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Belief Propagation:
® n . (x)= [Im. (%) ® mo0)=3wata) [1n.. ()
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BP - Variational Methods

Bethe free energy: Approximating the marginals b_(x ),b.(x.)

min =2 2 Da(x )Ny, (x,) = 2 H(b,) - > (1-d)H (D)
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BP - Variational Methods

Bethe free energy: Approximating the marginals b_(x ),b.(x.)

min > > b,(x,)Iny,(x,)-> Hb,) - L-d)H(b)

. a0

® Stationary Bethe free energy = BP fixed points (Yedidia, Freeman, Weiss '01)

® When the factor graph has no cycles Bethe Is convex over the
marginalization constraints b, (xi):ZX . b,(x,) and BP Is exact.

® [actor graph has cycles: Bethe is non-convex and BP might not converge.
6



BP - Variational Methods

TRW free energy (Wainwright, Jaakkola, Willsky '02):

min =3 3 b, (x,) Iy, (x,) -3¢, Hb,) - CHb)

Weighted number of spanning trees through an edge a

i 1_Zae|\|(i)ca

® TRW free energy is convex over the marginalization constraints.

O

O
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® Convergent message passing algorithm for cligues of size 2
(Globerson & Jaakkola, '07)



Convex Free Energies

min ~Y 3 b,(x,) Iy, (x,)-Y.¢,Hb,) - Y.GHb)

Claim: (Pakzad and Anantharam ‘02, Heskes 04, Weiss et al. ’07)

“‘convex free energy” is convex (over the marginalization constraints) for all factor
graphs if there exists C_,C.,C. =0 such that
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Convex Free Energies

min ~Y 3 b,(x,) Iy, (x,)-Y.¢,Hb,) - Y.GHb)

Claim: (Pakzad and Anantharam ‘02, Heskes 04, Weiss et al. ’06)

“‘convex free energy’ is convex (over the marginalization constraints) for all factor
graphs if there exists C >0 such that
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min ZZInWa(x )b, (x) Zc H(b, ) ZcH(b)— 3¢, (H(b,)-H (b))
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Background - Summary

Bethe free enerqy

non-convex for
general graphs

!

Belief Propagation

Contributions:

TRW free enerqy

specific
convexification
of free energy

!

Globerson Jaakkola ’07

message passing
algorithm for |a|=2

convex free enerqy

general form of
convexification

with parameters
G 0>

a!' 1 Vla
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message passing
algorithm for |al22

1) Convergent message passing algorithm for convex free energy

2) Heuristic for choosing good convex free energy.
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Convex Bellef Propagatlon

* mi f(b)+Z
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Convex Bellef Propagation
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Convex Message Passing

min, f (b)+ ) h(b)
For t=1,2,...
Fori=1,2,...,n
H <_Zj;ti lj
b" « argmin { f (b)+b" z +h, (b)}

bedomain(h; )

A - Vi)

Output: b

* We also have a similar parallel message passing algorithm




Convex Message Passing

min, f (b)+ ) h(b)
For t=1,2,...
For 1=1,2,...,n
’ui <_Zj;ti lj
b" « argmin { f (b)+b" z +h, (b)}

bedomain(h;)

A - Vi)

Output: b

* We also have a similar parallel message passing algorithm




Primer on Fenchel Duality

Primal h(b)—g(b) Dual g (1)=h (1)

h(b) : ;
\ slope= A4

_h*(4)

-9 (1)

h' (1) = mtz)ix{ AX h(b)} convex conjugate of h(b)

g (1) = mbin { Ab-— g(b)} concave conjugate of g(b)
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Primer on Fenchel Duality

min, h(b)—g()=max, g (1)-h" (1), and 1 =Vg(b’)

h(b) \

-h'(1)

|

-g (1)

slope=4 =Vg(b)

g(b)

ib*

More Conveniently: min g(b)+h(b) = m?x{minb(g(b)mu)— h" (1)
A =-vg(b’) 1




Seguential message-passing

Fenchel duality theorem
min g (b) +h(b) = m?x{minb(g (b)+b"2)-h"(2)| I =-vg(b")
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guential message-passing

uality theorem

mbin g(b) +

1(b) = max{min, (g(b) +b" 2)-h"(2) 7 =-vg(b')

Generalized Fenchel duality theorem

min f (b)+> " h(b) = max {minb {f (b)+b’ (ZL&)J— Y (ﬂf.)}

A

Block update approach: Optimize 4,  Set 1 <« Zjii A
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Seguential message-passing

Fenchel duality theorem
min g(b) +h(b) = max imin, (g (b) +b" )—h"(1)} I =-vg(b")

Generalized Fenchel duality theorem

min £ () + 3" (b) = max{mm )+ O A ST ()

Algorithm: Repeat until convergence
Block update approach: Optimize A4,  Set <_Z,¢. i

max {min,, (f (b) +b" 1 +b" 4 )—h" () {=min, f (b)+b" -+ h (b)

A

A Vi)

Output: b’




Seguential message-passing

min, f (b)+> h(b)

Y 0 it beC
hy (0) =+ 5

o otherwise

Bregman’s successive projection algorithm (Hildreth, Dykstra, Csiszar, Tseng)

Fort=1,2,...
Fori=1,2,....n

Zj;tl J

b" « argmin { f (b)+b" z +h (b)}

bedomain(h;)

A <= = VI (D)

Output: b’




Convex Belief Propagation

Vi

1
min 16+ 2 6]

Fort=1,2,...
Fori=1,2,...,n

H (_Zj;tiﬁj
b" « argmin { f (b) +b" s +h,(b)]

bedomain(h;)

A =, Vi)
Output: b




Convex Belief Propagation

Closed form solution for b" <« argmin { f(b)+b" s +h,(b)|
bedomain(h;)

Our algorithm: ma—>i (Xi) = ZEWa(Xa) Hnj%a(xa)j ia

Xq \Xi jeN (a)\i

b, (%;) o Hmjii/éi (%)

aeN (i) |
T b(x) )
ni—)a(xa):[Wa(Xa) Hnj—m:(xa)j ( I( I) j
- . N ()i m,_;i(X)
Belief propagation:
¢ ma—> (X) o5 ZWa(X ) Hnj—>a b (X)
A ® N, (Xi) = e

o bi (Xi) HaeN(i) a—i (Xi) ma—>i (Xi) ;




Convex Belief Propagation

Closed form solution for b" <« argmin { f(b)+b" s +h,(b)|
bedomain(h;)

Our algorithm: ma—>i (Xi) = Z[Wa(xa) Hnj%a(xa)j ia

Xq \Xi jeN (a)\i

b, (%;) o Hmiijléi (%)

aeN (i) |
K3 b(x) )°
ni—)a(xa):(Wa(Xa) Hnj—m((xa)] [ I( I) j
- . jeN ()i m,_;i (%)
Belief propagation:
@ ma—> (X) T ZWa(X ) Hnj—>a b (X)
e @ I (Xi) 3 e

o bi (Xi) HaeN(i) a—i (Xi) ma—>i (Xi) ;




Convex Belief Propagation

Interesting Notes:

1) min, f(b) +Zi h(b) when f(),h() are non-convex if the algorithm

converges then it Is to a stationary point.

2)Set ¢,=1c =1-d,c_ =0, (Bethe free energy, non-convex!)

1?7 YVl

our message passing algorithm = belief propagation.
3) For general c_,cC zl_an, and c7=0, (non-convex!) our algorithm

® ma—>i (Xi) = szlca (Xa) Hnj—>a (Xj) ® ni—>a (Xi) = Hm;: (Xi)

X, \X, jeN (a)\i ceN (i)\a

Open question =? “Fractional BP” (Wiegerinck, Heskes ‘03)




Determine Convex Energy

min —ZZlnwa(xa)ba(xa)—ZCaH(ba)—ZCiH(bi)

Heuristic: Find convex energy while c_Is close to 1 as possible
G :1-ZaeN(i)C0‘

Motivation:
Cc_=1 - Bethe approximation




Experiments — Ising Model

NxN grid —— n? variables

Every variable has two values X, €e{—11}

field 7
interaction 6,

attractive
0, >0

6'” -+ (0 mixed

(Di(xi) :exp(‘gixi)

i (Xi,X;) =exp(6,%X;) i 2 )OCH =i (%, X; )H D, (X)

i, jeE




Experiments — Efficiency

runtime is seconds, Field=0.05, Attractive.
350

©- Our MP algorithm.
300 3 conditional gradient descent.

Seconds

Grid size




Approximating Marginals — Ising model

convex free energies Vs. Bethe free energy
Field=0.05, Attractive

| 2-convex

0.6/ W TRW
m— R P

Marginal
Error

Marginal Error

Interaction strength :




Approximating Marginals — Ising model

convex free energies Vs. Bethe free energy

Field=0.05, Mixed
0.08 :

N | 2-conveX
0.07- mm TRW

Marginal 0.06/| P
Error

0.051

Marginal Error
o
Lo
A

=

=

&
1

Interaction strengtn ;




Approximating Marginals — Random Graph

TRW free energy Vs. L2-convex free energy

10 vertices. Edge density 30% (almost tree), 50% (far from tree)

0.08

0.06

Marginal Error

Field=0.05, Attractive, Density 0.3

N | 2-convex
mmTRW

o
o
i

o
Q
N

1‘ 2 3
Interaction Strength

Marginal Error

0.2

015}

01¢

o
Q
5

Field=0.05, Attractive, Density 0.5

N | 2-convex
T RW

1 > 3 4

Interaction Strength

3
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Summary

. Novel perspective of message passing as primal-dual
optimization for the general class of min, f(b)+> h (b)

. Convex free energy mapped to min, f(b)+ > _h (b)

. Heuristic for setting convex free energy by “convexifying’
Bethe free energy

. Algorithm applies to general clique sizes; BP Is a
particular case of our algorithm

. Region Graphs energies (Kikuchi)

. Future work: Theoretical foundation on our heuristic for
setting the convex free energy.




