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Morphological Estimation



Emergent Self-Model

With Josh Bongard and Victor Zykov, Science 2006



Damage Recovery

With Josh Bongard and Victor Zykov, Science 2006
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Perturbations
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Static ID: Damage Diagnosis

With Wilkins Aquino



Discrete Dynamics Inference
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Balanced DFA Unbalanced DFA

Bongard J. C, Lipson H., (2005) “"Active Coevolutionary Learning of Deterministic Finite 

Automata”, Journal of Machine Learning research (JMLR), Vol. 6  No. 10, pp. 1651-1678

Outperforms best known 

algorithms on large scale 

unbalanced DFAs



Circuit Building Blocks

Ted Cornforth



Symbolic Regression

f(x)=exsin(|x|)

What function describes this data?

John Koza, 1992



Encoding Equations

*

sin–

x1 3

f(x)

+

x2 -7

Building Blocks: +  - *  /  sin  cos  exp  log  … etc

sin(x2)

x1*sin(x2)

(x1 – 3)*sin(x2)

(x1 – 3)*sin(-7 + x2)

John Koza, 1992



Michael D. Schmidt, Hod Lipson (2006) 

Models: Expression trees

Subject to mutation and selection

Experiments: Data-points

Subject to mutation and selection

{const,+,-,*,/,sin,cos,exp,log,abs}
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f(θ,ω) = 4.771·(3.714 – ω2) + cos(θ)
+ (3.714 – ω2)·cos(θ)

(0) <- load [3.714]

(1) <- load [ω]
(2) <- mul (1), (1)

(3) <- sub  (0), (2)

(4) <- load [θ]

(6) <- cos (4)

(7) <- mul (3), (6)

(9) <- load [4.771]

(12) <- mul (9), (3)

(13) <- add (12), (6)

(15) <- add (13), (7)

+

· +
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Semi-empirical mass formula

Modeling the binding energy of an atomic nucleus
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Systems of Differential Equations

• Regress on derivative

time x1 x2 …

0 3.4 -1.7 …

0.1 3.2 -0.9 …

0.2 3.1 -0.1 …

0.3 2.7 1.2 …

… … … …

State Variables

dx1/dt x2/dt …

-2.0 8.0 …

-1.0 8.0 …

-4.0 1.3 …

-5.7 1.9 …

… … …

Derivatives
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Inferring Biological Networks

With Michael Schmidt, John Wikswo (Vanderbilt), Jerry Jenkins (CFDRC)
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Wet Data, Unknown System

Bacillus Bacteria

With Michael Schmidt (Cornell) and Gurol Suel (UT Southwestern)



Cell #1

Cell #2

Cell #3-60 …



Blue Dots = data points, Green Line = regressed fit
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Looking For Invariants



Data Mining
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From Data:

x y …

0.1 2.3

0.2 4.5

0.3 9.7

0.4 5.1

0.5 3.3

0.6 1.0

… … …

δx

δy

δy

δx
,           ,    …

Calculate partial derivatives Numerically:

δf

δx

δf

δy

From Equation:

δx’

δy’

δy’

δx’
,           ,    …

Calculate predicted partial 

derivatives Symbolically:
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Linear Oscillator
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• Coefficients may have different 

scales and offsets each run
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Pendulum
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Double Linear Oscillator
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http://ccsl.mae.cornell.edu/eureqa


Run…

http://ccsl.mae.cornell.edu/eureqa


http://blog.makezine.com/archive/science/




Von Thomas Hermanowski, Dr. Andreas Rick, Dr. Jochen Weber
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Scalability

• Complexity

• Noise

• Hidden (unobservable) variables

• Justification



Approximations

Building Blocks Detected Pendulum Law Approximation

*, +, –, cos(), sin() ω2 – 19.6·cos(θ) Exact Solution

*, +, –, sin() ω2 – 19.5999·sin(-1.57079 + θ) Trigonometric identity

*, +, – ω2 + 9.7108·θ 2 – 0.7042·θ 4 Taylor series expansion (4th order)



Alphabet

Term Complexity Frequency System

s

k x2 1 23.578 4

k x1 1 21.6514 4

k v2 1 21.5596 4

k v1 1 19.1743 4

k cos(θ2) 2 6.51376 2

k cos(θ1) 2 6.14679 2

k v2
2 3 5.50459 4

k v1
2 3 4.49541 4

(x1 – x2) 3 4.22018 2

k v1 v2 3 4.0367 2

k a2 1 2.75229 2

k a1 1 2.75229 2

k x2
2 3 1.37615 2

k sin(θ2) 2 1.19266 2

k sin(θ1) 2 1.19266 2

k cos(θ1) 2 0.917431 2

k cos(θ2) 2 0.917431 2

k x1
2 3 0.825688 2

k x1
2 3 0.825688 2

k x1 + k v1 3 0.733945 3

k x2 + k v2 3 0.733945 3

k x1 + k x2 3 0.642202 2

k x1 + k v1 – k a1 5 0.458716 2

k x2 + k v2 – k a2 5 0.458716 2
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Double Harmonic Oscillator (x1,x2,v1,v2)

Double Pendulum (θ1,θ2,ω1,ω2)

Seeded Double Pendulum (θ1,θ2,ω1,ω2)



STOCHASTIC MODELS



10% Noise



30% Noise



70% Noise





Regressing Stochastic elements

Add a 

“noise” 

building 

block

f(x)=sin (x + noise)

×

+

sin×

–1.2

x

x

+

sin×

–1.2

x

x
noise
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Likelihood Fitness

Find a model that maximizes the 

probability of seeing this data
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Short Time Gaps in Experimental Data:

Long Time Gaps in Experimental Data:
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Concluding Remarks

Correlation is enough. Faced with massive
data, [the Scientific Method] is becoming
obsolete. We can stop looking for models.

“

”
Chris Anderson

Wired 16.07

The data deluge accelerates our ability to 
hypothesize, model, and test.



Theoretical physicists are not yet obsolete, 

but scientists have taken steps toward 

replacing themselves



I am worried that we have enjoyed a 

brief window in human history where we 

could actually understand things, but that 

period may be coming to an end.

-- Steve Strogatz

The end of insight





k1/k1 = 1

k2/k1 = m2L2
2/(m1L1

2 + m2L1
2)

k3/k1 = 2.00055m2L2/(m1L1 + m2L1)

k4/k1 = 19.6/L1

k5/k1= 19.6·m2L2/(m2L1
2 + m1L1

2)
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