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I. Introduction: Methodological

AFKS,; Economic Agents (intentional behavior:
1eMory, expectations, bounded rationality, learning...)

il

0 a-Volterra Dynamics (see Sieveking and Semmler, 1997)

- —— -l —

(1) Infinite Horizon
(& < ==)  Price: Plxau)

rent

=) .
Vmaxf e (plaauz)as — c)us di
o

=.t.
1. i]_ = m]_l::ﬂ-n — 1 — ﬂgmgjl — EJH]_l::E::l
2. g = xa(—by + by — baxra) — woua(x)

R (1
b

(1) predator/ Prey: —asxs, +byxy
(2) competitive: —a,x;, —baxs; Innerspecific competition: (—aq, —as, —by, —bs)
(3) cooperative interaction: (4az, +bq)

(2) Zero Horizon (4 = oo
rent

- .

max (p(ratts) Ty — )ity = 0




- xamples
um- 1: Resource Economics (Lotka Volterra dynamics
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ting Renewable Resources, Sieveking and Semmler (1997)
I I:ﬂ-[;. — 1] — dalllag — 'L’ll::;?[!'l}:l,

rolby — byaxy — bowe — By (a)).
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‘..m ple 2: Development Economics
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“Examples..
xample 3: Growth Theory

Growth Theory with
Externalities

Santos (1999) / Matsuyama
(1991)




mples
Dle 4: Trade and Expectations

g

. — -

Krugman (1991
o Trade Model with Expectations




xamples
kample 5: Firms™ investment with relative adjustment
StS, see Feichtinger et al (2000), Kato, Semmler and Ofori (2006)
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Figure 3: Discontinunous Policy Function in {u, K} Space




Xxamples
xam ple 6: Ecological management problem  (Brock and starret,

9, rune Kato and Semmler, 2005)

- B A —

- Brock and Starret (1999)

_-
- -

~ Eeological Management
Problem




xamples

xample 7: Credit and state dependent risk premium, Griine,
mmer et al. (2005, 2007),

\ .

investment
threshold




2chanisms of Multlple E !;--

'€ sholds _— -—

——

iear interaction of renewable resources
nts interventions (example 1)

X-concave production function (example

=% -i—Lu-_

-?m rnalltles in economic development and
-~ growth (example 3)
s_-_z_?f —_\_Nealths effects on households ™ utility (Kurz,
-1968)
® Expectations formation (example 4, Krugman
model)




chanisms of Multible Wﬂa—
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e e

o —

m——

ear adjustment costs (Example 5,
ger et al, Kato and Semmler)

: interaction of growth and climate
ge (Greiner and Semmler, OUP-book)

---:,_-; \ [6] Imear absorption capacity of the lake
(_example 6, Brock and Starret)

‘& State dependent risk premium in credit markets
(example 7, Grine, Sieveking and Semmler)



_1V. Numerical Methods to Compute the

lobal'Dynamics

-‘-

e

- T

MaX|mum Pr|nC|pIe and Hamiltonian to find the
U|I|br|a and local dynamics:

The first method uses the maximum principle and Hamiltonian

= H(u,2,A) = fo(u, @) + Af(u, )

=

First order condition for an optimal policy u

-
—

H,
A

We assume H,,, < 0.



iNumerical Methods to Compute_ the
fobal Dynamics

e

e

Remark:

e Concave models model: H is jointly concave in state and control (at least over a
compact and for the model relevant set), Hy, H,, — H2, = 0,

5. =
o = ]

. X
e —
'-—-__-r:"i
— -
|

= e Non-concave model: HyyHy, — H2, < 0, convex model, H,, > 0 (often only local
— domain of non-concavity and of convexity|

¢ Associated Jacobian:

fuHuz f2
J = I= = .. ~ Huu

H2, fulu:
Huu _HIT 5_f1!+ Hﬂu
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umerical Methods to Compute.the ...
dbal Dynamics

. The HIB-Equation and Dynamic Pogramming
equation in continuous time:
Vir) = max ] . e g (t), u(t))dt

=T

o

—w(t) = fle(t), w(t)), x=(0)=xy=sR"

dt

(HJB) OV (x) = Max { folx,u) + V'(x)f(x, u)}

Get V'(x) explicitly as a function of » and V(z) and use

o AT )
Vie) =GV (e, x).



\ merical Methods to Compute.the
obal Dynamics

d—

Ived through discrete time Dynamic Programming (Griine
emmler 2004, JEDC)

-

Ty(Vi)(z) = max {hg(z,u)+ GV (zy(1))}

well

then Vy can be characterized as the unique solution of the fixed point equation
Vila) = Th(Va) (o) forall 2 € B

Denoting the nodes of the grid T' by 2*, ¢+ = 1,..., P, we are now looking fo
approximation Ihr satisfying

Vi (') = Th(Vi) ()



INVeNumerical Methods to Compute.the
...,- Dynamics

g

e A S — . N ——

al dynamics explored with flexible grid size, gridding
‘_or measured by

= ma | Th() () = 13 1)

s =]
—

=
— =

- -

~ (0) Pick an initial grid I'y and set 2 = 0. Fix a refinement parameter € (0,1) and a
— tolerance tol = 0.

(1) Compute the solution V, * on T
2) Evaluate the error estimates 7. If r < tol for all [ then stop

(3) Refine all cells C; with n; > fmax;a, set ¢ =4 1 and go to (1).



merical Methods to Compute.the

pbal Dynamics

age of adaptive grid size:
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merical Methods to Compute.the .
Dynamics ~




ample: State Dependent Risk

emium and Credit Derivatives
rune ‘et al. JFE, 2005, JCR, 2007)

B

)|

E—— — A . T ———

gdard model of credit derivatives (Merton (1974), uses Brownian
_Iions)

o MAcocording o Merton (1974}, the debt payiment at maturity date T 0=
F{V, Ty = min ¥V, 2) with

A = (ewp- VW — O 1l - o Vs

It'."F.I.T'!{E"t. 1I-"EI.I.I:I'._! ﬂE‘ AM]—IDE‘!.‘H'I]IT. pﬂint..

INMistanoe-to-IDefanlt — [Asset Volatility]

hmriost Distributicmm
Awalue of asset walue =

Figure G DMstance-to defaalt



xample: State Dependent Risk Premium
ad Credit Derivatives |

—

_ —
Orical Bond Premia

e

Quarterly Relative Spread of BAA and AAA

| [ T [ |
{952 1956 1980 1964 1968 1972 1976 1380 1384 1988 1992 1996 2000 2004 2008




- We construct the value of the underlying asset from a firm
2] (discounted expected cash flows: V>B?)

odel with Risk Free Interest Rate

e

e

— -

e with # = E“E—ﬂl a constant, and we have the benchmark case, then V{k)
is in fact the present value of &

V) = Mas f " e (K (), 1) de (12)
1 h

(13)

B(t) =8B - f(k(t), j(t)), B0)= By (14)

with B* = V. IT it holds that V — B = 0 then the residual remains as equity
of the firm.




Motivated by the empirical evidence, we suggest model with
—— andent risk premium: .

—

k premium (or finance premium, Bernanke et al)




— tate depending risk premium we compute asset
e and debt capacity (and test if B>V)

-_:—-

—

o With defanlt risk and risk premium, we have for the firm

V0 = Moz [ " (K0, ()
IooJdn

The firm’s net income



: jon through the HIB Equation

.

e — A . T ———

¢ Example of the appropriate HJB equation:

H(k, B*(k}) = max [ﬂ:ﬂa:ﬁ] + 2B G ok
: i ak
(k) = max H= [ 10k,3) + “ELE G om)]

whith H(&, B) = B"f where, with & > 1. Thus,

dB*
dk

L
B* (k) = max [f{-*«',jj + (j — g,ir].] d gt
3




PDependent Risk Premium: Asset Value and Debt

B = H{k, B) - f(k.5).
Multiplying by e % and using partial integration we find
T T
f e fk, §)dt = B(0) — e " T B(T) + f e " H — §B)dt.
i 0

The present value of the external finance preminm - with initial value (&, B)
- is

R (1
b

f e~ (H — AB)dt = Vi (k, B).

0
where we use the optimal investment rate 3. Then for T' — oo we find

Vik) = B(0) = lim e " T B(T) + Vg (k, B)

The term Vi (k, B) is equal to zero for H(k, B) = 08.
In particular, if B{0) = B*(k) we have

VIk) = B* (k) + Vi (k, B (k)



erical Solution: Risk Free Interest Rate

- - -

» Borrowing at the Rizk-free Rate,parameters: o = (0L15, A = 0.29, o = (.7,
F=2,v=03and # =0, H(k, B) =68.

W

2.523

Figure &: Value function

The debt control problem is solved whenever debt is bounded by the [irm's
asset value, so that we have ¥V — B = 0.




ical Solution: With Risk Premium (Multiple Attractors
hreshold Dynamics)

—

e

|l ——




[ l Solution: With credit constraints (defined by
inks" lending standards)

il

S S . . ——

#» MNodel with credit constraints: « = 1.2 and ¢ = 0.6

3

25

7

k

Figure 12: Present value curve V(&) for different debt ceilings, H{k, B) from (
1)




chastic Case: with additive Shock

o With additive disturbances,

( (FE) = dik(E))df + dpk(t)dw(t)

)
B(t) = (H(K(t), B(t))) = F(k(t), i(t))dt

We use again our standard parameters of section 5, but oo = 100, o =
(g + l','lE and y = 2, Details of the numerical procedure are given in the
appendix.




Figure 13: Numerically termined probabilities for &, =i




delta k=0.1

th additive Shock,

" WI

dSe

ities for
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LITREX

Numerically det

Figure 14



Case: with additive Shock, delta_k=0.5
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Figure 15: Numerically determined probabilities for a; =05




iple Attractors, Heie_rmﬂeltb—

mpirics

i

the models admit multiple attractors,
|ds and intricate global dynamics WhICh
;s  solved by DP with adaptive grid

== /e can allow heterogeneity of economic agents:
= ._‘a’dlstrlbutlon of agents along the relevant state
— space (1dim, 2 dim)

e \We can undertake empirical work to test
whether the data support multiple attractors



Example 1: Investment model with multiple

- ctors and heterogeneity (Kato, Semmler.and Ofori (2006), "

Figure 3: Discontinunous Policy Function in {u, K} Space
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oy

S\with Markov Transition Matrices (transition
brice for firm data, 1960-1991)

For purpose of illustration the fluctuation matrices for the time period

1973-74 15 presented m table 1:

k<s[t<k<z[t<k<l|l<k<2[k>2
k<D ] 837 12 0 0 0
lok<s| 12 177 12 0 0
lok<=1]| 1 8 09 11 0
l<k<2| 0 0 5 78 7
k2 0 0 0 2 129

Table 1: Example of a luctuation matrix



e

" 0.951
0,228
0.162
0.155
0.158

0.023
().692
(.069
0.0085
0.006

0.013
0.007
0.010
0,078

0.799

0.008
0.067
0.700
0.085

0.006

0,005
0,005
0,062
0.674
0,032




xample 2:*O'n Poverty Traps, Thresholds and

RO (Semmler and Ofori, Journal of Economic Dynamics_and Structural
ge, 2006, per capita income across the world)




.

ige.Markov Transition Matrix for per capita Income ..
0-1985)

o
}_I

0.94]2 00387 0.0000 0,000

(.0693 0.9307 00420 (.0000 0.0000
00 (0.0343 09243 00411 0.0000

0.0369 (10433 00197
(0.0000 09923



ymple 3: _Heterogeneity, Portfolio Choice

‘7' ealth DIStI‘lbUtIOI‘I (Griine, Ohrlein and Semmler (2007), 2
oroblem)

dH‘f = {[ﬂ.’f(iﬁt + fﬁ) —+ [1 — {EE)TE] H‘r — Cf}dt —+ ﬂ'wdft W

dry = k(6 — ry)dt + o.d2
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VII. Policy Impllcatlons' Enlarging

Figure 4: Comparative dynamic results



I. Pollcy Implications: Enlarging Domalns
ltraction

Jlogical Management Problem, Griine, Kato and Semmler (2005),
es create the low equilibrium as sole attractor)

\

al




Iplications: Enlarging Domains..

e

—}

—— ._-—-

ty traps in income distribution, thresholds
omains of attraction (Kato and Semmler
), transfers

3 ncy and financial crises, thresholds and
=l mains of attraction (Kato, Proano and

-—-l-_

— _’f_Se_mmIer 2007)

~ e Growth, global warming and thresholds, Greiner
and Semmler, JEBO article (2005), and Greiner
and Semmler, 2008 Book (OUP)




onclusions -_} o
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e

—}

- —

e equilibria from different areas of economics
".:; -a.that the dynamic decisions of agents add to
of the dynamics (multiple attractors can

"

| ,g1obal dynamics can be studied through DP with
‘__,5;-1_?—'?";'“-1, ptive grid size

— & QOur approach allows for heterogeneity and empirical
— studies (Markov transition matrices)

¢ Importance for policies: Policy can change domains of
attraction (enlarging the domain of attraction of
preferable attractors)
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