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Introduction Problem

Motivation

@ Image acquisition in MRI
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Introduction Model

Generalized Linear Model and Experimental Design

o Generalized Linear Model of y = Xu + &, s = Bu

o Gaussian N (r;|y;, ?) and non-Gaussian potentials t;(s;)

. . —=b!
sjl_sj =b;u

P(u|D) o< N (y|Xu, o> DT7_; t(s)) @@ @\@

il rp= xz-Tu
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il rp= xz-Tu

Experimental Design / Measurement Optimization

Along which x; or b; shall | measure? =- Needs posterior covariance info!

@ MRI: u unknown image

e scanner output y, measurement design X
e sparsity prior tj(s;) on multi scale gradients Bu @@
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Introduction Model

Generalized Linear Model and Experimental Design

o Generalized Linear Model of y = Xu + &, s = Bu

o Gaussian N (r;|y;, ?) and non-Gaussian potentials t;(s;)

. . —=b!
sjl_sj =b;u

P(u[D) oc N (y|Xu, DI}, £i(s) @D@ @\@

il rp= xz-Tu

Experimental Design / Measurement Optimization

Along which x; or b; shall | measure? =- Needs posterior covariance info!

o Classification: u classifier weights
o Bernoulli potentials and sparsity prior t;(s;) or Gaussian prior A/ on u
M
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Inference  Variational Relaxation

Posterior |: Site Bounding

o Legendre-Fenchel (super Gaussian) site bounding:

ti(s;) > exp (5:51 - %512/’71' - %h(vj)) =: (sj,7)

% hy)
Laplace R
2 hy)
Bernoulli e
1
Student’s t = ~ —— %
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Inference  Variational Relaxation

Posterior Il: Variational Inference Problem

#(7)
@ site bounds Az partition function bound —==r®

q
P(D) = //\/’(y|Xu,02I)Htj(sj)du
i=1

Y

ki 1
[ Atyixu o) [T (5. )du = € e (500

i=1

¢(v) = |n|A7|+Zhj(’yj)+mljn R(u,7)

A,=X"X+B'r 'B, R(u,7)=|Xu—-y|*+u'B'r 'Bu-28"Bu
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Inference Properties

2. 3. 1.
WA+ 3" hy(-)+ min R(u, 1)
Jj

o(v) =

A,=X"X+BT 'B, R(u~)=|Xu—y|[>+u'B"T 'Bu—23"Bu

e approximate posterior Q(u|D) = N (u*, AJ1)
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Inference Properties

2. B3] :
o) = In|Ay [+ hi(5) +min R(u,)
J

A,=X"X+B'r'B, R(u,7)=|Xu-y|>+u'B'I 'Bu-28"Bu

@ approximate posterior Q(u|D) = N (u*, A.‘Yl)

© R(u,~) jointly convex = miny, R(u,~) convex
@ In|A,| convex in ~y

@ hj(v;) convex in 7; < Intj(s;) concave
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Algorithm

Optimization

6(7) = In|Al+h(y)+min ([ Xu—y|* +s"T s —287s)
A=X"X+B'r'B, s=Bu

@ ¢(7) is convex, so things are easy, right?
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6(7) = In|Al+h(y)+min ([ Xu—y|* +s"T s —287s)
A=X"X+B'r'B, s=Bu

@ ¢(7) is convex, so things are easy, right?
o gradient hard: V_-1ln|A| = diag(BA~1BT)
@ coordinate descent hard: n linear systems

@ coupling term In |A| causing trouble = decouple

e v 1 In|A| concave Tl

o Legendre duality: z(y)-9(z

In|A| <z'(v 1) —g%(2)
conv;;in ¥
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Algorithm

Double Loop Details

6(7) = In|Al+h(y)+min ([ Xu—y|* +s"T s —287s)
A=X"X+B'r'B, s=Bu

e outer: ¢ = ¢n+du < @)+ du, In|A| <z (v71) - g*(2)
@ inner: min.yd)/ + oy
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Algorithm

Double Loop Summary

6(7) = In|Al+h(y)+min ([ Xu—y|* +s"T s —287s)
A=X"X+B'r'B, s=Bu

Gradient Based Algorithm Double Loop Algorithm
e for t=1..0(n) e for t=1.0(1)
o compute gradient V.¢ e outer loop update:
o get descent direction & compute gradient V¢
e compute stepsize A\ e inner loop optim:
o Yl — AT+ NS ! IRLS(YY)
o efficient use of expensive computations %
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Algorithm Measurement Optimization

Experimental Design

@ approximate posterior Q(u) = A/(u*, A=), conditioned on D
e relative entropy KL[Q'||Q] = H[Q'||Q] — H[Q'] >0

@ information gain score
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Algorithm Measurement Optimization

Experimental Design

approximate posterior Q(u) = A/(u*, A=), conditioned on D

relative entropy KL[Q'||Q] = H[Q'||Q] — H[Q'] >0
information gain score

MRI: continuous Gaussian sites

Si6(xi) = /Q(Yi)KL[@'(UIYi)IIQ(U)]dyf

Classification: binary Bernoulli sites

Sig(b) = D Q(q)KLIQ (u])]|Q(u)]

Cj=:|:1

@
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Algorithm Measurement Optimization

Experimental Design

@ approximate posterior Q(u) = A/(u*, A=), conditioned on D
e relative entropy KL[Q'||Q] = H[Q'||Q] — H[Q'] >0
@ information gain score

@ MRI: continuous Gaussian sites

Si6(xi) = /@(Yi)KL[@'(UIYi)IIQ(U)]dyf

Classification: binary Bernoulli sites

Sig(by) = > Q()KLIQ (ulg))]|Q(u)]

Cj::|:1

design loop: (1) update Q, (2) design decision, (3) measurement
M
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Numerical Results

Experiments

o large scale active learning using approximate inference
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Summary and Discussion

Conclusions

variational relaxation convex iff. MAP estimation convex

posterior approximation successfully drives experimental design

°

°

o fully scalable and generic double loop algorithm

e computational primitives: CG (means), Lanczos (variances)
°

complexity = speed of MVMs with X and B
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Appendix: Convexity of log determinant

Theorem
~—In|A,| is convex. A, =XTX+B'I 'B

(u,7) —u' (XTX + BTI'_lB) u jointly convex

(u,v) — exp(— uTA.Yu) jointly log-concave

marginalization theorem (Prékopa)

o Log-concave functions are closed under marginalization.

o Gaussian integral: In|A,| = nIn27 —2In [exp(—3u’ A u)du

Theorem
~ = In|XTX +BTf(I)B| is convex iff. Inf(7) is convex.
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Appendix: Convexity of individual height functions

Theorem

h(7) is convex iff. g(s) = Int(s) is concave in s and convex in x = s°.

2 *
@ t(s) = max zoexp (—5 — h()), h(1) = g"(~
Q h(7) = maxs>0 f(s,7) = maxs>0 575” — g(5) = Maxuzo 7+ x — g(x)

Qo= Zf(x,7) = g'(x) = 7% implicitly defining x.(7) and h(y) = f (x.(7),7)

Q GLX; = m A x — g(x) convex = v — x, increasing = - — s, increasing
Qo= Lf(s,7) = g'(s.) = —=,  g(s) concave = g’(s) decreasing

Q H(y) = %f(s*,v) = %(g’(s*))2 A (5) = s. — h'(7) increasing due to square
@ (4.6) = v — h'(7) increasing = h(7) convex
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