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¦ Outline

•Thepiecewiseaffineframework

•HierarchicaldecompositionofPWAsystemsand

asymptoticqualitativeanalysis

•Thresholdeliminationandapplicationtobiolog-

icalexample
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Piecewiseaffinemodelsofgeneregulatorynetworks

g1g2

•Verticesgi:standforgenes.Eachgiisassociatedto

anonnegativevariable:xi∈[0,maxi]representing

thelevelofexpressionofgenei.

•Edges:standforsigmoid-likeinteractionsbetween

genes.

HEAVISIDE HILL
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Piecewiseaffinemodelsofgeneregulatorynetworks
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QualitativeanalysisofPWAsystems

ThediscretestructureofPWAsystemsallowsaqualitativeanalysisoftheirdynamics.

[deJongetal.2005]

•GivenaPWAsystem:

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•Togetherwiththerelativepositionsofthefocalpoints:

∀D,∀i,θ
j
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φ
D
)
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•WecancomputequalitativesimulationswithcomputertoolssuchthatGenetic

NetworkAnalyser(GNA)[deJongetal.2003].

October2007,Dresden5



hierarchicalanalysisofPWAsystems

¨

§

¥

¦ HierarchicalanalysisofPWAsystems

•Hierarchicaldecompositionofinteractiongraph

•AsymptoticanalysisoftriangularPWAsystem
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SCCdecompositionandtopologicalsort

•DecompositionoftheinteractiongraphinStronglyConnectedComponents(SCC)

v4v6v2

v7v1v5

v3v8

SCCdecomposition

•TopologicalsortoftheSCCgraph(Ãhierarchicalorganization).

v4v6v2

v7v1v5

v3v8

v1v7

v2v3v4

v5v6

v8
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SCCdecompositionandtopologicalsort

ThisdecompositionleadstoatriangularformoftheODEs:
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⇒Wearebroughttoanalyzek(≤n)smallerPWAsystems.
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AsymptoticanalysisofhierarchicalPWAsystems
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AsymptoticanalysisofhierarchicalPWAsystems
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AsymptoticanalysisofhierarchicalPWAsystems

•Thefirstsubsystem(Σ1)istheclassicalbi-stableswitch.

•Wehavethereforetostudy2cases,accordingtotheinitialconditionofthefirst

subsystem:(x
0
3,x

0
4):

x3

x4

κ
0

3

γ

κ
0

4

γ

A
′

A

κ
0

3+κ
1

3

γ

κ
0

4+κ
1

4

γ

∆(A
′
)

∆(A)

October2007,Dresden11



hierarchicalanalysisofPWAsystems

AsymptoticanalysisofhierarchicalPWAsystems

•Firstcase:

Afterafinitetime,

wehave:

s
+
(x3,θ

1
3)=1

⇓

Thesecondsubsystem(Σ2)con-

vergestowardsanattractivecycle:

x1

x2

•Secondcase:

A
′Afterafinitetime,

wehave:

s
+
(x3,θ

1
3)=0

⇓

Thesecondsubsystem(Σ2)con-

vergestowardsasteadystate:

x1

x2

October2007,Dresden12



hierarchicalanalysisofPWAsystems

AsymptoticanalysisofhierarchicalPWAsystems

Generalizationforothertypesofattractors:

∆(A)

A

∆(A)

AsingularsteadystateAmorecomplexattractor
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AsymptoticanalysisofhierarchicalPWAsystems

•TheSCCcomputationallowstodecomposea“big”PWAsystemintoahierarchy

ofcoupledoruncoupledPWAsubsystems.

→Modelreductiontechnique

•Itgivesapracticalwaytoanalyzethequalitativebehavioroftheinitialsystem

thankstothequalitativeanalysisofthesubsystems.

•TheefficiencyofthismethodstronglyreliesontheefficiencyoftheSCC

decomposition.

→Insomecases,thismethodcanbeimproved

byasimplethresholdeliminationalgorithm.
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ÃApplicationtoabiologicalexample:

carbonstarvationresponsenetworkine-coli

[deJongetal.Biosystems,2006]
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Theprincipleofthresholdelimination
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timewehave:






s
+
(x1,θ

0
1)=s

+
(x1,θ

1
1)=s

+
(x1,θ

2
1)=1

s
+
(x1,θ

4
1)=···=s

+
(x1,θ

p1

1)=0

•Injectingtheseequationsinthesystem,weelim-

inatethresholdsθ
0
1,θ

1
1,θ

2
1,θ

4
1,...

•Thiscanbeperformedineachdirectioninde-

pendently.
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Theprincipleofthresholdelimination
1:ComputetheinteractiongraphGΣ
2:ComputethehierarchicalgraphG

scc
{TheSCCaredenotedC1,...,Cm,theyarehierarchically

ordered:if1≤k1<k2≤m,thenthereisnoedgefromCk2toCk1.}

3:fork=1tomdo

4:repeat

5:forj=1toldo

6:ComputethesetΦoffocalpoints

7:Performeliminationindirectionj{Someedgesarepossiblycut.}

8:Computethenewinteractiongraph

9:Computethenewhierarchicalgraph

10:ComputethenewsetΦ
′
offocalpoints

11:endfor

12:untilΦ
′
=Φ

13:endfor

14:Buildthereducedsystem(Σ
′
)
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Applicationtoabiologicalexample
Extendedmodelofcarbonstarvationresponsenetworkine-coli:

•9variables,

•1inputvariable
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Applicationtoabiologicalexample

InteractiongraphafterthresholdeliminationandSCCdecomposition:

TopA,GyrABandFisformagroup
of3variablesthatseemstoplayacentral
roleinthesystembehavior

[Grognardetal.2007]
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Conclusion

•Modelsofgeneregulatorynetworks:

ThePWAframeworkoffersapracticalwayto

representgeneinteractionsdynamics.

ÃGNAsoftware,Qualitativeanalysis.

•Hierarchicalorganization:

itisageneralmodelreductiontechnique,im-

provingincertaincasesthequalitativeanalysis

•Thethresholdeliminationprocesscanbeimproved,notablyconsidering“discrete

invariants”ofthesystem:

discreteinvariants↔SCCofthetransitiongraph
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