = ( trR)−1R, R = ΩΩ†

Ω =
∑

(s1,...,sn)∈{+,−,0}n
〈0|As1As2 · · ·Asn |0〉σs1 ⊗ σs2 · · · ⊗ σsn = 〈0|

(
A0 A+

A− A0

)⊗n

|0〉
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Exact solution for the steady state: Matrix product ansatz

TP, PRL106(2011); PRL107(2011); Karevski, Popkov, Schütz, PRL111(2013)

ρ∞ = ( trR)−1R, R = ΩΩ†

Ω =
∑

(s1,...,sn)∈{+,−,0}n
〈0|As1As2 · · ·Asn |0〉σs1 ⊗ σs2 · · · ⊗ σsn = 〈0|

(
A0 A+

A− A0

)⊗n

|0〉

A0 =
∞∑

k=0

a0
k |k〉〈k|,

A+ =
∞∑

k=0

a+
k |k〉〈k+1|,

A− =
∞∑

k=0

a−k |k+1〉〈r |,

0 1 2 3 4
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Exact solution for the steady state: Matrix product ansatz

TP, PRL106(2011); PRL107(2011); Karevski, Popkov, Schütz, PRL111(2013)

ρ∞ = ( trR)−1R, R = ΩΩ†

Ω =
∑

(s1,...,sn)∈{+,−,0}n
〈0|As1As2 · · ·Asn |0〉σs1 ⊗ σs2 · · · ⊗ σsn = 〈0|

(
A0 A+

A− A0

)⊗n

|0〉

A0 =
∞∑

k=0

a0
k |k〉〈k|,

A+ =
∞∑

k=0

a+
k |k〉〈k+1|,

A− =
∞∑

k=0

a−k |k+1〉〈r |,

0 1 2 3 4

a0
k = cos((s − k)η) cos η := ∆,

a+
k = sin((k + 1)η) tan(ηs) :=

ε

2i sin η

a−k = cos((2s − k)η) s is a q−deformed complex spin q = eiη
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Local conservation laws

Example: Hamiltonian with local interactions

H =
∑

j

hj,j+1
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Local conservation laws

Example: Hamiltonian with local interactions

H =
∑

j

hj,j+1

Continuity equation — local conservation laws:

d
dt

hj,j+1 = i[H, hj,j+1] = Jj − Jj+1 ≡ −∇ · J, Jj := i[hj−1,j , hj,j+1]

Jj ≡ energy current density
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Local conservation laws

Example: Hamiltonian with local interactions

H =
∑

j

hj,j+1

Continuity equation — local conservation laws:

d
dt

hj,j+1 = i[H, hj,j+1] = Jj − Jj+1 ≡ −∇ · J, Jj := i[hj−1,j , hj,j+1]

Jj ≡ energy current density

In general: F some general extensive quantity, F =
∑

j fj , fj local around site j .
From [H,F ] = 0 we have

d
dt

fj = i[H, fj ] = gj − gj+1

gj ≡ corresponding density of current of F .
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Near equilibrium transport and conservation laws

Green-Kubo formula:

κ(ω) = lim
t→∞

lim
n→∞

β

n

∫ t

0
dt′eiωt〈J(t′)J(0)〉β

Divergence of d.c. conductivity defines the Drude weight D,

κ(ω) = 2πDδ(ω) + κreg(ω)

which again can be expressed in terms of a linear response formula

D = lim
t→∞

lim
n→∞

β

2tn

∫ t

0
dt′〈J(t′)J(0)〉β
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Near equilibrium transport and conservation laws

Green-Kubo formula:

κ(ω) = lim
t→∞

lim
n→∞

β

n

∫ t

0
dt′eiωt〈J(t′)J(0)〉β

Divergence of d.c. conductivity defines the Drude weight D,

κ(ω) = 2πDδ(ω) + κreg(ω)

which again can be expressed in terms of a linear response formula

D = lim
t→∞

lim
n→∞

β

2tn

∫ t

0
dt′〈J(t′)J(0)〉β

For integrable systems, Zotos et al. (1997) proposed to apply Mazur (1969) /
Suzuki (1971) bound to estimate Drude weight in terms of conserved quantities
Fj , [H,Fj ] = 0:

D ≥ lim
n→∞

β

2n

∑
j

〈JFj 〉2β
〈F 2

j 〉β
where operators Fj may be chosen mutually orthogonal 〈FjFk〉 = 0, j 6= k.
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D ≥ lim
n→∞

β

2n

∑
j

〈JFj 〉2β
〈F 2

j 〉β

Conclusion: Integrable systems are ballistic conductors at any temperature,
unless ...
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D ≥ lim
n→∞

β

2n

∑
j

〈JFj 〉2β
〈F 2

j 〉β

Conclusion: Integrable systems are ballistic conductors at any temperature,
unless ...

... unless all conserved quantities Fj orthogonal to current operator J,
〈JFj 〉 = 0, which may happen due to discrete symmetries
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Nonequilibrium integrability

‘Square root’ NESS ρ∞ ∝ Ω(s)Ω†(s), s = s(ε), generates non-Hermitian
commuting family

[Ω(s),Ω(s ′)] = 0, ∀s, s ′ ∈ C
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Nonequilibrium integrability

‘Square root’ NESS ρ∞ ∝ Ω(s)Ω†(s), s = s(ε), generates non-Hermitian
commuting family

[Ω(s),Ω(s ′)] = 0, ∀s, s ′ ∈ C

Derivative of such non-equilibrium ’transfer matrix’ defines a quasi-local con-
served quantity

Z =
d
ds

Ω(s)|s=0, 〈Z †Z〉 ∝ n.
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Nonequilibrium integrability

‘Square root’ NESS ρ∞ ∝ Ω(s)Ω†(s), s = s(ε), generates non-Hermitian
commuting family

[Ω(s),Ω(s ′)] = 0, ∀s, s ′ ∈ C

Derivative of such non-equilibrium ’transfer matrix’ defines a quasi-local con-
served quantity

Z =
d
ds

Ω(s)|s=0, 〈Z †Z〉 ∝ n.

The operator Z in fact defines a conservation law Q = i(Z − Z †) with a
continuity equation

[H,Q] = 2σz
1 − 2σz

n
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Nonequilibrium integrability

‘Square root’ NESS ρ∞ ∝ Ω(s)Ω†(s), s = s(ε), generates non-Hermitian
commuting family

[Ω(s),Ω(s ′)] = 0, ∀s, s ′ ∈ C

Derivative of such non-equilibrium ’transfer matrix’ defines a quasi-local con-
served quantity

Z =
d
ds

Ω(s)|s=0, 〈Z †Z〉 ∝ n.

The operator Z in fact defines a conservation law Q = i(Z − Z †) with a
continuity equation

[H,Q] = 2σz
1 − 2σz

n

Q is in fact the first-order of NESS

ρ∞ ∝ 1 + εQ +O(ε2).
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Corollary: Rigorous lower bound on spin Drude weight

∃ spin flip symmetry P =
∏

j σ
x
j : [H,P] = 0 ter [Fj ,P] = 0 for all local

conserved quantities Fj , but PJ = −JP, hence 〈FjJ〉 = 0.
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Corollary: Rigorous lower bound on spin Drude weight

∃ spin flip symmetry P =
∏

j σ
x
j : [H,P] = 0 ter [Fj ,P] = 0 for all local

conserved quantities Fj , but PJ = −JP, hence 〈FjJ〉 = 0.

However, new conservation law has odd parity, Q = i(Z − Z †), PQ = −QP,
hence allows 〈QJ〉 6= 0.
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Corollary: Rigorous lower bound on spin Drude weight

∃ spin flip symmetry P =
∏

j σ
x
j : [H,P] = 0 ter [Fj ,P] = 0 for all local

conserved quantities Fj , but PJ = −JP, hence 〈FjJ〉 = 0.

However, new conservation law has odd parity, Q = i(Z − Z †), PQ = −QP,
hence allows 〈QJ〉 6= 0.

Fractal Mazur bound on Drude weight

D
β
≥ DZ :=

sin2(πl/m)

sin2(π/m)

(
1− m

2π
sin
(
2π
m

))
, ∆ = cos

(
πl
m

)
TP, Ilievski, PRL 111, 057203 (2013); TP, NPB 886, 1177 (2014)
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GGE and the problem of MISSING CONSERVED CHARGE(s)

Generalized Gibbs ensemble ρGGE = exp(−∑∞j=1 βjFj ) for the steady state
after a quantum quench of XXZ Hamiltonian gives incorrect results!

H =

n−1∑
x=1

(2σ+
x σ
−
x+1 + 2σ−x σ

+
x+1 + ∆σz

xσ
z
x+1)

B. Wouters et al., Phys. Rev. Lett. 113, 117202 (2014); M. Brockmann et al., J. Stat. Mech. P12009 (2014):
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FIG. 2. Correlator h�z
1�

z
2i evaluated on the quench action

steady state (solid lines) and on the GGE (dashed lines). The
energy sum rule 2h�x

1�
x
2 i+�h�z

1�
z
2i = �� explains the exact

value of �1/3 at the isotropic point � = 1. Numerical errors
are 10�5 or smaller. Both sets of data are in agreement with
the finite-size computations of Ref. [19], within the numerical
precision of the latter. Inset: Relative di↵erence between the
GGE prediction and the quench action saddle-point result,
�h�z

1�
z
2i = (h�z

1�
z
2iGGE � h�z

1�
z
2isp) / |h�z

1�
z
2isp|.

state [69] fix ⇢1,h unambiguously [52],

⇢Néel
1,h (�) =

⇡2a3
1(�) sin2(2�)

⇡2a2
1(�) sin2(2�) + cosh2(⌘)

, (16)

where a1 was defined right after Eq. (6). This makes
the input from the chemical potentials redundant. The
densities ⇢GGE for the GGE can be found by solving the
GTBA Eqs. (13) for n � 2 [dn(�) = 0] and the Bethe
Eqs. (9) with the constraint ⇢GGE

1,h = ⇢Néel
1,h .

Discussion of results. Numerical and analytical anal-
ysis show exact agreement between ⇢1,h predicted by the
quench action approach and ⇢Néel

1,h in Eq. (16) [52]. The
expectation values of all local conserved charges Qn are,
thus, reproduced exactly. We stress that this nontrivial
agreement constitutes strong evidence for the correctness
of the quench action prediction of the steady state.

Furthermore, the distributions of the GGE can be com-
pared with the steady-state distributions provided by the
quench action approach, see Fig. 1. The densities ⇢n for
the GGE and the quench action are clearly di↵erent, the
discrepancies becoming more pronounced as one reduces
the anisotropy towards the gapless point � = 1. We em-
phasize that all our results are obtained in the thermody-
namic limit: these di↵erences are not finite-size e↵ects.

We verified the existence of these discrepancies by an-
alytically solving the GTBA equations of the two ensem-
bles in a large-� expansion. The di↵erences between the
distributions are of order ��2, e.g., for 1- and 2-strings
(for other strings and higher orders, see Ref. [52])

⇢GGE
1 (�) � ⇢sp

1 (�) =
1

4⇡�2
+ O(��3) , (17a)

⇢GGE
2 (�) � ⇢sp

2 (�) =
1 � 3 sin2(�)

3⇡�2
+ O(��3) . (17b)
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FIG. 3. (color online) (a) The same as Fig. 2 for h�z
1�

z
3i. (b)

Comparison between the quench action, the GGE prediction,
and the NLCE result close to the isotropic point. Error bars in
the NLCE data display an interval of confidence that includes
all resummation results (except for �=1.015) [58].

Given steady-state distributions, one can compute
physical observables [Eq. (11)]. Nonvanishing di↵erences
between distributions will generally be reflected in those
expectation values, even in simple ones such as few-point
spin-spin correlation functions. We have implemented
an adapted version of the Hellmann-Feynman theorem
to compute the expectation value h�z

1�
z
2i from the dis-

tributions ⇢ [58, 70]. The nearest-neighbor two-point
correlator is predicted di↵erently by the quench action
steady state and the GGE (see Fig. 2). The NLCE re-
sults (not shown) are consistent with those predictions
but cannot resolve their di↵erence since it is too small
(. 2%, as shown in the inset in Fig. 2). It should be
noted that the magnitude of di↵erences between distri-
butions in Eqs. (17) does not directly translate into a
similar di↵erence for physical observables. Expanding for
large anisotropy, we obtain a discrepancy of order ��6,

h�z
1�

z
2iGGE � h�z

1�
z
2isp =

9

16�6
+ O(��7) . (18)

We also calculate the next-nearest-neighbor correlator
h�z

1�
z
3i by means of the method of Ref. [70], see Fig. 3.

In the inset in Fig. 3(a) one can see that, as � ! 1, the
di↵erences between the predictions of the quench action
approach and the GGE become of the order of 10%. Fig-
ure 3(b) provides a closer look of h�z

1�
z
3i in that regime.

There, we also report our NLCE results [58]. The lat-
ter are consistent with the quench action predictions and
inconsistent with the GGE results. Hence, our NLCE cal-
culations support the correctness of the QA approach for
describing observables after relaxation and the inability
of the GGE constructed here to do so.

Conclusions. We used the quench action method to
obtain an exact description of the steady state following
a quench from the ground state of the Ising model to an
XXZ spin-1/2 chain with anisotropy � � 1. We were

B. Pozsgay et al., Phys. Rev. Lett. 113, 117203 (2014); M. Mestyan et al., J. Stat. Mech. P04001 (2015):
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FIG. 1: Numerical simulation of the time evolution of correlation functions (a) h�z
1�

z
2i, (b) h�z

1�
z
3i, (c) h�z

1�
z
4i

starting from the dimer initial state (4) for anisotropy � = 4 as obtained by ITEBD (red lines). In the shaded
region the results are not reliable. The horizontal lines show the GGE prediction [1] (blue dotted lines) and the

prediction of the overlap TBA of the quench-action approach (black dashed lines).

controlled fashion by realizing the XXZ chain in systems
of cold atoms in optical lattices [48–52].

As initial states, we consider the translationally invari-
ant projection of the Néel state

| N
0 i =

1 + T̂p
2

|"#" . . .i =
1p
2

�
|"#" . . .i+|#"# . . .i

�
, (3)

which is a ground state in the � ! 1 limit, and the
similarly symmetrized dimer product state

| D
0 i =

1 + T̂p
2

����
("# � #")p

2

("# � #")p
2

. . .

�
, (4)

which is one of the ground states of the Majumdar-Ghosh
Hamiltonian [53]. Here, T̂ is the one site translation op-
erator on the lattice. It is expected that ground states of
local Hamiltonians always relax to a steady state.

Failure of the GGE description of the steady state
correlations.— To demonstrate that the GGE cannot
give an appropriate description of the steady state, we
compare its predictions for correlation functions with the
results of real-time out-of-equilibrium numerical simu-
lations, performed using the infinite size time evolving
block decimation (ITEBD) algorithm [54, 55]. In the sim-
ulations, translational invariance of the initial states in
Eqs. (3) and (4) was implemented by averaging over the
two components of the states [56]. The time evolution of
three di↵erent correlators is shown in Fig. 1 for a quench
starting from the dimer state for � = 4 (red lines). The
correlation functions quickly converge to stationary val-
ues before the simulations break down for large times
(shaded regions) [57].

Strikingly, the exact GGE values of Ref. [1] (blue dot-
ted lines in Fig. 1) deviate significantly from the ITEBD
results. We report similar deviations for all � > 1 in
Fig. 2, where we display the long-time asymptotic val-
ues extracted from the ITEBD simulation (red circles)
together with the GGE predictions (squares) for h�z

1�
z
2i

and h�z
1�

z
3i, as functions of �. We included truncated

GGE (TGGE) results [2, 36] as well, obtained by keep-
ing the first six nonzero charges in the density matrix
(1). The discrepancy between the GGE and the ITEBD
results is evident (for additional numerical data, see the
Supplemental Material [58]).

The mismatch between real-time simulations and GGE
results could be, in principle, the result of long relaxation
times beyond the reach of the ITEBD simulations. We
rule out this possibility by applying an alternative theo-
retical method, the overlap thermodynamic Bethe ansatz
(OTBA) which implements the quench-action approach
[34, 41] (see below), and predicts exactly the asymptotic
values of the correlations. These values, shown as black
dashed lines in Fig. 1 and black stars in Fig. 2, are clearly
in excellent agreement with our ITEBD results. The state
predicted by the OTBA is a steady state of maximal
conditional entropy. Therefore, the excellent agreement
proves that the ITEBD simulation has reached the true
asymptotic steady state, and, thus makes the evidence
for the breakdown of the GGE conclusive. Moreover,
it also demonstrates that the quench-action-approach-
based OTBA indeed correctly captures the steady state
of the XXZ model.

The TGGE predictions evaluated in Ref. [2] and the
OTBA results are also di↵erent in the Néel case, but for
large �, where the TGGE is reliable, this di↵erence is
beyond our numerical resolution (Supplemental Material
[58]). We obtained similar results for x-x correlators for
both initial states, although for the latter ITEBD is not
as accurate as for the z-z correlators (cf. Ref. [59]).

We remark that translational invariance would be bro-
ken for the dimer state without the symmetrization un-
der T̂ in Eqs. (3) and (4), and it is yet an open ques-
tion whether it is restored in the long-time limit after
the quench [1, 27]. Nevertheless, the GGE was expected
to describe the average over the two components of the
states (3) and (4), and yet it fails to do so. Note that for
the observable h�z

1�
z
3i translational averaging is immate-
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Resolution of the puzzle: analytical construction of new QL charges

New quasilocal conserved charges [E. Ilievski, M. Medenjak, TP, PRL 115,
120601 (2015) ] close the gap between GGE and QA:

E. Ilievski, J. De Nardis, B. Wouters, J.-S. Caux, F. H. L. Essler, TP,
PRL 115, 157201 (2015)

4

provides a correct description of the stationary behaviour
after a general quench to the spin-1/2 XXZ chain (in
the regime � � 1). In order to prove this it su�ces to
establish that the initial values of our conserved charges
uniquely specify a macrostate.

Let us now derive the main result of our Letter. Anal-
ogously to what was found in [21, 32] for the ultra-local
charges, the values of the quasi-local charges associated
with a spin-s transfer matrix are in 1-to-1 correspondence
with ⇢ 0

2s,h(�). The entire set {⇢ 0

2s,h} in turn specifies (see
SM) a unique macrostate (namely the GGE saddle-point
state).

Our starting point is the following expression for
the spectrum of eXs(t), valid for large system size (cf.
Eq. (19))

eXs(�) = �i@� log
Q(�s⌘ + i�)

Q(s⌘ + i�)
+ o(N) (23)

=

MX

k=1

2 sinh (⌘)

cos(2(�k + �)) � cosh(2s⌘)
+ o(N).

Starting from Eq. (23), working in the thermodynamic
limit under the string hypothesis and making use of Bethe
equations, one arrives at (see SM)

⇢ 0

2s,h(�) = a2s(�) +
1

2⇡

⇥
⌦ 0

s (� + i⌘
2 ) + ⌦ 0

s (�� i⌘
2 )
⇤
,

(24)
where s = 1

2 , 1, 3
2 , . . .. The right-hand side of (24) is

determined by the expectation values of the quasi-local
charges on the initial state,

⌦ 0
s (�) = limth

h 0| eXs(�)| 0i
N

. (25)

This is a generalization of Eq. (10) to arbitrary spin.
Note the remarkable fact that this correspondence is valid
for a generic initial state | 0i. As a consequence, the

family of quasi-local charges { eXs}1s=1/2 completely deter-
mines the postquench stationary state through the GGE
and makes the latter’s predictions identical to those com-
ing from the QA.

Néel quench. An explicit example of our construction
if provided by the quench from the Néel state

| 0i =
1p
2

(|"#"# . . .i + |#"#" . . .i) . (26)

Here the root distributions characterizing the stationary
state have been previously determined by a QA calcu-
lation [21, 32]. In order to demonstrate that our GGE
recovers these known results we need to compute the gen-
erating functions (25). Here we can repeat the logical
steps from the calculation for s = 1/2 in [18] by studying
the spectrum of associated auxiliary transfer matrices.
This calculation can be found in the SM. Substituting
the results obtained in this way into (24) gives perfect
agreement with the known QA results.
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FIG. 1. Comparison of methods: QA method versus improved
GGE predictions. Colored lines pertain to the refined GGE
calculation with systematic addition of higher-spin families of

quasi-local charges {H
(n)
s } for the local correlation function

h�z
1�

z
3i in the regime � & 1 (left panel). Labels in GGEs

indicate the maximal auxiliary spin s for the charge families

{H
(n)
s } being included in the GGE computation. The right

panel displays the relative di↵erences �h�z
1�z

3 i = (h�z
1�

z
3iQA �

h�z
1�

z
3iGGEs)/h�z

1�
z
3iQA in logarithmic scale.

Towards a truncated GGE. In [10] it was argued that
for the purpose of describing finite subsystems in the
thermodynamic limit ultra-local GGEs can be truncated
by retaining only a finite number of the “most local” con-
served charges. An obvious question is whether a similar
logic can be applied to out quasi-local GGE. As a first
step towards understanding this issue, we have calculated
the next-nearest spin correlation function in steady state
after a Néel-to-XXZ quench for several GGEs truncated
in the s direction. In Fig. 1 we show the results of these
calculations for � ⇡ 1. The data clearly shows that
adding subsequent families of quasi-local charges results
in a rapid convergence of the corresponding truncated
GGE result to the exact value.

Conclusions. We have shown how to construct an ex-
act GGE describing the stationary state after generic
quantum quenches to the spin-1/2 Heisenberg XXZ
chain. Our GGE is built from an extended set of lo-
cal and quasi-local charges. We have shown that our
construction resolves previously observed discrepancies
between predictions for steady state expectation values
by an exact QA treatment on the one hand, and a GGE
restricted to ultra-local charges obtained from the trans-
fer matrix of the spin-1/2 chain on the other hand. Our
results provide unambiguous proof that the recently dis-
covered quasi-local charges have a non-negligible impact
on the relaxation processes of strongly-interacting many-
body quantum systems in one dimension.
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Unitary transfer matrices and new conserved operators (for ∆ = 1)

Consider 2s + 1 dimensional spin−s auxiliary space Ha = Vs with SU(2)
generators represented as

sz|m〉 = m|m〉, s±|m〉 =
√

(s + 1±m)(s ∓m)|m ± 1〉

and define Lax operators acting over Hp ⊗Ha, Hp = V⊗n
1/2,

Lx,a(λ) = λ1 + σz
xs

z
a + σ+

x s−a + σ−x s+
a = λ1 + ~σx ·~sa,

in turn defining a commuting set of transfer matrices

Ts(λ) = traL0,a(λ)L1,a(λ) · · · Ln−1,a(λ),

[Ts(λ),Ts′(λ
′)] = 0, ∀s, s ′, λ, λ′.
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Consider 2s + 1 dimensional spin−s auxiliary space Ha = Vs with SU(2)
generators represented as

sz|m〉 = m|m〉, s±|m〉 =
√

(s + 1±m)(s ∓m)|m ± 1〉

and define Lax operators acting over Hp ⊗Ha, Hp = V⊗n
1/2,

Lx,a(λ) = λ1 + σz
xs

z
a + σ+

x s−a + σ−x s+
a = λ1 + ~σx ·~sa,

in turn defining a commuting set of transfer matrices

Ts(λ) = traL0,a(λ)L1,a(λ) · · · Ln−1,a(λ),

[Ts(λ),Ts′(λ
′)] = 0, ∀s, s ′, λ, λ′.

The fundamenal TM T1/2(λ) generates all local charges as

Fk = −i∂k−1
t logT1/2( 1

2 + it)|t=0,

with HXXX = Q2.
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Theorem (PRL 115, 120601 (2015)):

Traceless operators Xs(t), s ∈ 1
2Z

+, t ∈ R, defined as

Xs(t) = [τs(t)]−n {Ts(− 1
2 + it)T ′s ( 1

2 + it)
}
,

τs(t) = −t2 −
(
s + 1

2

)2
,

where T ′s (λ) ≡ ∂λTs(λ) and {A} ≡ A − ( trA)1/( tr1), are quasilocal for all
s, t and linearly independent from {Fk ; k ≥ 2} for s > 1

2 .
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+, t ∈ R, defined as

Xs(t) = [τs(t)]−n {Ts(− 1
2 + it)T ′s ( 1

2 + it)
}
,

τs(t) = −t2 −
(
s + 1

2

)2
,

where T ′s (λ) ≡ ∂λTs(λ) and {A} ≡ A − ( trA)1/( tr1), are quasilocal for all
s, t and linearly independent from {Fk ; k ≥ 2} for s > 1

2 .

Inspiration: for s = 1/2, TM is asymptitically, n→∞, a unitary operator

T1/2( 1
2 + it) ' exp

(
i
∞∑

k=1

Fk+1t
k/k!

)
,

[Fagotti and Essler, JSTAT P07012 (2013)] hence X1/2(t) is a logarithmic
derivative, since T †s (λ) ≡ TT

s (λ̄) = (−1)nTs(−λ̄).

Tomaž Prosen Nonequilibrium quantum physics



Conclusions and open problems

Quasi-local charges exist in integrable lattice models and are as relevant
for non-equilibrium physics and relaxation to equilibrium as the local ones!

Stability of quasilocal charges and integrable nonequilibrium steady states
against perturbations?

Quantum field theories?

Classical integrable lattice systems?

Integrable bosonic lattices/field theories?
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