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Outline

•WhyCDMA?
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Overview:Mobilecommunicationsystem
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Multipleaccess(1)

Simultaneouscommunication

of(uncoordinated)usersto

thesamebasestation

•Frequency-division

(FDMA)

•Time-division

(TDMA)

•Code-division

(CDMA)
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Multipleaccess(2)

Howachannelisdivided...?
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CDMA:Principle
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CDMA:Principle
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CDMAchannel(Kusers)
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CDMAdetectionproblem

Toestimateb1,...,bKfromy1,...,yG
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Remark1:RelationshipwithPerceptron

DetectionProblem:Toestimateb=(b1,...,bK)
T

from(s
1
,y1),...,(s

G
,yG),wheres

µ
≡(s

µ
1,...,s

µ
K)

T
and

yµ=
1

√
G

b·s
µ

+n
µ

(µ=1,...,G)

⇒ProblemequivalenttoLearningofBinary-weight
LinearPerceptronw/AdditiveOutputNoise
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Analysis:Bayesianframework

•Prior:p(b)

•Channelchr.:p(y|b)

asdefinedbypdfofnoisen
µ

=y
µ
−G

−1/2
b·s

µ

•Posterior:

p(b|y)=
p(y|b)p(b)

p(y)
,p(y)=

∑

b
′

p(y|b
′
)p(b

′
)
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Bayesdecisiontheory

•Lossfn.:

Lk(b̂)=1−δb̂kbk

b:TrueInfo.Data;b̂:Estimate

→Optimumdecisionrule

(inthesenseofminimisingexpectedloss)

b̂k=argmax
bk∈{−1,1}

p(bk|y),p(bk|y)=
∑

b\bk

p(b|y)

Expectedloss—Biterrorrate(BER)

Pb≡E
(
1−δb̂kbk

)
(sameforallusersduetosymmetry)
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Statistical-mechanicalanalysis

•Large-systemlimit:

K,G→∞withloadβ≡K/G=O(1)

•Randomspreading:s
µ
k:i.i.d.;mean=0,variance=1
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Replicaanalysis

Objective:ToevaluateShannonentropyofyperuser:

I=−lim
K→∞

1

K

〈∫

p0(y)logp(y)dy

〉

s

•p0(y):Truedistribution

•p(y):Postulateddistributionbyreceiver

Replicamethod:

I=−lim
K→∞

{

lim
n→0

∂

∂n

[
1

K

〈∫

p0(y)
[
p(y)

]n
dy

〉

s

]}
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Binaryuniformprior,AWGN

Assumptions:

•Binaryuniformprior

p(b)=const.over{−1,1}
K

•AdditiveWhiteGaussianNoiseChannel

n
µ
∼N(0,σ

2
0),i.i.d.
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Binaryuniformprior,AWGN

Prior:p(b)=const.over{−1,1}
K

Conditional:

p(y|b)=

G∏

µ=1

1
√

2πσ
2
0

exp
[

−
(y

µ
−G

−1/2
∑K

k=1s
µ
kbk)

2

2σ
2
0

]

−→Posterior:

p(b|y)=Z
−1

exp
(
−σ

−2
0H(b)

)
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Remark2:RelationshipwithHopfieldmodels

−→Posterior:

p(b|y)=Z
−1

exp
(
−σ

−2
0H(b)

)

H(b)≡
1

2
b

T
Wb−h

T
b

W=(wij),wij=
1

G

∑

µ

s
µ
is

µ
j:CorrelationMtx.

ofSignatureSeq.

h=(hk),hk=
1

√
G

∑

µ

s
µ
ky

µ
:Matched-Filter

OutputVector

⇒Isingspinsystems-Hopfieldmodels

(Miyajimaetal.,1993;Kechriotis&Manolakos,1996)
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Errorcorrectingcodes

•ThemessageisanNdimensionalbinaryvectorb

•EncodedtoMdimensionalbinaryvectort;transmitted

throughanoisychannel;coderateR=N/M

•Receivedmessager=t+nisdecodedtoretrieveb

EncodingDecoding Transmission

Noise

tr bb

Message
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RegularLDPCCodes

•Gallager’scode(1962)–Constructtwosparsematrices

AandBofdimensionality(M−N)×Nand

(M−N)×(M−N)respectively.

•ThematrixA=[A|B]hasLnon-zero(unit)elements

perrowandCpercolumn.
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Gallager’sCode

Encodingt ︸︷︷︸

∈{0,1}
M

=G
T

b︸︷︷︸

∈{0,1}
N

(mod2)

Generatormatrix–G=[I|B
−1

A](mod2)

Thereceivedvector–r=G
T
b+n(mod2)

Decodingz=Ar=AG
T
b ︸︷︷︸

=0

+An(mod2),

A=[A|B]sparse(M−N)×Mbinarymatrix

Theproblem:z=Aτ(mod2)
carriedoutbyvariousmethods(e.g.,BP)
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Motivation:LDPC-codedCDMA

•Needforcoding:PerformanceofuncodedCDMA

system<minimalQoS

•LDPCcodes:Highrate/lowdecodingcomplexity

•Relatedwork:LDPC-codedCDMAonthebasisof

stripping(Caireetal2003)

22



LDPC-codedCDMA

User1

Encoding

Spreading

User2

Encoding

Spreading

UserK

Encoding

Spreading

++

Noise

Rcvd.signal

��
��
�
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LDPC-codedCDMA

•SerialconcatenationofLDPCcodeandCDMAchannel

•RegularGallagercodesused(C,L:Left/Rightdegree)

•Performanceofoptimumjointdetection/decoding

scheme

•Assume:N,M→∞butR=N/M=O(1)

•Assume:K,G→∞butβ=K/G=O(1)

•Averagestakenw.r.tbothsandA
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Freeenergy

Whatwewanttocalculateisthefreeenergy(mutual

informationpersymbolperuserbetweenreceivedandsent

symbols)

f=
1

MK

[

−
〈
logP(y)

〉

P0(y)+
〈〈

logP(y|T)
〉

P0(y|T)

〉

P(T)

]

.

whereT≡{τk}
WeaverageoverAandS

f̄=lim
M,K→∞

ES,A[f(S,A)]
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LDPC-codedCDMA-Hamiltonian

•TheHamiltonianhascomponents(foreachuser)

χ
(

0=[Aτ]k,µ

)

Theparitychecksχ(···)=∞ifparitychecksare

obeyedand0otherwise

•Foreachcodewordbit,spreadingchipanduser

[

−
1

2σ
2
0

(

yt−
1

√
G

K∑

k=1

τkskt

)2]

representingthechannelnoise

•UseNishimori’sconition=correctprior;RS
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LDPC-codedCDMA

RSsaddle-pointequations:

m=

∫

tanh

(
√

Fz+E+
C∑

c=1

tanh
−1

x̂c

)

Dz

C∏

c=1

[
π̂(x̂c)dx̂c

]

q=

∫

tanh
2
(√

Fz+E+

C∑

c=1

tanh
−1

x̂c

)

Dz

C∏

c=1

[
π̂(x̂c)dx̂c

]

E=
1

σ2+β(1−q)
,F=

σ
2
0+β(1−2m+q)

[σ2+β(1−q)]2

π(x)=

∫

δ

[

x−tanh
(√

Fz+E+
C−1 ∑

c=1

tanh
−1

x̂c

)]

Dz

C−1 ∏

c=1

[
π̂(x̂c)dx̂c

]

π̂(x̂)=

∫

δ

(

x̂−
L−1 ∏

i=1

xi

)L−1 ∏

i=1

[
π(xi)dxi

]
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LDPC-codedCDMA

Biterrorrate:

Pb=

∫0

−∞

P(u)du

P(u)=

∫

δ

[

u−tanh
(√

Fz+E+
C∑

c=1

tanh
−1

x̂c

)]

Dz

C∏

c=1

[
π̂(x̂c)dx̂c

]
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LDPC-codedCDMA

TypicalstructureofPb-σ
2

diagram

Spinodal;Thermo.trans

0
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σ2

σ2
sσ2

t
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LDPC-codedCDMA

Spinodal;Thermo.trans
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Asβincreasesσs→0;irregularcodes?
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LDPC-codedCDMA

0

1

2

02468101214

C
 [bit/s/H

z]

Eb/N0[dB]

(3,6)

(4,8)

Astheloadβincreases,theoreticalthresholdsapproach
single-userchannelcapacity
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Individualoptimumdecoding

Decoder

Decoder

Decoder

Received
signal

CDMA

Detection

s1,...,sL

ξ̂1

ξ̂2

ξ̂L
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Detectionanddecoding

•Jointdetectionanddecoding

•Individualoptimumdetection(H/S)anddecoding

•MinimumMSEmulti-userdetection(H/S),peruser

decoding
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IndividualoptimumdecodingI
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IndividualoptimumdecodingII

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0 2 4 6 8 10 12 14

ρ
[bit/s/H

z]

Eb/N0[dB]

Joint D&D

IO(H)-Dec

IO(S)-Dec

MMSE(H)-Dec

MMSE(S)-Dec

35



Summaryandfuturedirections

•IntroductionofCDMAmultiuserdetecctionproblem

•Statistical-mechanicsanalysisusingreplicamethod

•Codingpriortomodulationhasgreatpotential

•Currentproblem-dynamicaltransitionpoint

•Futuredirections-irregularconstructions,joint

modulationandcoding

http://www.ncrg.aston.ac.uk

SupportedbyFP6IP-EVERGROW
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