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Network modularity (community detection)

Identify groups of “similar” 

nodes using network topology?
Image from IBM Manyeyes

http://www.cs.purdue.edu/homes/koyuturk/mawish/
http://www.cs.purdue.edu/homes/koyuturk/mawish/


Outline

•Motivation/background

•Bayesian inference and complexity control

•Generating and inferring modular networks

•Validation and applications



Motivation

• Model structure (e.g. 

summarize data)

• Visualize structure (e.g. graph 

layout)

• Analyze interactions (e.g. 

affinities within/between 

groups)

• Explore interactions (e.g. 

recommendations)
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Background

• Physics literature

• Newman et. al. (2002, 2004)

• Bornholdt & Reichardt (2006)

• Hastings (2006)

• ...

• Parametrized cost function (energy), 

mostly focus on how to optimize

• Machine learning literature

• Nowicki & Snijders (2001)

• Kemp et. al. (2004)

• Airoldi et. al. (2007)

• Xu et. al. (2007)

• Sinkkonen et. al. (2007)

• ...

• Complex models, approximate 

inference (often expensive)
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The “resolution limit” problem

Fortunato et. al. (2007), Kumpula et. al. (2007)

Girvan & Newman (2004), Reichardt & Bornholdt (2006)

H = −
∑

ij

(Aij − γpij)δzi,zj
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The “resolution limit” problem

Fixed parameters -> fixed resolution or complexity

Fortunato et. al. (2007), Kumpula et. al. (2007)

Girvan & Newman (2004), Reichardt & Bornholdt (2006)

H = −
∑

ij

(Aij − γpij)δzi,zj



Complexity control in probabilistic models

Increasing complexity

Images from http://research.microsoft.com/~minka/statlearn/demo/ and Giorgini, et. al., Genome Biol, 2005

http://www.cs.purdue.edu/homes/koyuturk/mawish/
http://www.cs.purdue.edu/homes/koyuturk/mawish/


• Maximize evidence (integrating over unknown parameters and latent variables) to 

infer most probable model complexity

Bayesian complexity control

http://research.microsoft.com/~minka/statlearn/demo/

θ̂ = arg max
θ

p(D|θ, K)

= arg max
θ

∑

Z

p(D, Z|θ̂, K)

K̂ = arg max
K

p(D|K)

= arg max
K

∑

Z

∫
dθ p(D, Z|θ, K)p(θ|K)

https://research.microsoft.com/~minka/statlearn/demo/
https://research.microsoft.com/~minka/statlearn/demo/


Bayesian complexity control

• Find most probable complexity K, 

given data D, integrating over 

unknowns

• If p(K) sufficiently weak, maximize 

evidence to find optimal 

complexity

evidence

http://research.microsoft.com/~minka/statlearn/demo/

https://research.microsoft.com/~minka/statlearn/demo/
https://research.microsoft.com/~minka/statlearn/demo/


Community detection as inference

Model

(parameters !,

latent variables z, 

complexity K)

Data

Sampling

Inference



Stochastic Block Models

• Nodes belong to “blocks” of 

varying size

• Roll die for assignment of nodes 

to blocks

• Probability of edge between two 

nodes depends only on block 

membership

• Flip (one of two) coins for edges

• Result: mixture of Erdos-Renyi 

graphs

Holland, Laskey, Leinhardt 1983; Wang and Wong, 1987
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Generating modular networks

• For each node:

• Roll K-sided die with bias ! to 

determine zi=1,...,K, the 

(unobserved) module 

assignment for ith node

• For each pair of nodes (i,j):

• If zi=zj, flip “in community” 

coin with bias !c to determine 

edge Aij

• If zi"zj, flip “between 

communities” coin with bias !d 

to determine edge Aij

Stochastic block models (Holland, Laskey, Leinhardt 1983; Wang and Wong, 1987)
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Generating modular networks

Die rolling, coin flipping, and priors: where counts are:

non-edges within 
modules

edges within 
modules

edges between 
modules

non-edges between 
modules

nodes in each 
module



Physical analogy

Extends Newman (2004,2006), Hastings (2006), Bornholdt & Reichardt (2006)

H ≡ − ln p(A,!z|!π, !θ) = −
∑

i,j

(JLAij − JG)δzi,zj +
K∑

µ=1

hµ

N∑

i=1

δzi,µ

• Statistical mechanics: infinite-range spin-glass Potts model

• Infer distributions over spin assignments, coupling constants, and chemical 

potentials and find number of occupied spin states

• Bayesian inference corresponds to calculation of disorder-averaged partition function

JG ≡ lnϑc/ϑd

JL ≡ ln(1− ϑd)/(1− ϑc) + JG

hµ ≡ − lnπµ



Community detection as inference

Model

(parameters !,

latent variables z, 

complexity K)

Data

Sampling

Inference
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Community detection as inference

1 2 3
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• From observed graph structure, 

infer distributions over module 

assignments, model parameters, 

and model complexity

p(A|K) =
∑

!z

∫
d!θ

∫
d!π p(A,!z,!π, !θ) =

∑

!z

∫
d!θ

∫
d!π e−Hp(!θ)p(!π)
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Community detection as inference
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• From observed graph structure, 

infer distributions over module 

assignments, model parameters, 

and model complexity

Can do integrals, 

but sum is 

intractable, O(KN)

p(A|K) =
∑

!z

∫
d!θ

∫
d!π p(A,!z,!π, !θ) =

∑

!z

∫
d!θ

∫
d!π e−Hp(!θ)p(!π)



Variational Bayes

Variational Bayes (Feynman 1972; MacKay, Jordan, Ghahramani, Jaakola, Saul 1999)

• Jensen’s inequality (log of expected value bounds expected value of log) for any 

distribution q



Approximate inference for modular networks

• Iteratively optimize F{q;A} by updating distributions over parameters {!, !} and latent 

variables {z}



Validation: complexity control

• Automatic complexity control: probability of occupation for extraneous modules 

goes to zero



Validation: Runtime

• O(MK) runtime; ~400 sec for N=106 nodes, K=4 modules, average node degree 16
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Variational Bayes Girvan-Newman 
modularity

The “resolution limit” problem

Variational Bayes overcomes the resolution limit by inferring distributions over 

parameter values as opposed to asserting them
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Variational Bayes overcomes the resolution limit by inferring distributions over 

parameter values as opposed to asserting them



Validation: “four groups” test

• Mutual information between true and inferred latent variable assignments for N=128 

nodes, K=4 modules, average node degree 16

Danon et. al (2005)



Validation: synthetic data
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nodes, K=4 modules



Validation: NCAA football schedule

nodes: teams
edges: games
shape: conference
color: inferred module

• Correctly infer K=12 conferences
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Application: APS March Meeting 2008 co-authorship

http://meetings.aps.org/Meeting/MAR08

http://meetings.aps.org/Meeting/MAR08
http://meetings.aps.org/Meeting/MAR08


Application: APS March Meeting 2008 co-authorship

nodes: authors
edges: co-authored papers



APS March Meeting 2008 co-authorship network
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Conclusions

•Phrased network modularity as a modeling problem

•Resulted in a interpretable, accurate, and scalable algorithm which 

addresses the resolution limit problem

•Validated technique on synthetic and real networks

•Future: extend model to handle alternative network structure, using 

same framework

•Paper: Physical Review Letters, Vol.100, No.25 (258701)

•Software: http://vbmod.sourceforge.net

http://jakehofman.com
http://jakehofman.com
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