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Linear solutions to non-linear problems

1North Texas vowel database (Assmann et al., 2008)
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Classification or regression
w.r.t. latent variables Θ

Example: vowel classification1
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Classification or regression
w.r.t. latent variables Θ

◮ Θ non-linearly embedded
◮ Solution non-linear in Θ

Mapping into feature space Φ
◮ Φ is non-linear in data
◮ Φ is functional basis in Θ
◮ Φ is low dimensional

Example: vowel classification1
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Unsupervised non-linear feature extraction

How to choose a feature space Φ?
◮ Construct non-linear features from data
◮ Here we investigate unlabelled data

Unsupervised non-linear feature extraction
◮ Non-linear PCA2 depends on function space
◮ Non-linear SFA3 features in the limit

independent of function space

2Kernel Principal Component Analysis (Schölkopf et al., 1998)
3Slow Feature Analysis (Wiskott and Sejnowski, 2002; Wiskott, 2003)

Wendelin Böhmer (TU-Berlin) RSK-SFA 2011/09/08 3 / 11

"HEED"
Subject B

"EE"



RSK-SFA - slow feature analysis

Filter temporally coherent signals in time series {xt}
n
t=1

min
φ∈Fp

IEt

[

∥

∥φ̇(xt)
∥

∥

2

2

]

(slowness)

s.t. IEt

[

φ(xt)
]

= 0 (zero mean)

IEt

[

φ(xt)φ(xt)
⊤
]

= I (unit variance & decorrelation)

a) Centering b) PCA
(Zero Mean) (Decorrelation)

Original

Covariance

d) Rotate in
slowest
directions

c) Sphering
(Unit Variance)

Non-linear SFA features converge4 to Fourier basis in Θ

4In the limit of an infinite time series and unrestricted function class (Wiskott, 2003)
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RSK-SFA - kernel slow feature analysis

5Bray and Martinez (2002)
6Shown analytically for the related Kernel CCA (Fukumizu et al., 2007)
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φi (y) =
n
∑

t=1

Ati κ(y , xt) − ci

min
A∈IR

n×p

1
n−1

tr
(

A⊤K̇K̇⊤A
)

s.t. 1
n
A⊤K1 = 0

1
n
A⊤KK⊤A = I

Complexity O(n3)

K-SFA exhibits over-fitting
and numerical instabilities6

Has up to now only been studied provisionally5

Employs reproducing kernel Hilbert spaces H
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RSK-SFA - penalizing complex functions
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min
φ∈Hp

IEt

[

∥

∥φ̇(xt)
∥

∥

2

2

]

+ λ
p
∑

i=1

∥

∥φi(·)
∥

∥

2

H

≡ min
A∈IR

n×p
tr

(

A⊤
(

1
n−1

K̇K̇⊤ + λK
)

A
)

Little computational overhead

λ must be fitted to kernel

λ can become extremely small

Power of functions class grows with n

Regularization of function complexity

Penalize Hilbert norm ‖φi (·)‖H
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RSK-SFA - preventing complex functions

7See selection algorithms in Smola and Schölkopf (2000); Csató and Opper (2002)
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φi (y) =
m
∑

j=1

Aji κ(y , zj) − ci

{zj}
m
j=1 ⊂ {xt}

n
t=1 , m << n

Kjt := κ(zj , xt) , K ∈ IR
m×n

Reduces complexity to O(m2n)

Efficient over many kernels

Sensitive to subset selection7

Use subset of training data to express functions

Restricts solution to a subspace of H

Implicit regularization of function complexity
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Feature validation: vowel classification (1)

1 Delayed embedding (”windowing”)

2 RSK-SFA/PCA feature extraction

3 Quadratic Discriminant Analysis (QDA)

4 Compare area above and below zero
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HEED HEAD
Discriminant Function



Feature validation: vowel classification (2)
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5 RSK−SFA Features

Wendelin Böhmer (TU-Berlin) RSK-SFA 2011/09/08 9 / 11



Take home message

Context Linear classification/regression w.r.t. latent variables Θ

Data Complex time series data with a reasonable kernel

Problem No idea how to construct a proper feature space

Suggestion Try RSK-SFA to approximate Fourier basis in Θ
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Thank you for your attention!
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