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• Recent breakthroughs (and their limitations)  in Machine 
Learning

• The case of Deep Learning

• Main questions: 

» How is it possible to learn efficiently in highly non-linear artificial 
neural systems with 108-109 parameters (synapses)?

» How information is extracted?

• The next future

Plan of the talk



Computational neuroscience & artificial neural systems
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lack of biological data

relatively poor performance
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much more high quality 
biological data

Hopfield model

Deep Learning

2005 programmable GPUs !

Neural technologies

novel statistical physics algorithms 
for inverse problems and learning 



Dissecting Deep Neural Networks

…

feature extraction supervised learning
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feature extraction supervised learning:
(learning from examples)

(vaguely inspired by the visual system)
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Convolutional layers
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Restricted Boltzmann Machines layers

Training algorithm:



Auto-encoders layers: trained to reconstruct their own inputs

For each input x,
1.  Forward pass: compute activations at all hidden layers and compute output x̂
2.  Measure the deviation of x̂ from the input x
3. Backpropagate the error and perform weight updates.

x̂x

http://en.wikipedia.org/wiki/Backpropagation


Y LeCun
MA Ranzato

Scene Parsing/Labeling: ConvNet Architecture

Each output sees a large input context:
46x46 window at full rez; 92x92 at ½ rez; 184x184 at ¼ rez

[7x7conv]->[2x2pool]->[7x7conv]->[2x2pool]->[7x7conv]->

Trained supervised on fully-labeled images

Laplacian

Pyramid

Level 1 

Features

Level 2

Features

Upsampled

Level 2 Features

Categories



augmenting features



content  features

style  features

Fun with the first layers: pre-trained  convolutional layers on huge image data sets

Figure 1: Convolutional Neural Network (CNN). A given input image is represented as a set
of filtered images at each processing stage in the CNN. While the number of different filters
increases along the processing hierarchy, the size of the filtered images is reduced by some
downsampling mechanism (e.g. max-pooling) leading to a decrease in the total number of
units per layer of the network. Content Reconstructions. We can visualise the information
at different processing stages in the CNN by reconstructing the input image from only know-
ing the network’s responses in a particular layer. We reconstruct the input image from from
layers ‘conv1 1’ (a), ‘conv2 1’ (b), ‘conv3 1’ (c), ‘conv4 1’ (d) and ‘conv5 1’ (e) of the orig-
inal VGG-Network. We find that reconstruction from lower layers is almost perfect (a,b,c). In
higher layers of the network, detailed pixel information is lost while the high-level content of the
image is preserved (d,e). Style Reconstructions. On top of the original CNN representations
we built a new feature space that captures the style of an input image. The style representation
computes correlations between the different features in different layers of the CNN. We recon-
struct the style of the input image from style representations built on different subsets of CNN
layers ( ‘conv1 1’ (a), ‘conv1 1’ and ‘conv2 1’ (b), ‘conv1 1’, ‘conv2 1’ and ‘conv3 1’ (c),
‘conv1 1’, ‘conv2 1’, ‘conv3 1’ and ‘conv4 1’ (d), ‘conv1 1’, ‘conv2 1’, ‘conv3 1’, ‘conv4 1’
and ‘conv5 1’ (e)). This creates images that match the style of a given image on an increasing
scale while discarding information of the global arrangement of the scene.
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three steps

A Neural Algorithm of Artistic Style,  L.A. Gatys,  A.S. Ecker,  M. Bethge ,  arXiv:1508.06576







Speech recognition  (Deep Speech, Baidu)



Deep translator



Y LeCun
MA Ranzato

Scene Parsing/Labeling

No post-processing
Frame-by-frame
ConvNet runs at 50ms/frame on Virtex-6 FPGA hardware

But communicating the features over ethernet limits system 

performance



• Object recognition (e.g. explain pictures to visually impaired people)

• Speech recognition

• Data analysis in molecular biology 

• Precision medicine

• Causal inference in economics (e.g. S. Athey, M. Taddy, …)

• Material science

• Web activities

• Image reconstruction in neuroscience

• …

Current and short term applications

(of course Deep Learning is just a component!)





deep blue

human vs algorithms



Search tree for Chess

(today an app on your phone can beat any human player, Carlsen included, by 
optimally exploring the Chess tree)

20



The game of GO: more configurations than atoms in the universe …

» perfect information (no luck)
» stones cannot move but can be captured if surrounded
» final objective: control 50% of the board



Search tree for Go

300



The search tree cannot be explored: intuitive game!



The search tree cannot be explored: intuitive game!



The search tree cannot be explored: intuitive game!



Next challenges in Machine Learning:

• Differentiable computing

• Predictive learning: from unsupervised data to the ability to 
predict (in a given context) 

Bottlenecks:

• Unsupervised learning

• Prediction under uncertainty (predict classes of outcomes)



Still far away from AGI (20-40 years)

• Building causal models

• Intuitive learning of physical or psychological phenomena

• transfer learning across different contexts

• ….

just to mention few



How does learning take place?

However there is a lack of theoretical understanding of when and 
why these algorithms work, even for artificial neural networks!

Learning algorithms: Variants of gradient 
back-propagation to minimise the number 
of errors (multitude of heuristic algorithms which 
have evolved in the last 30 years)



Learning ~ energy minimisation problem in high (105-108) dimension

H({W `
ij}) = ] errors =

X

µ

⇥[��µF ({W `
ij})]

However, successful algorithms do not “simply” minimize the energy.

Kind of paradox! Why?

 extremely complex 
landscape

# errors

W



{~⇠µ,�µ}µ=1,...,P=↵N

find W such that 8µ constraints on ↵N {Wi}

discrete “material” weights

The simplest neural device: the Binary Neuron (Perceptron)

...~⇠µ � = sign(
NX

i=1

Wi⇠
µ
i )

Wi 2 {±1} , i = 1, ..., N

�µ = �(W, ⇠µ)

H(W) =
X

µ

⇥ (��µsgn(W · ⇠µ))

given a set of examples

= # number of errors

Minimize number of errors ~ minimum energy problem



dmin(↵) ⇠ O(N)
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V. CONCLUSION

We give an analytic expression of the Franz-Parisi potential for the binary perceptron problem. This potential
describes the entropy landscape of solutions in the vicinity of a reference equilibrium solution, and its shape is
independent of the choice of the reference point. Solving the saddle-point equations, we find that the concavity of the
curve changes at some distance, leading to a minimal distance below which there doesnot exist solutions satisfying
the distance constraint. Furthermore, this minimal distance increases with the constraint density, implying that the
problem is extremely hard because the solution space is composed of isolated solutions (point-like clusters) with the
property that to go from one solution to another solution, one should flip an extensive number (proportional to N)
of synaptic weights.
Our analysis establishes a refined picture of the organization structure of the solution space for the binary perceptron

problem, which is helpful for understanding the glassy behavior of local search heuristics [9, 13, 14], which may have
some connections with recent studies of constrained glasses [28], and furthermore, is expected to shed light on design
of efficient algorithms for large-scale neuromorphic devices. The analytic analysis presented in this paper also offers
a basis for possible rigorous mathematical (probabilistic) analysis of the entropy landscape [29], and has potentially
applications for studying the solution space structure of other hard problems in information processing, e.g., spike
time-based neural classifiers [30–32].
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We thank Lenka Zdeborová for helpful discussions and Haijun Zhou for helpful comments on the manuscript.
This work was partially supported by the JSPS Fellowship for Foreign Researchers (Grant No. 24 · 02049) (H.H.)
and JSPS/MEXT KAKENHI Grant No. 25120013 (Y.K.). Support from the JSPS Core-to-Core Program “Non-
equilibrium dynamics of soft matter and information”is also acknowledged.

Appendix A: Derivation of constrained free energy

In the current context, for a reference equilibrium configuration J at temperature T ′, one is interested in the free
energy of a perturbed system (with the constraint that the configuration w at temperature T should satisfy a prefixed
overlap with J), leading to the constrained free energy [20]:

F (T, T ′, x) =

!
1

Z(T ′)

"

J

e−β′E(J) ln
"

w

e−βE(w)+xJ·w

#

ξ

, (A1)

where Z(T ′) =
$

J
e−β′E(J) and x is the coupling field to control the overlap (or distance) between two configurations,

i.e., p ≡ J ·w/N . We are interested in the ground state, then we set both inverse temperatures equal and make them
tend to infinity. Substituting the definition of energy cost of the problem, and using e−βΘ(−u) = Θ(u) in the zero
temperature limit, we have

F (x) =
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To evaluate the typical value of F (x), we resort to the replica method [4], by using two mathematical identi-
ties: lnZ = limm→0

∂Zm

∂m and Z−1 = limn→0 Zn−1. Introducing n unconstrained replicas Ja(a = 1, . . . , n) and m
constrained replicas wγ(γ = 1, . . . ,m), we rewrite F (x) as:

F (x) = lim
n→0
m→0

∂

∂m

!
"

{Ja,wγ}
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µ

(
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a,γ
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where uµ
a ≡

$
i J

a
i ξ

µ
i /

√
N and vµγ ≡

$
iw

γ
i ξ

µ
i /

√
N . To proceed, we define the following overlap matrixes: Qab ≡

Ja · Jb/N , Paγ ≡ Ja · wγ/N and Rγη ≡ wγ · wη/N , which characterize the following disorder averages ⟨uµ
au

µ
b ⟩ =

Qab,
*
uµ
av

µ
γ

+
= Paγ and

*
vµγ v

µ
η

+
= Rγη. By inserting delta functions for these definitions and using their integral

Geometry of the space of solutions

H. Huang, Y. Kabashima (2014) (q1=1 known since the 80’s)

Typical distane between typical global minimal

dmin(↵) ⇠ O(N)4
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FIG. 1: (Color online) Entropy landscape of solutions in the binary perceptron problem. Iterations of the saddle-point equations
are always converged to produce the data points. The error bars give statistical errors and are smaller than or equal to the
symbol size. (a) Franz-Parisi potential as a function of the normalized Hamming distance. The behavior of the coupling field
with the distance is shown in the inset for α = 0.7, for which an observed maximum implies the change of the concavity of
the entropy curve (this also holds for other finite values of α). (b) Minimal distance versus the constraint density. Within
the minimal distance, there are no solutions satisfying the distance constraint from the reference equilibrium solution. (c)
Schematic illustration of the weight space based on results of (a) and (b). The points indicate the equilibrium solutions of
weights. αs ≃ 0.833 is the storage capacity after which the solution space is typically empty. dmin is the actual Hamming
distance without normalization.

becomes very small for the less constrained case (small constraint density). This explains why a simple local search
algorithm can find a solution when either N or α is small [8–10, 13–15]. As α increases, the minimal distance grows
rapidly, as a consequence, any algorithms working by local move (each time a few weights are flipped) should find
increasing difficulty to identify a solution (especially at a very large N), which holds even for reinforced message
passing algorithms [11]. In other words, an extensive energy or entropic barrier should be overcome. The energy
landscape is always valleys dominated (valleys are metastable states with positive energy cost). These metastable
states are much more numerous than the frozen ground states [26]. Local algorithms will get trapped by these
metastable states with high probability.
We thus conclude that, at variance with random K-SAT or Q-coloring problems [2], the solution space of the

binary perceptron problem is simple in the sense that it is made of isolated solutions instead of well separated
clusters of exponentially many close-by solutions. This picture is consistent with evidences reported in previous
studies [17, 18, 27]. Moreover, non-convergence of the iteration of the saddle-point equations was not observed, which
may be related to the simple structure of the solution space. In fact, below the storage capacity, the replica symmetric
solution is stable without any need to introduce replica symmetry breaking scenario for this problem [3, 19]. Our
quenched computation of the Franz-Parisi potential reveals that, synaptic weights to realize the random classification
task are organized into point-like clusters (zero internal entropy) far apart from each other (see Fig. 1 (c)), with the
result that in the thermodynamic limit, an exponential computation time is required to reach a finite fixed α [9, 16].

dmin(↵) ⇠ O(N)

W Krauth, M. Mezard, (1989)↵
c

=
P
max

N
' 0.83

(Franz-Parisi potential)



Golf course  energy landscape for any number of patterns !

Efficient learning impossible ?
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Perceptron Learning Problem, N = 801, ↵ = 0.3. A typical trajectory of standard Monte

Carlo(red curve) and Entropy-drive Monte Carlo(black curve). EdMC is run at 0 temperature

with � = 0.6, MC is started at y0 = 1 and run with a cooling rate of f
y

= 1.001, to ensure

convergence to a solution.

We performed extensive simulations and studied the scaling properties of EdMC in con-

trast to simulated annealing. Figure 2 is a log-log plot of the number of iterations n
E=0 to

reach a solution obtained for increasing N at ↵ = 0.3. A least squares fit(n
E=0 / N2.84) con-

firms the evident power law behaviour. Note that even with an extremely low cooling rate f
y

convergence to a zero energy vector w̃ is not guaranteed: simulated annealing often gets stuck

in local minima, even at low loading(↵ ⇠ 0.3), especially in high dimensionality(N ? 10

3).

The power scaling of simulated annealing has to be confronted with the almost linear be-

haviour of zero temperature EdMC, which is reported in Figure 3. The situation is similar

at ↵ = 0.6: here standard Monte Carlo is uncapable of reaching a zero energy configu-

ration, and gets sistematically trapped in low energy states(our MC is terminated after

n
trap

= 100.000⇥N rejected spin flips). In Figure 4 we show the scaling of MC and EdMC

iterations at ↵ = 0.6, also comparing the number of EdMC necessary to reach the aver-

age minimal energy of standard Monte Carlo. Note the clear sub-linear behaviour of the

latter(light blue curve) and the striking difference in orders of magnitudes.

N

But some algorithms have been found that work well! 
How is this possible?



maximally dense cluster  y →∞
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which are found by the simplified algorithms are typically
not isolated; rather, they belong (with high probability at
large N) to large connected clusters of solutions. More
precisely: 1) from a given solution ˜W , a random walk
process over neighboring configurations in the space of
solutions can reach distances of order N from the start-
ing point; 2) the number of solutions at a distance of
order N from ˜W grows exponentially with N (this can
be estimated from the analysis of the recurrence relations
on the average growth factor of the number of solutions
at varying distances, and using the random walk pro-
cesses for sampling the local properties relevant to those
relations) .

Furthermore, we used BP (without reinforcement)
with an additional Franz-Parisi potential [15] to estimate
the entropy of the solutions at varying distance from a
reference solution ˜W obtained from a heuristic solver,
and found that the results do not match the predictions
of the equilibrium analysis [10], see Fig. 1.

We also extended the equilibrium analysis [10] to the
teacher-student scenario, and found that: 1) the qual-
itative picture is the same as for the classification sce-
nario, i.e. typical solutions are isolated for all values of
↵ - even when adding a non-zero stability constraint; 2)
the teacher device is also isolated, and it is in fact indis-
tinguishable from all other typical solutions except for
the generalization error; 3) the results of estimates ob-
tained from BP are consistent with the analytical calcu-
lation when using the teacher as a reference point, but
not when using a solution provided by a heuristic solver
(see inset in Fig. 1). Finally, the generalization error for
solutions found algorithmically is lower than what would
be expected for a typical solution (see Fig. 3).

Large deviation analysis.—These empirical results sug-
gest that the heuristic algorithms do not operate in the
regime described by calculations performed at thermody-
namic equilibrium, but rather in a large-deviation regime,
to which the usual statistical tools are effectively blind
[16].

We found theoretical evidence that this is indeed the
case by studying the following free energy function:

F (d, y) = � 1

Ny
log

0

B@
X

{W̃}
X

⇠

⇣
˜W
⌘
N
⇣
˜W,d

⌘
y

1

CA (1)

where N
⇣
˜W,d

⌘
=

P
{W} X⇠

(W ) �
⇣
W · ˜W,N (1� 2d)

⌘

counts the number of solutions W at normalized Ham-
ming distance d from a reference solution ˜W (� is the
Kronecker delta symbol), and y has the role of an in-
verse temperature. This free energy describes a system
in which each configuration ˜W is constrained to be a solu-
tion, and has an energy E

⇣
˜W
⌘
= � logN

⇣
˜W,d

⌘
which

favors configurations surrounded by an exponential num-
ber of other solutions.

In the limit y ! 1, provided the ground state is
unique, we obtain the entropy of the surrounding solu-
tions:

S (d) = �F (d,1) =

1

N
logN

⇣
˜W ?, d

⌘
(2)

where ˜W ? is the optimal reference solution, i.e. the one
which is surrounded by most other solutions at the given
distance d. Therefore, if an exponentially large cluster of
solutions exists, we expect that S (d) > 0 in a neighbor-
hood of d = 0 (as opposed to the case of typical ˜W ).

We computed eq. (1) by the replica method in the so
called replica-symmetric (RS) Ansatz, and derived an ex-
pression for the y ! 1 case. The analysis of the scaling
of the order parameters with y confirms that the ground
state is indeed unique. We also found that in this limit
the constraint that ˜W is a solution becomes irrelevant.

The resulting expression for the entropy S (d) in the
generalization scenario is:

S (d) = � (1� q) q̂

2

� �q q̂

2

� q �q̂

2

� (1� 2d) ˆS �R ˆR+

+

ˆ 1

�1
Dz0 max

⇢
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(A+) ,max
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�
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Dz0 H
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!
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z1

(B) (3)

where A± = � z

2
1
2 +log

⇣
2 cosh

⇣
z1
p
�q̂ + z0

p
q̂ ± ˆS +

ˆR
⌘⌘

and B = � z

2
1
2 + log

⇣
H
⇣

z1
p
�q+z0

p
qp

1�q

⌘⌘
. We used the

standard notation Dz =

e

� x

2
2p

2⇡
dz to indicate a Gaussian

measure, and H (x) =
´1
x

Dz. The quantities q, �q, R,
q̂, �q̂, ˆR and ˆS are order parameters to be determined
by saddle-point equations, thus yielding a system of 7
coupled equations. q and R have a simple interpretation
in terms of the typical overlap between two solutions and
between a solution and the teacher, respectively. R can
thus be used to predict the generalization error p

e

.
The classification scenario can be obtained by setting

R =

ˆR = 0 in expression (3), and solving for the remain-
ing system of 5 equations.

The solution to these systems of equations displays a
number of noteworthy properties (Fig. 2):

1. The classification (with ↵ < ↵
c

) and generalization
(with ↵ < ↵

TS

) cases are qualitatively very similar.

2. The system has a solution yielding S (d) > 0 for
all values of d for ↵ 2 [0,↵

U

], where ↵
U

' 0.755
in the classification case and ↵

U

' 1.085 in the
generalization case. For ↵ � ↵

U

, there exists a
critical value dmin such that the system has no so-
lutions for d < dmin. Both d

min

and S (dmin) are
strictly positive right after ↵

U

. This suggests that
a large cluster of solutions exists up to at least

2

same picture also holds for complex architectures trained
on real-world benchmarks.

In a more general sense, these findings highlight the in-

adequacy of a standard equilibrium analysis when used to

describe the practically relevant properties of a prototypi-

cal complex system. There’s no reason to believe that this

scenario is specific to this particular family of problems;

our work could provide a general methodology to detect,

analyze and exploit this kind of occurrences. [Also, to

bring world peace.]

The model.—The single layer binary neural network
(perceptron) maps vectors of N inputs ⇠ 2 {�1, 1}N to
binary outputs as ⌧ (W, ⇠) = sign (W · ⇠), where W 2
{�1, 1}N is the vector of synaptic weights. Given ↵N
input patterns ⇠µ with µ 2 {1, . . . ,↵N} and their cor-
responding desired outputs �µ 2 {�1, 1}↵N , and defin-
ing X

⇠

(W ) =

Q
↵N

µ=1 ⇥ (�µ⌧ (W, ⇠µ)), where ⇥ (x) is the
Heaviside step function, the learning problem is that of
finding W such that ⌧ (W, ⇠µ) = �µ for all µ, i.e. such
that X

⇠

(W ) = 1. The entries ⇠µ
i

are random unbiased
i.i.d. variables. There are two main scenarios of inter-
est for the distribution of the desired outputs �µ: 1)
the classification (or storage) case, in which they are
i.i.d. random variables, and 2) the generalization (or
teacher-student) scenario, in which they are provided by
a “teacher” device, i.e. another perceptron with synap-
tic weights WT . In the classification scenario, the typi-
cal problem is solvable with probability 1 in the limit of
large N up to ↵

c

= 0.833 [5], after which the probability
of finding a solution drops to zero. ↵

c

is called the ca-

pacity ; we also use this term for the maximum value of
↵ for which a solution can be found by a specific algo-
rithm. In the teacher-student scenario, the problem has
multiple solutions up to ↵

TS

= 1.245, after which there
is a first-order transition and only one solution is possi-
ble: the teacher itself [2, 6]. One additional quantity of
interest in this scenario is the generalization error rate
p
e

=

1
⇡

arccos

�
1
N

W ·WT
�
, which is the probability that

⌧ (W, ⇠?) = ⌧
�
WT , ⇠?

�
when ⇠? is a previously unseen

input.
Simplified algorithms.—Only a handful of algorithms

are currently believed to be able to solve the classification
problem and achieve a non-zero capacity in the limit of
large N in a sub-exponential running time; they are all,
to some extent, heuristic, and only numerical evidence
(although with N as large as 106) is available to support
the claims. The first such algorithm is a modified version
of Belief Propagation (BP), a message passing algorithm
which differs from standard BP by an additional “rein-
forcement” term, which can reach a capacity of at least
↵ ' 0.74 [11]. Two more algorithms, called SBPI [12]
and CP+R [13], were derived as crude simplifications of
the reinforced BP scheme: compared to the latter, they
have drastically reduced requirements (only employing
finite discrete quantities and simple, local and on-line
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Figure 1. (Color online) Numerical evidence of the ex-

istence of clusters of solutions. Entropy at a given dis-
tance from a reference solution W̃ , in the classification case
at ↵ = 0.4. From bottom to top: (magenta) theoretical pre-
diction for a typical W̃ ; (blue) numerical estimate based on a
random walks on connected solutions starting from one pro-
vided by SBPI, with N = 1001; (red) estimate from Belief
Propagation using a solution from SBPI, with N = 10001;
(green) theoretical curve for the optimal W̃ ? as computed
from eq. (3); (dotted black) upper bound (↵ = 0 case, all
configurations are solutions). The random-walk points un-
derestimate the number of solutions since they only consider
connected clusters; the BP curve is lower than the optimal
because in the latter W̃ is optimized as a function of the
distance, while in the former it is fixed. Inset : comparison
between a typical solution and one found with SBPI, in the
teacher-student case at ↵ = 0.5 with N = 1001. Larger po-
tentials correspond to smaller distances. Top points (red):
SBPI reference solution, entropy computed by BP; bottom
curve (magenta): theoretical prediction for a typical solution;
bottom points (purple): BP results using the teacher as ref-
erence.

update schemes), making them appealing for practical
implementations, at the cost of achieving a slightly lower
capacity (↵ ' 0.69). Yet another algorithm, based on a
Max-Sum scheme, can be shown to have similar charac-
teristics [14]. All these algorithms have typical solving
times which scale almost linearly with the size of the
input. A qualitatively similar scenario holds in the gen-
eralization case, where all these algorithms fail to find
any solution in a finite window starting at a value of ↵
between 1 and 1.1, and ending at ↵

TS

or beyond.
Two issues arise from these results: 1) the failure of

the reinforced BP algorithm to reach the maximal ca-
pacity of ↵

c

' 0.833 patterns, and 2) the effectiveness of
the utterly-simplified algorithms SBPI and CP+R, which
strikingly contrasts the picture provided by standard sta-
tistical analyses.

We investigated these issues through numerical exper-
iments, and found evidence that, in fact, the solutions

Local entropy measure & the Robust Ensemble 

number of solutions within a distance d

“energy” = local entropy 

Robust Ensemble

where

P(W̃ ) / e�yEd(W̃ )

Ed( ˜W )

.
= � logN (

˜W,d)

normalisation Z(d) =
X

{W̃}

X⇠(W̃ )e�yEd(W̃ )
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which are found by the simplified algorithms are typically
not isolated; rather, they belong (with high probability at
large N) to large connected clusters of solutions. More
precisely: 1) from a given solution ˜W , a random walk
process over neighboring configurations in the space of
solutions can reach distances of order N from the start-
ing point; 2) the number of solutions at a distance of
order N from ˜W grows exponentially with N (this can
be estimated from the analysis of the recurrence relations
on the average growth factor of the number of solutions
at varying distances, and using the random walk pro-
cesses for sampling the local properties relevant to those
relations) .

Furthermore, we used BP (without reinforcement)
with an additional Franz-Parisi potential [15] to estimate
the entropy of the solutions at varying distance from a
reference solution ˜W obtained from a heuristic solver,
and found that the results do not match the predictions
of the equilibrium analysis [10], see Fig. 1.

We also extended the equilibrium analysis [10] to the
teacher-student scenario, and found that: 1) the qual-
itative picture is the same as for the classification sce-
nario, i.e. typical solutions are isolated for all values of
↵ - even when adding a non-zero stability constraint; 2)
the teacher device is also isolated, and it is in fact indis-
tinguishable from all other typical solutions except for
the generalization error; 3) the results of estimates ob-
tained from BP are consistent with the analytical calcu-
lation when using the teacher as a reference point, but
not when using a solution provided by a heuristic solver
(see inset in Fig. 1). Finally, the generalization error for
solutions found algorithmically is lower than what would
be expected for a typical solution (see Fig. 3).

Large deviation analysis.—These empirical results sug-
gest that the heuristic algorithms do not operate in the
regime described by calculations performed at thermody-
namic equilibrium, but rather in a large-deviation regime,
to which the usual statistical tools are effectively blind
[16].

We found theoretical evidence that this is indeed the
case by studying the following free energy function:

F (d, y) = � 1

Ny
log

0

B@
X

{W̃}
X

⇠

⇣
˜W
⌘
N
⇣
˜W,d

⌘
y

1

CA (1)

where N
⇣
˜W,d

⌘
=

P
{W} X⇠

(W ) �
⇣
W · ˜W,N (1� 2d)

⌘

counts the number of solutions W at normalized Ham-
ming distance d from a reference solution ˜W (� is the
Kronecker delta symbol), and y has the role of an in-
verse temperature. This free energy describes a system
in which each configuration ˜W is constrained to be a solu-
tion, and has an energy E

⇣
˜W
⌘
= � logN

⇣
˜W,d

⌘
which

favors configurations surrounded by an exponential num-
ber of other solutions.

In the limit y ! 1, provided the ground state is
unique, we obtain the entropy of the surrounding solu-
tions:

S (d) = �F (d,1) =

1

N
logN

⇣
˜W ?, d

⌘
(2)

where ˜W ? is the optimal reference solution, i.e. the one
which is surrounded by most other solutions at the given
distance d. Therefore, if an exponentially large cluster of
solutions exists, we expect that S (d) > 0 in a neighbor-
hood of d = 0 (as opposed to the case of typical ˜W ).

We computed eq. (1) by the replica method in the so
called replica-symmetric (RS) Ansatz, and derived an ex-
pression for the y ! 1 case. The analysis of the scaling
of the order parameters with y confirms that the ground
state is indeed unique. We also found that in this limit
the constraint that ˜W is a solution becomes irrelevant.

The resulting expression for the entropy S (d) in the
generalization scenario is:

S (d) = � (1� q) q̂

2

� �q q̂

2

� q �q̂

2

� (1� 2d) ˆS �R ˆR+

+

ˆ 1

�1
Dz0 max

⇢
max

z1

(A+) ,max

z1

(A�)

�
+

+ 2↵

ˆ 1

�1
Dz0 H

 
z0

Rp
q �R2

!
max

z1

(B) (3)

where A± = � z

2
1
2 +log

⇣
2 cosh

⇣
z1
p
�q̂ + z0

p
q̂ ± ˆS +

ˆR
⌘⌘

and B = � z

2
1
2 + log

⇣
H
⇣

z1
p
�q+z0

p
qp

1�q

⌘⌘
. We used the

standard notation Dz =

e

� x

2
2p

2⇡
dz to indicate a Gaussian

measure, and H (x) =
´1
x

Dz. The quantities q, �q, R,
q̂, �q̂, ˆR and ˆS are order parameters to be determined
by saddle-point equations, thus yielding a system of 7
coupled equations. q and R have a simple interpretation
in terms of the typical overlap between two solutions and
between a solution and the teacher, respectively. R can
thus be used to predict the generalization error p

e

.
The classification scenario can be obtained by setting

R =

ˆR = 0 in expression (3), and solving for the remain-
ing system of 5 equations.

The solution to these systems of equations displays a
number of noteworthy properties (Fig. 2):

1. The classification (with ↵ < ↵
c

) and generalization
(with ↵ < ↵

TS

) cases are qualitatively very similar.

2. The system has a solution yielding S (d) > 0 for
all values of d for ↵ 2 [0,↵

U

], where ↵
U

' 0.755
in the classification case and ↵

U

' 1.085 in the
generalization case. For ↵ � ↵

U

, there exists a
critical value dmin such that the system has no so-
lutions for d < dmin. Both d

min

and S (dmin) are
strictly positive right after ↵

U

. This suggests that
a large cluster of solutions exists up to at least
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Perceptron Learning Problem, N = 801, ↵ = 0.3. A typical trajectory of standard Monte

Carlo(red curve) and Entropy-drive Monte Carlo(black curve). EdMC is run at 0 temperature

with � = 0.6, MC is started at y0 = 1 and run with a cooling rate of f
y

= 1.001, to ensure

convergence to a solution.

We performed extensive simulations and studied the scaling properties of EdMC in con-

trast to simulated annealing. Figure 2 is a log-log plot of the number of iterations n
E=0 to

reach a solution obtained for increasing N at ↵ = 0.3. A least squares fit(n
E=0 / N2.84) con-

firms the evident power law behaviour. Note that even with an extremely low cooling rate f
y

convergence to a zero energy vector w̃ is not guaranteed: simulated annealing often gets stuck

in local minima, even at low loading(↵ ⇠ 0.3), especially in high dimensionality(N ? 10

3).

The power scaling of simulated annealing has to be confronted with the almost linear be-

haviour of zero temperature EdMC, which is reported in Figure 3. The situation is similar

at ↵ = 0.6: here standard Monte Carlo is uncapable of reaching a zero energy configu-

ration, and gets sistematically trapped in low energy states(our MC is terminated after

n
trap

= 100.000⇥N rejected spin flips). In Figure 4 we show the scaling of MC and EdMC

iterations at ↵ = 0.6, also comparing the number of EdMC necessary to reach the aver-

age minimal energy of standard Monte Carlo. Note the clear sub-linear behaviour of the

latter(light blue curve) and the striking difference in orders of magnitudes.
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Conclusions

• Entire new classes of learning algorithms with good Bayesian prediction 
capabilities (PNAS, 2016) 

• Few bits of precision per synapse are indeed sufficient (PRL, PRE 2015) 

• Role of accessible states in other systems/problems. 

• Accessible dense states are targeted by state of the art DNN algorithms (2016) 

• Applications in unsupervised learning

The next big acceleration?

On chip learning, large scale systems and data

Accessible sub-dominant states ~ Learning ~ out-of-equilibrium physics


