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I. Introduction: Literature…I. Introduction: Literature…

Foundation and Survey:Foundation and Survey:

•• W. Brock and Malliaris (1989), “Differential Equations, W. Brock and Malliaris (1989), “Differential Equations, 
Stability and Chaos in Dynamic Economics”,  Skiba Stability and Chaos in Dynamic Economics”,  Skiba 
(1978), and see Brock`s  Web(1978), and see Brock`s  Web--site at Madison site at Madison 
University…University…

•• M. Sieveking and W. Semmler (1997), “The Present M. Sieveking and W. Semmler (1997), “The Present 
Value of Resources with large Discount Rate”, Appl. Value of Resources with large Discount Rate”, Appl. 
Math & Optimization, Renewable Resources Models.. Math & Optimization, Renewable Resources Models.. 

•• C. Deisenberg, G. Feichtinger, W. Semmler, F. Wirl C. Deisenberg, G. Feichtinger, W. Semmler, F. Wirl 
(2003), “History Dependence and Global Dynamics in (2003), “History Dependence and Global Dynamics in 
Models with Multiple Equilibria”, Cambridge University Models with Multiple Equilibria”, Cambridge University 
Press, ed. , Barnett et al.Press, ed. , Barnett et al.



I. Introduction: Literature…I. Introduction: Literature…

Credit and Financial Markets:Credit and Financial Markets:
•• W. Semmler and M. Sieveking (2000):  “Critical Debt and W. Semmler and M. Sieveking (2000):  “Critical Debt and 

Debt Control“, JEDCDebt Control“, JEDC
•• L. Grüne, W. Semmler and M. Sieveking (2003), L. Grüne, W. Semmler and M. Sieveking (2003), 

“Creditworthiness and Threshold in a Credit Market “Creditworthiness and Threshold in a Credit Market 
Model with Multiple Equilibria”, Economic Theory, Model with Multiple Equilibria”, Economic Theory, 

•• L.Grüne, and W. Semmler (2005), Default Risk, Asset L.Grüne, and W. Semmler (2005), Default Risk, Asset 
Pricing and Debt Control, Journal of Financial Pricing and Debt Control, Journal of Financial 
Econometrics Econometrics 

•• L. Grüne, W. Semmler and B. Lucas (2007), L. Grüne, W. Semmler and B. Lucas (2007), Firm Value, Firm Value, 
Diversified Capital Assets and Credit Risk,: Toward a Diversified Capital Assets and Credit Risk,: Toward a 
theory of default correlationtheory of default correlation, Journal of Credit Risk, Journal of Credit Risk



I. Introduction: Literature…I. Introduction: Literature…

Other Applications:Other Applications:

•• W. Semmler, and A. Greiner (2005), “Economic Growth W. Semmler, and A. Greiner (2005), “Economic Growth 
and Global Warming: A Model of Multiple Equilibria and and Global Warming: A Model of Multiple Equilibria and 
Thresholds“, Journal of Economic Behaviour and Thresholds“, Journal of Economic Behaviour and 
Organization,, ed. W. Semmler (see also OUPOrganization,, ed. W. Semmler (see also OUP--book)book)

•• W. Semmler and M. Ofori (2007), “On Poverty Traps, W. Semmler and M. Ofori (2007), “On Poverty Traps, 
Thresholds and TakeThresholds and Take--Offs, Journal of Structural Change Offs, Journal of Structural Change 
and Economic Dynamics”, and Economic Dynamics”, 

•• M. Kato and W. Semmler (2007/8), on Firms Size M. Kato and W. Semmler (2007/8), on Firms Size 
Dynamics, Ecological Management Problem, Poverty Dynamics, Ecological Management Problem, Poverty 
Traps and Inequality, Metroeconomica, forthcomingTraps and Inequality, Metroeconomica, forthcoming



I. IntroductionI. Introduction: : Methodological Methodological 
Remarks;Remarks; Economic AgentsEconomic Agents (intentional behavior: (intentional behavior: 

memory, expectations, bounded rationality, learning…)memory, expectations, bounded rationality, learning…)

LotkaLotka--Volterra DynamicsVolterra Dynamics (see Sieveking and Semmler, 1997)(see Sieveking and Semmler, 1997)

Price:

Prey:



II. ExamplesII. Examples
Example 1: Resource Economics (Lotka Volterra dynamicsExample 1: Resource Economics (Lotka Volterra dynamics

Interacting Renewable Resources, Interacting Renewable Resources, Sieveking and Semmler (1997)Sieveking and Semmler (1997)



II. Examples…II. Examples…
Example 2: Development EconomicsExample 2: Development Economics



II. Examples..II. Examples..
Example 3: Growth TheoryExample 3: Growth Theory



II. ExamplesII. Examples
Example 4: Trade and ExpectationsExample 4: Trade and Expectations



II. ExamplesII. Examples
Example 5: Firms` investment with relative adjustment Example 5: Firms` investment with relative adjustment 
costs, costs, see Feichtinger et al (2000see Feichtinger et al (2000), ), Kato, Semmler and Ofori (2006)Kato, Semmler and Ofori (2006)



II. ExamplesII. Examples
Example 6: Ecological management problemExample 6: Ecological management problem (Brock and Starret, (Brock and Starret, 

1999, Grüne, Kato and Semmler, 2005)1999, Grüne, Kato and Semmler, 2005)



II. ExamplesII. Examples
Example 7: Credit and state dependent risk premium, Example 7: Credit and state dependent risk premium, Grüne, Grüne, 

Semmler et al. (2005, 2007), Semmler et al. (2005, 2007), 



III: Mechanisms of Multiple Equilibria III: Mechanisms of Multiple Equilibria 
and Thresholdsand Thresholds

•• Nonlinear interaction of renewable resources Nonlinear interaction of renewable resources 
and agents`interventions (example 1)and agents`interventions (example 1)

•• ConvexConvex--concave production function (example concave production function (example 
2)2)

•• Externalities in economic development and Externalities in economic development and 
growth (example 3)growth (example 3)

•• Wealths effects on households` utility (Kurz, Wealths effects on households` utility (Kurz, 
1968) 1968) 

•• Expectations formation (example 4, Krugman Expectations formation (example 4, Krugman 
model)model)



III: Mechanisms of Multiple Equilibria and III: Mechanisms of Multiple Equilibria and 
Thresholds…Thresholds…

•• Nonlinear adjustment costs (Example 5, Nonlinear adjustment costs (Example 5, 
Feichtinger et al, Kato and Semmler)Feichtinger et al, Kato and Semmler)

•• Nonlinear interaction of growth and climate Nonlinear interaction of growth and climate 
change (Greiner and Semmler, OUPchange (Greiner and Semmler, OUP--book)book)

•• Nonlinear absorption capacity of the lake Nonlinear absorption capacity of the lake 
(example 6, Brock and Starret)(example 6, Brock and Starret)

•• State dependent risk premium in credit markets State dependent risk premium in credit markets 
(example 7, Grüne, Sieveking and Semmler)(example 7, Grüne, Sieveking and Semmler)



IV. Numerical Methods to Compute the IV. Numerical Methods to Compute the 
Global DynamicsGlobal Dynamics

Step 1: Maximum Principle and Hamiltonian to find the Step 1: Maximum Principle and Hamiltonian to find the 
equilibria and local dynamics:equilibria and local dynamics:



IV. Numerical Methods to Compute the IV. Numerical Methods to Compute the 
Global DynamicsGlobal Dynamics



IV. Numerical Methods to Compute the IV. Numerical Methods to Compute the 
Global DynamicsGlobal Dynamics

Step 2: The HJBStep 2: The HJB--Equation and Dynamic Pogramming Equation and Dynamic Pogramming 

HJB equation in continuous time:HJB equation in continuous time:



IV. Numerical Methods to Compute the IV. Numerical Methods to Compute the 
Global DynamicsGlobal Dynamics

Is solved through discrete time Dynamic Programming Is solved through discrete time Dynamic Programming (Grüne (Grüne 

and Semmler 2004, JEDC)and Semmler 2004, JEDC)



IV. Numerical Methods to Compute the IV. Numerical Methods to Compute the 
Global DynamicsGlobal Dynamics

Global dynamics explored with flexible grid size, gridding Global dynamics explored with flexible grid size, gridding 
error measured byerror measured by



IV. Numerical Methods to Compute the IV. Numerical Methods to Compute the 
Global DynamicsGlobal Dynamics

Advantage of adaptive grid size:Advantage of adaptive grid size:



IV. Numerical Methods to Compute the IV. Numerical Methods to Compute the 
Global DynamicsGlobal Dynamics

Value function and Skiba line through adaptive gridValue function and Skiba line through adaptive grid



V. Example: State Dependent Risk V. Example: State Dependent Risk 
Premium and Credit DerivativesPremium and Credit Derivatives
(Grüne et al. JFE, 2005, JCR, 2007)(Grüne et al. JFE, 2005, JCR, 2007)

Standard model of credit derivativesStandard model of credit derivatives ((Merton  (1974), uses Brownian Merton  (1974), uses Brownian 

motions) motions) 



V. Example: State Dependent Risk Premium V. Example: State Dependent Risk Premium 
and Credit Derivativesand Credit Derivatives

Historical Bond PremiaHistorical Bond Premia



We construct the value of the underlying asset from a firm We construct the value of the underlying asset from a firm 
value model (discounted expected cash flows: V>B?)value model (discounted expected cash flows: V>B?)

Model with Risk Free Interest RateModel with Risk Free Interest Rate



Motivated by the empirical evidence, we suggest model with Motivated by the empirical evidence, we suggest model with 
state dependent risk premium:state dependent risk premium:

risk premium (or finance premium, Bernanke et al)risk premium (or finance premium, Bernanke et al)



With state depending risk premium we compute asset With state depending risk premium we compute asset 
value and debt capacity (and test if B>V)value and debt capacity (and test if B>V)



Solution through the HJB EquationSolution through the HJB Equation



State Dependent Risk Premium: Asset Value and Debt State Dependent Risk Premium: Asset Value and Debt 
CapacityCapacity



Numerical Solution: Risk Free Interest RateNumerical Solution: Risk Free Interest Rate



Numerical Solution: With Risk Premium (Multiple Attractors Numerical Solution: With Risk Premium (Multiple Attractors 
and Threshold Dynamics)and Threshold Dynamics)



Numerical Solution: With credit constraints (defined by Numerical Solution: With credit constraints (defined by 
banks` lending standards)banks` lending standards)



Stochastic Case: with additive ShockStochastic Case: with additive Shock



Stochastic Case: no additive Shock, delta_k=0Stochastic Case: no additive Shock, delta_k=0



Stochastic Case: with additive Shock, delta_k=0.1Stochastic Case: with additive Shock, delta_k=0.1



Stochastic Case: with additive Shock, delta_k=0.5Stochastic Case: with additive Shock, delta_k=0.5



VI: Multiple Attractors, Heterogeneity VI: Multiple Attractors, Heterogeneity 
and Empiricsand Empirics

•• Many of the models admit multiple attractors, Many of the models admit multiple attractors, 
thresholds and intricate global dynamics which thresholds and intricate global dynamics which 
can be solved by DP with adaptive gridcan be solved by DP with adaptive grid

•• We can allow heterogeneity of economic agents:  We can allow heterogeneity of economic agents:  
a distribution of agents along the relevant state a distribution of agents along the relevant state 
space (1dim, 2 dim)space (1dim, 2 dim)

•• We can undertake empirical work to test We can undertake empirical work to test 
whether the data support multiple attractors whether the data support multiple attractors 



Example 1: Investment model with multiple Example 1: Investment model with multiple 
attractors and heterogeneityattractors and heterogeneity ((Kato, Semmler and Ofori (2006), Kato, Semmler and Ofori (2006), 

Firms 1960Firms 1960--1991)1991)



Empirics with Markov Transition Matrices (transition Empirics with Markov Transition Matrices (transition 
matrice for firm data, 1960matrice for firm data, 1960--1991)1991)



The Average Markov Transition Matrix: Thinning Out of the The Average Markov Transition Matrix: Thinning Out of the 
MiddleMiddle



Example 2: Example 2: On Poverty Traps, Thresholds and On Poverty Traps, Thresholds and 
TakeTake--Offs (Offs (Semmler and Ofori, Journal of Economic Dynamics and Structural Semmler and Ofori, Journal of Economic Dynamics and Structural 

Change, 2006,   per capita income across the world)Change, 2006,   per capita income across the world)



Average Markov Transition Matrix for  per capita Income Average Markov Transition Matrix for  per capita Income 
(1960(1960--1985)1985)



Example 3: Heterogeneity, Portfolio Choice Example 3: Heterogeneity, Portfolio Choice 
and Wealth Distribution and Wealth Distribution (Grüne, Öhrlein and Semmler (2007),  2 (Grüne, Öhrlein and Semmler (2007),  2 

dim problem)dim problem)

W



Wealth distribution and value functionWealth distribution and value function



Domains of Attraction and Threshold LineDomains of Attraction and Threshold Line



VII. Policy Implications: Enlarging VII. Policy Implications: Enlarging 
Domains of Attraction Domains of Attraction 
((lowering the interest rate enlarges the domain of attraction of the lowering the interest rate enlarges the domain of attraction of the 

higher equilibrium, see Example 1)higher equilibrium, see Example 1)



VII. Policy Implications: Enlarging Domains VII. Policy Implications: Enlarging Domains 
of Attractionof Attraction
(Ecological Management Problem, Grüne, Kato and Semmler (2005), (Ecological Management Problem, Grüne, Kato and Semmler (2005), 
tax rates create the low equilibrium as sole attractor)tax rates create the low equilibrium as sole attractor)



VII. Policy Implications: Enlarging Domains VII. Policy Implications: Enlarging Domains 
of Attraction of Attraction 

•• Poverty traps in income distribution, thresholds  Poverty traps in income distribution, thresholds  
and domains of attraction (Kato and Semmler and domains of attraction (Kato and Semmler 
2007), transfers2007), transfers

•• Currency and financial crises, thresholds  and Currency and financial crises, thresholds  and 
domains of attraction (Kato, Proano and domains of attraction (Kato, Proano and 
Semmler 2007)Semmler 2007)

•• Growth, global warming and thresholds, Greiner Growth, global warming and thresholds, Greiner 
and Semmler, JEBO article (2005), and Greiner and Semmler, JEBO article (2005), and Greiner 
and Semmler,  2008 Book (OUP)and Semmler,  2008 Book (OUP)



VIII. ConclusionsVIII. Conclusions

•• We give a large number of examples of models with We give a large number of examples of models with 
multiple equilibria from different areas of economics multiple equilibria from different areas of economics 

•• We show that the dynamic decisions of agents add to We show that the dynamic decisions of agents add to 
the intricacy of the dynamics (multiple attractors can the intricacy of the dynamics (multiple attractors can 
arise) arise) 

•• The global dynamics can be studied through DP with The global dynamics can be studied through DP with 
adaptive grid sizeadaptive grid size

•• Our approach allows for heterogeneity and empirical Our approach allows for heterogeneity and empirical 
studies (Markov transition matrices)studies (Markov transition matrices)

•• Importance for policies: Policy can change domains of Importance for policies: Policy can change domains of 
attraction (enlarging the domain of attraction of attraction (enlarging the domain of attraction of 
preferable attractors)preferable attractors)



Thank youThank you

Papers: Papers: 

WebWeb--site:newschool.edu/nssr/cemsite:newschool.edu/nssr/cem

Recent Book:Recent Book:

„The Global Environment, Natural „The Global Environment, Natural 
Resources, and Economic Growth“, with A. Resources, and Economic Growth“, with A. 
Greiner (Oxford University Press, 2008) Greiner (Oxford University Press, 2008) 


