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Normalized Cut (NC)

assoc(S*, SF)
assoc(S*, Q)

discretization

[Arbelaez, Maire, Fowlkes & Malik, 2010]

[Shi & Malik, 2000] [Ng, Jordan & Weiss, 2002] [Belkin & Niyogi, 2003] [Luxburg, 2007]




Normalized Cut (NC)

K’ k
A
NC(S)=-Y 548
k

discretization

eigenvectors

[Arbelaez, Maire, Fowlkes & Malik, 2010]

[Shi & Malik, 2000] [Ng, Jordan & Weiss, 2002] [Belkin & Niyogi, 2003] [Luxburg, 2007]
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Markov Random Field (MRF)

(graphical models)
Zce}" EC (Sc)

Potts Model: edge alignment

N

interactive segmentation [Boykov & Jolly , 2001]



Markov Random Field (MRF)

(graphical models)

ZCEF EC(SC)

Robust P" Potts: bin consistency

Sky

S e Building
C L > -

Grass

semantic segmentation [Kohli & Torr 2009] [Gould 2014]
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Markov Random Field (MRF)

(graphical models)

ZCEF EC(SC)

Label Cost: sparsity
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Our proposal: Normalized Cut + MRF

E(S) =21 — g | + Y cer Be(Se)

balanced clustering regularization constraints
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Why MRF for Normalized Cut?

weak edge alignment semi-supervision is challenging

W [Yu & Shi 2004]
[Eriksson et al. 2010]
[Maji et al. 2011]
[Chew et al. 2015]

previous NC approach:

post-processing
(e.g. [Arbelaez et al., 2011])

reformulaion of NC
constrained eigen problem

Our approach: NC + Potts NC + Potts + seeds
MRF MRF
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Why MRF for Normalized Cut?
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8 clusters
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Why MRF for Normalized Cut?

How to incorporate group priors? How many clusters ?

=3 i [T (5 Q signin

Sign Up

8 clusters

~ G . .‘
Lo

Tags — All Time Most Popular

Our approach: NC + Robust P" Potts NC + label costs
MRF MRF
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Why Normalized Cut for MRF?

typical MRF for segmentation:

Z lnP(IpI9k) S8p 7 Sq
peSk Pq

ML term for 6X

model fitting (e.g. GMM) color space clustering
GrabCut [Rother, Kolmogorov, Blake, 2004]
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Why Normalized Cut for MRF?

typical MRF for segmentation: poor CIUStermg

- (overfitting & local minima)
Z In P(1,|0%) S5 7 Sq
peSk Pq

ML term for 6X

model fitting (e.g. GMM) color space clustering
GrabCut [Rother, Kolmogorov, Blake, 2004]

8 (probabilistic k-means /Kearns, Mansour & Ng, UAI’97])
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Why Normalized Cut for MRF?

(9 vt
PqE
NC for colors

good clustering

Normalized Cut color space clustering




Our proposal: Normalized Cut + MRF

E(S) =21 — g | + Y cer Be(Se)

balanced clustering regularization constraints
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E(S)

E(S,)
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guaranteed energy
decrease
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Bound for our joint energy

gk A gk
Zk dfsk

//\ unary bound for NC

ZpEQ UP(SP)

_|_

_I_

Y Zce}" Ec(Sc)

Y Zce}“ EC(SC)'

we propose kernel bound and spectral bound for NC
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Kernel bound for NC

Lemma 1 (concavity)

L/ k
NC(S) =Y, — 274

d’' Sk
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Kernel bound for NC

Lemma 1 (concavity)

NC(S)
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Kernel bound for NC e(SF)

Lemma 1 (concavity) ,/

vO(s) = 3 )

Function € : Rl — R js concave over region Sk > 0 given p.s.d. affinity matrix A ;= [A

pq] i
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Kernel bound for NC e(SF)

Lemma 1 (concavity) ,/

Function € : Rl — R js concave over region Sk > 0 given p.s.d. affinity matrix A ;= [A

pq] i

first-order Taylor expansion:

e(Sy) + ve(Sy) - (S* — SF)

equivalently kernel k-means for NC [Dhillon et al., 2004]
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Low-rank Approximation

Consider rank m approximation A ~ A:

min || A — Al|p
A

using top m eigenvectors and eigenvalues of A :

A /
A = ym/ Amym Nammmr
NI =%
low-dimensional points: e AR
P *»* | isometric Euclidean Embeddlng
= VAV e R™ o e Apg = qu <<bp> qu>
p L @y
MDS [Cox & Cox., 2000] T s e 0

Kernel PCA [Scholkopf, Smola, Miiller, 1998]
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NC A~ 14 K-means

A~

k! k K’ k ~
Yot =Y, A Y dyl|é, — pF||?
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K-means

~ A

g C —

%Zk =2 (2. dpllp — 1%
k pesk

E 1* = mean{¢, |p € S*}

qu =< ¢pv¢q >




NC 4 K-means

E 1* = mean{¢, |p € S*}

APQ =< qbpa ¢q >
(1 NC = K-means for exact embedding Op € RICI [Bach & Jordan 2003, Dhillon et al., 2004]
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NC 4 K-means

E 1* = mean{¢, |p € S*}

APQ =< qbpa ¢q >
(1 NC = K-means for exact embedding Op € RICI [Bach & Jordan 2003, Dhillon et al., 2004]

J We propose NC = K-means for low-dimensional embedding 519 € R"™ for m < |
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unary spectral bound for NC
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NC K-means

Sk Ak oY
sz d’ Sk = Z Z deCbp _MkHQ

k peSk
unary spectral bound for NC

<3 Y dyllpp — uk||? - SE

k pe)

1 K-meansong¢, € R - discretization heuristic for a spectral relaxation of NC
[Shi & Malik 2000, Yu & Shi 2003]
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NC K-means

Sk ASk oY
2 d’ Sk &Z D deCbp_MkH2
k k peSk
unary spectral bound for NC

<3 Y dyllpp — uk||? - SE

k pe)

1 K-meansong¢, € R - discretization heuristic for a spectral relaxation of NC
[Shi & Malik 2000, Yu & Shi 2003]
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NC K-means

k
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unary spectral bound for NC
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 We justify NC = K-means via low-rank (m) approximation using gbp e ’R™
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NC K-means
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 We justify NC = K-means via low-rank (m) approximation using gbp e ’R™
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E(S) — Zk; Sd/f;lf - ’Yzcef EC(SC)

//\ unary bound for NC

CAt(S) =| 2_pea Up(Sp) | + |7 2cer Ec(Se)
iterate l

St—l—l — a,rg minS At (S) (move-making and graph cuts [Boykov, Veksler, Zabih, 2001])
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Our Kernel Cut and Spectral Cut

E(S)=| X, —Zggt |+ [ Xcer Ee(Se)

//\ unary bound for NC (Kernel Bound or Spectral Bound)

@At(s): ZpEQ Up(Sp) | + [V 2ucer EclSe)

iterate @

St—l—l — a,rg mins At (S) (move-making and graph cuts [Boykov, Veksler, Zabih, 2001])
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Experiments: MRF helps Normalized Cut

using image tags (e.g. beach, car) to help image clustering
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using image tags (e.g. beach, car) to help image clustering

NMI
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Experiments: MRF helps Normalized Cut

using image tags (e.g. beach, car) to help image clustering

NC + robust P" Potts

0.85

—¥=Kernel Cut
-=Spectral Cut

0.83¢

0.81+t

NMI

0.79

077}

0.75

0 20 40 60 80 100
Percent of Tags Used (%)

Twith knn kernel on deep features
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Experiments: Normalized Cut helps MRF

(a) Video frames (b) Optical flow (c) Our Kernel Cut (NC + Potts)

Fig. motion segmentation using RGB, location (XY) and motion (M). “+xy” means with MRF



Experiments: Normalized Cut helps MRF

(a) Video frames (b) Optical flow (c) Our Kernel Cut (NC + Potts)

Fig. motion segmentation using RGB, location (XY) and motion (M). “+xy” means with MRF
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More Experiments

Potts model improves edge alignment

Spectral Clustering Our Kernel Cut Our Spectral Cut
(no Potts) (NC with Potts) (NC with Potts)

—GrabCut ||
\ A Kernel Cut

. B o |
A «C

ground truth 0 Smoothness Weight A

- *
GrabCut © % ‘\m
[ A B -~ C
Kernel Cut m \ \

separating similar objects

20

NC with increasing label cost
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Conclusion

J new unary kernel and spectral bounds for NC

J can combine NC with any MRF constraints
J can combine MRF with balanced clustering
(J MRF with features of any dimension (RGBD, RGBM, RGBXYM, deep,...)



