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Spanning Paths and Cycles

• A spanning subgraph is also called a factor.
• A spanning path in a graph is also called a 

hamilton pathhamilton path. 
• A spanning cycle in a graph is also called a  

hamilton cycle.



Isometric Subgraph

• H=(U,F) is an isometric subgraph of  graph 
G=(V,E), if the distances are preserved: 

• For each u v 2 U: dH(u v) = dG(u v)For each  u,v 2 U: dH(u,v)  dG(u,v). 



Interval IG(u,v)

• Let u, v 2 V(G) belong to the same 
t d t f G B I ( )connected component of G.  By IG(u,v) we 

denote the interval with endpoints u and v. 
• IG(u,v) is the graph, induced on the set of 

vertices belonging to some shortest path g g p
from u to v.   

• If there is no danger of confusion we canIf there is no danger of confusion we can 
simplify notation: I(u,v).



Convex  Subgraph

• Graph H is a convex subgraph of G, if for 
every pair of vertices  u and v from  V(H)
that belong to the same connected g
component of G, the interval IG(u,v) is a 
subgraph of Hsubgraph of H.



k-connectedness

• Graph G with |V(G)| > k is k-connected, if the 
removal of any set S with |S| < k leaves aremoval of any set S with |S| <  k leaves a 
connected graph. 

• Connectivity κ(G) of graph G is the largest k• Connectivity κ(G) of graph G is the largest k, 
such that G is still k-connected. 

• Vertex v of graph G is a cut vertex if G v• Vertex v of graph G is a cut-vertex, if  G – v
contains more connected components than G. 

• A connected graph with no cut vertex is called a• A connected graph with no cut-vertex is called a 
block.



2-connectedness

• Theorem: The following claims are 
equivalent:
– Graph G is 2-connected,Graph G is 2 connected, 
– Graph G is a block,

A i f ti b l t l– Any pair of vertices belongs to a common cycle



Menger’s Theorem

• Two paths in a graph with a common pair of
end-vertices are internally disjoint, if they 
have no other vertex in common.

• Theorem: Graph is k-connected, if and only 
if there are k pair wise internally disjointif there are k pair-wise internally disjoint 
paths between any two of its vertices.



Exercises
• N1. Show that if G has a hamilton cycle it also contains a 

hamilton pathhamilton path.
• N2. Show that every graph that has a hamilton path is 

connected.
• N3. Construct a graph on 10 vertices that has no hamilton 

path.
N4 C h 10 i h h h il• N4. Construct a graph on 10 vertices that has no hamiloton 
cycle but has a hamilton path.

• N5: Construct a graph on 10 vertices that has a hamilton• N5: Construct a graph on 10 vertices that has a hamilton 
cycle.



Exercises 6 2Exercises 6-2
N6 D t i ll h ith di t 1• N6. Determine all graphs with diameter 1.

• N7. Prove that each convex subgraph is an isometric 
subgraph.g p

• N8. Prove that each isometric subgraph is an induced 
subgraph.

• N9 Prove that each connected component is a convex• N9. Prove that each connected component is a convex 
subgraph.

• N10. Prove that the intersection of two induced subgraphs 
is an induced subgraph.

• N11. Prove that the intersection of two convex subgraphs 
is a convex subgraph.is a convex subgraph.



Homework

• H1. Let C be the shortest cycle in graph G. 
Show that C is an induced subgraph of G.

• H2 Determine all non-isomorphic intervalsH2. Determine all non isomorphic intervals 
in Q4.

i d i i b h f h i• H3. Find an isometric subgraph of Q3 that is 
not convex.


