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Dynamics of Graphical Model

Evolution of a Data Generating Mechanism
» e.g., Non-stationarity or Change of Environments
» The dependency structure may also change.

8,0 &, - &0

> Environment

Structure changes entirely, or only partially?
» The change may occur only partially when e.q.
System Error : fault in subsystems
Short Term Changes : natural assumption




Goal of the Research

Identifying a Common Substructure of
Multlple Graphlcal Models
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Background:

Graphlcal Gaussian Model (GGM)

If a random variable = (z1,22,...,24) '€ RYiS
generated from Gaussian NV (p, A7),
Variables *; and ¥ are conditionally independent.
<~ Ajj/ = (
A : Precision Matrix (Inverse of Covariance )

Structure Learning of GGM

< Identification of zero pattern in A
Ordinary MLE gives only dense estimate of A.

Use of sparse methods.
¢1 -regularization and its variants



Related Work: _
Structure Learning of GGM

¢1-regularized Maximum Likelihood

(Yuan et al., Biometrika 2007, Banerjee et al. JIMLR 2008)

max OA;S) = p|lAllf st. A0

p>0,0A;Y) is a log likelihood of Gaussian :
U(A;Y) = log det A — Tr (f]/\)

Convex Optimization, GLasso Algorithm

(Friedman et al., Biostatistics 2008)

MUIt|'taSk StrUCtU e Learr"ng (Honorio et al., ICML 2010)

Learn GGMs Al, AQ, Ce AN Regularization on
Joint Structure

B, SRS >, e



Our Proposal:
Common Substructure of GGMs

The common substructure of multiple GGMs
(with A1, Ao, ..., Ay) is expressed by an

adjacency matrix © defined by
( Al,jj’ ] 1f Al,jj’ — A2,jj’ — ... = AN,jj’

Ojjr = <

\ 0, otherwise

weak stationarity on partial covariance

(7, 7)) th element is common, | Veximalvariation

IS zero.

& max (Ao — AN =0
1§i,i’§N| 1,77 1,33|



Our Proposal: _ 7
Problem Formulation

Use of 2 Regularizations
Regularization on Joint Structure (Honorio et al., IcML2010)
Regularization on Maximal Variation (Our Proposal)

N
max til (A3 D) Regularization on || Regularization on
{Mil, Joint Structure Maximal Variation
— E max |A; ;| + max |A; .0 — ANy i

S.t. Al,AQ,...,AN>—O
p,v > 0, non-negative weights Sl ti=1
Convex Optimization Problem



Our Proposal:

Relatlon to The Existing Work

Structural Changes between two datasets

(Zhang et al., UAI 2010)
Lasso type approach (Meinshausen et al., Ann. Statist. 2006)

+ Fused Lasso type regularization

Connection to the current problem

Objective Function Regularized MLE of  Fused Lasso Type

Gaussians (Approximation)
# of Datasets [V N >2 N =2 only
Algorithm N >2 N =2 only

\ J

I

More General Framework
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Block Coordinate Descent

Iteratively update each elements of matrices.

» Solve subproblems for each (j,j')th elements
of precision matrices A1, Ao, ..., Ay.

» Different sub-problems for diagonal elements w
and non-diagonal elements v .

A | vector of (7,7") th elements]

A N ' T
- N V1 ,v:(vlanJ"'va)
. Y
Al — :/ T
w = (Ww1,ws,...,WN)
U]_ UJ]_ //

Convergence to the global optimum is
guard nteed. (Tseng, JOTA 2001)



Optimization of Diagonal Entries

Analytic Solution

of matrices.

T -1 —1 2. Divideinto (7,7)th
wy =2; 4. " Z;+ ¢, (7:9)

— — /\\ = - /\\
[ [
, [ |
Zi Zi |y} 4 P, p; |y
A, = P Pa— |
! T ] ! T ]
s [ : I
_ < G RY _ p; di IRy
=P == - =

Positive Definiteness
If Z; = 0, then A; > 0 always holds.
Positive definiteness is preserved at each

updating step of the block coordinate descent.
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1. Permute row and column

elements and remainings.



Optimization of Non-diagonal Entries ;

Dual Problem

' Primal (Non-Diagonals)

" S(b—&)Tding(a) (b &) | v=(v1.v2..0n)
Dual Variable
st. [Inél<p. € <p+2y | £=b-diagla)v
a,b € RY: defined from remaining parameters, >,
4 Types of Solutions EERT Mgl =p+2y
E=b () f\\\\\\\
€l = p+27 (—) /;g_ N,

1vEl=p (=)
Il =p+2v, 1€ =p (0)
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Solution to Each Case

DI =p+2y (—) 2)[1xél=p (---)

o Continuous Quadratic e Analytic Solution
Knapsack Problem 15b — psgn(1,yb)

Vo — T
min Z i) va
(£=b—voa)
s.t yZO, 1Ty=p+2'>/
v EERY gl =p+ 29
(& =sen(b;)yy) [/j\ N
— N \\\\
3) . |€H1 = p+ 27 (o) A \\\: .
1y€| = p

One of these 3 cases or

» Continuous Quadratic € = b is the solution.

Knapsack Problem
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Simulation Setup

GGM with Common Substructure

o Dim.d = 20, # of Datasets V =5

» A\, : Diagonals= 1, Non-zeros ~ [_O'Sbf)oil]o q
» 100 data points from each Gaussian A/ EO, }\;‘%
L1 ~ T8

Common Substructure

(Structure, weights are common.)

Individual Substructure
(Structure, weights changes.)
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Baseline Methods

Naive Way to Learn Common Substructure

1: Estimate Ay, Ao, ..., Ay with existing methods
GLassO (Friedman et al., Biostatistics 2008)
Multi-task Structure Learning (Honorio et al., ICML 2010)

2: Find seemingly common parts

Seemmgly Common Substructure
X 933 , if max; ; |Az S — Ay qir| < €

i 0, otherwise

éjj; =0 if f\i,jj’ =0, vi, éjj/ = 1 otherwise



_______

Proposed method | 17
Result | @est. ]

ROC by varying p £os
» Average of 100 run  2°° /-
1 204 [ --|— Proposed
*e= o ED_Q --- GLasso
» 7 by a heuristic -~ MSL
% 0.2 0.4 0.6 0.8 1

False Positive rate

e = 1 IS quite optimistic.
GlLasso (p = 0.0032)

o 62% of true common s

substructure have a 60
variation more than 1.

o The proposed method

= - = = \_'_;
avoids this estimation 4% of non.zeras are

variance problem. under the threshold.

E/ezl

DC)

max; ;’ \f\i,jjf — Aitjj*‘
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Application to Anomaly Detection

Automobile Sensor Error Data (ideetal, som 2009)
One covariance
42 sensor values from a real car for each dataset
/9 datasets from normal states and 20 from faulty

Fault : miswiring of 24t" and 25t sensors

Detection of Correlation Anomaly (de et al, som 2009)

Capture the dependency structure by GGM
Anomaly Score: KL-divergence between

conditional distributions for each pair of variables
T T T

Tx-x.i __ 1" a; = max(d;®, d;)

T42] L42] d;Q :fDKL[m (zjlz\ )l Ip2 (@512 5) ] P1 (7 5 )TN 5

Dataset 1 Dataset 2
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Simulation Setting
Use 25 datasets (20 normal, 5 faulty)

1. Estimate 25 Precision Matrices
sace | Individual estimation by GLaSSO (Friedman et al., 2008)
Multi-task Structure Learning (Honorio et al., 2010)

Common Substructure Learning Weights are
chosen to balance

two states.

lines

2. Calculate Anomaly Scores
Average scores for all 20 x 5 pairs.
Detect anomaly sensors by thresholding.
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Result (Detection Performance)

Randomly pickup 25 datasets for 100 times.
Regularization parameter pis in 0.05 ~ 0.30.
The parametery is chosen by a heuristic.

Draw best ROC by changmg the threshold.

o
[

Proposed 0.97 0.05 éoﬁ
GLasso 0.96 0.20 <o4
> --Proposed
MSL 0.97 0.05 F°%° =GLasso
- MSL

0.2 0.4 0.6 0.8 1
False Positive rate
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Result (Anomaly Score)

Normal-Faulty states (median, 25/75% of 100 run)
Propo;ed GLas.so MSL

4K
L
A ‘:I'. §
v - N
B . .
Vol ey I " !
i 1 ) N JI "
L
FLEL N E
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Wy s
/|

Anomaly Score

10 20 30 40 10 20 30 40
Sensor ID Sensor ID

| J | J - J

Anomaly Score
Anomaly Score

Sensor ID

| J | J | J

The proposed method captures the
dependency among healthy sensors as
common and shows lower scores.

The variation of scores are also low.
— More stable than other two
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Summary & Conclusion

Common Substructure Learning

Identifying common parts of dynamical
dependency structure

Optimization by block-coordinate descent
Factorization of subproblem to 4 cases

Numerical Evaluation

Validity of the proposed method are observed
both on synthetic and real world data.

Naive approaches tend to fail detecting common
substructure due to the estimation variance.



Supplemental Materials



Learning GGM (Covariance Selection) )

Maximum Likelihood Estimator : A = 3¢
A is usually dense. (3 : MLE of 3)

GGM is a complete graph, and the true
dependency structure is masked.

¢1-regularized Maximum Likelihood

(Yuan et al., Biometrika 2007, Banerjee et al. JMLR 2008)

max OA;S) = p|lAllf st. A0

p>0,¢A;Y) is alog likelihood of Gaussian :
U(A;Y) = log det A — Tr (f]/\)

Convex Optimization, GLasso Algorithm

(Friedman et al., Biostatistics 2008)



Joint Estimation of GGMs

Multi-task Structure Learning (Honorio et al., icmt 2010
Learn GGMs from covariances 31,35, .... 3y .

26

Assumption: All GGMs have same edge patterns.

N
(AArs0}Y | ; {ibhis 2e) = 0 PRt Ay
Joint structure is sparse.
Ajy = max A =0 & A =0, K
Share edge pattern information and improve
the result.
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Algorithm (Block Coordinate Descent)

Input : Covariance Matrices 1,35, ..., 3N
Reqgularization Parameters p,~ > 0
Weights ¢1,to,...,tx >0, S t; =1

Output : Precision Matrices A, Ao, ... Ay

Initialize A; «— 27! (1 <i < N)
Repeat until convergence - —

reat remaining
For j =1tod , j’ — 1tod elements as constants.

Update (7, 7")th elements of A1, Ao, ..., Ay
End For
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Solution to the Dual Problem 1/3

Casel: The solution is on [|£ \dl =p+27,
bz, Continuous Quaaratic
LSS A Knapsack Problem (& =sgn(b;)y;)
‘-’/:x/\ N o1 Efficient
T = > min (lbz| — yi)Q algorithm
\\\\\/////' Yy . 2 ) .
1=1 exists.
(Honorio et al.,
56y 20, 1Ny =Pt ICML2010)
Optima Not Optimal
b% /l\zll/\ N /\"‘l\ %b
"/”"/\ ‘*~/&"/'
\// ST aélze
AN —> Case2
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Solution to the Dual Problem 2/3

Case2: The solution is on |15&| = p.

\\(\; . 8b Analvytic Solution (§=b — vga)
N L akb psmn(ags)
7 0 p—
\\\ 1;,0,
Optima Not Optimal
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Solution to the Dual Problem 3/3

Case3: The solution is on HEII1—p+2'7 1y€]=

When both Case 1, 2
are not optimal

SN

\
N

Solutions to Case 2, 3 have
the same sign.

@on to Case 2 }

Problems for each signs, & > 0and & < 0
o Two Continuous Quadratic Knapsack Problems




Solution to the Dual Problem 3/3 (cont)

Target Problem

1
msin §(b — &) "diag(a)"H(b— &) s.t. [13€] =p, [|€]1=p+ 2y
Equivalent Two Distinct Problems
Continuous Quadratic Knapsack Problems

1
min (yt —b;)? st. ym >0, IyyT =a™
y+ — 2a;

1
Igi_n Z Q—%(y; —b)? st.y >0, 1yy =a”
&=y (& >0)and & =—y; (& <0)

(aT,a”)=(p+~7) or (", a7)= (v, p+7)




Solution to Continuous Quadratic 32
Knapsack Problem

Continuous Quadratic Knapsack Problem

Mo

min —(yi — d)? st. y>0, 15y =a
Solution: v;(v) = max(d; — v¢;, 0)
v is what satisfies1 yy(v) = o .

Search of Optimal v
1,y (v)is decreasing and piece-wise linear with
breakpoints {d;/c;} ;.

Zdi—VOCT;ZO d"’ —
V=

Zdi —vgc; >0 €

[
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Reqgularization Parameters

P :Regularization of the Joint Structure
7Y :Regularization of the Maximal Variation

Bivariate Case: Xi=

i < p

2~ and

T; bz

a; T;

- i
E ti’l",,;
1=1

aAi:

P :Threshold to round small covariances

7y : Difference of characteristic scalings
between r; and 7 = Y.\, t;7



Choice of Parameter 7Y

Intuition on 7Y

Difference of characteristic scalings
between r; and 7 = 3, tir;

Heuristic Choice
Approximation: r; , r are Gaussian.

Adopt 100(1—a)% points as their characteristic
scalings

34



_______

ROC by varyingp . _— .

Result (1) Proposed method }
1 is the best.

(D]
0.8
o Average of 100 run ¢, /. L
ec=1 50_4 --|— Proposed
V I
» Y by a heuristic 202} / -~ Glasso
Y — -~ MSL
% 0.2 0.4 0.6 0.8 1

False Positive rate
e = 1 |s quite optimistic. Glasso (p = 0.0032)
o 62% of true common  « g
substructure have a 40
variation more than 1

i . . 2 4 6 8 10
(Estimation Variance) Lt % maxes [Arsy — Av i
74% of non-zeros are under threshold.

E/e:l
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Result (2) Proposed method
is the best.

ROC by varying p
Average of 100 run

e = 10
Naive approaches -~ Glasso
- MSL

treat almost all parts 06: 0.2 0.4 0.6 0.8 1
as common. False Positive rate

o
o0

o
o

— Proposed

o
~

o
N

True Positive rate

Ordinary GGM estimation have high variances.

Common substructure is masked and naive
approaches fail.

The proposed method could avoid this problem.



Application to Anomaly Detection

Anomaly Detection Task

Identify contributions of each variable to the
difference between two datasets.

Correlation Anomaly (de et al, som 2009)

Use sparse GGM estimation for suppressing
pseudo correlation in noisy situations.

Use of Common Substructure Learning

If fault occurs only in some subsystems, other
healthy parts will show common dependency.

37
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Dataset Description

Automobile Sensor Error Data ('deetal, som2009)

4?2 sensor values from a real car

One covariance
for each dataset

/9 datasets from normal states and 20 from faulty
Fault : miswiring of 24t" and 25t sensors

Anomaly Score (e et al., spm 2009)
KL-divergence between conditional distributions
calculated for each pair of variables

£
o

X492

Da’Ease_t 1

—*

___* e = max(djl-z, d?l)
L2
d}z :fDKL[Pl (Cl?j\w\j)||P2(37j‘w\jﬂpl(w\j)dw\j
42
Dataset 2
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Result (Anomaly Score)

Normal-Faulty states (median, 25/75% of 100 run)
Proposed GLas‘so MSL
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Anomaly Score
Anomaly Score
Anomaly Score
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10 20 30 40 10 20 30
Sensor ID

Sensor ID Sensor ID
J l J l J ]

| J - J |

The proposed method shows lower scores

at healthy sensors.
The variation of scores are also low.

— More stable than other two

\ief \
VR

: : Y '.""_/' \| ’f:‘i' j)\ (.- ]
| |




40

Result (Anomaly Score 2)

Normal-Normal states (median, 25/75% of 100 run)
Proposed - GLassp B MSL

2 2 ® :
S S S .
A A A -
= = = D
oo} 1 i) . il ol
£ £ e . B ia 1A
o o o HATIES (S TRV
é E E W ~."‘ .lll‘ ",II‘.I" "; ."‘II II'.‘ \ ) ,'rlw'll "' J’Q:)@‘ . ) 0
AVAVAV AW 4 A7 WO G ik i . WY (I 5 4 =R S 56 . Wy, [ I VA VS S W
10 20 30 40 10 20 30 40 10 20 30 40
Sensor ID Sensor ID

Sensor ID

Same tendency as Normal-Fault
o Lower score, Lower variation
Ideally, “score=0" for Normal-Normal states

o Some sensor are quite noisy.
» Contrasting with Normal-Fault gives additional info.



Result (Anomaly Score)

Anomaly Score

Anomaly Score

Anomaly Score

ensor ID
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Anomaly Score
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