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What is the “simplest” reaction of an agent 
who is expected to “interact” with the 
environment?

constraints

Merging of two ideas ...

variational principles
cognitive laws regardless 
of the “body”?
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• Environment and constraints

• Learning from (given) constraints

• Case studies
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Labeled examples

GORI AND MELACCI

Example 2 OPTICAL FLOW

In computer vision, the classic problem of determining the optical flow consists of finding smooth

solution of the velocity field under the constraint that the brightness of any point in the movement

pattern is constant. The smoothness of the velocity field can be expressed by choosing a differential

operator like the gradient or the Laplacian according to the general norm 1. For instance, if u(x, y)
and v(x, y) denote the component of the velocity, we can choose to minimize
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which comes from imposing that the brightness of a particular point E(x, y, t) is constant. The prob-

lem is classically solved by converting the above constraint into a penalty term so as to determine a

soft-constraining optimization (Horn and Schunck (1981)). A number of other relevant problems in

the field of computer vision can be effectively be approached within the framework of variational cal-

culus (see e.g. Bertero et al. (1988)). More advanced solutions might arise from imposing additional

constraints from the real-world while maintaining the idea of working with parsimonious agents.

3.1 Learning from examples

The classic framework of supervised learning from examples is a trivial instance of learning from

constraints. We distinguish regression and classification. Let y be the target function, where y(x) ∈
IRn

for regression, and y(x) ∈ {−1,+1}n
for classification. Interestingly, this classic framework can

be reproduced either by universal or existential constraints. For example, in regression in X can be

imposed by ∀x ∈ X : f(x) = y(x), while the classification can be translated by f(x)�y(x)−ν ≥ 0,

where star is the element-wise product. Learning from examples can also be reproduced by the trivial

case of existential quantifier with void existential set. In this case, we show that we reduce to an iso-

perimentric variational problems. Let � ∈ IR+
and θ ∈ IRn : θ ≥ 0 be. For any task indexed by

j ∈ INn, we establish a link with the problem of finding f(·) such that

χj(f) ∼ �− θj � yj(x)− fj(x) �p≥ 0, (6)

where p = 2 for regression (r) and p = ∞ for classification (c). Notice that for classification, if we

assume that supx∈X f(x) ≤ 1 then

�− θj � yj(x)− fj(x) �∞ = �− θj � yj(x)(1− yj(x)fj(x) �∞
= �− θj � 1− yj(x)fj(x) �∞≥ 0,

which yields

inf
x∈X

(fj(x) · yj(x)) ≥ 1− �

θj
. (7)

As will be shown is Section ??, the continuous target is transformed into a sequence of desired

values, so as we end up in the classic framework of learning from examples. An interesting extension

of this classic framework arises in classification tasks when replacing supervised pairs (xκ, yκ) with

labelled information that involve sets instead of points.

Let {Xκ ⊂ X , κ ∈ IN �} be a collection of labelled sets so as the training set becomes

EL =
�
(Xκ, yκ) ∈ 2X × Y, κ ∈ IN �

�
. (8)

12

classic learning from examples

examples can be sets

as this becomes a box, the pair is a proposition
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8 Learning with Box Kernels
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Fig. 2. An SVM trained on a 2-class dataset using the box kernel (red crosses/boxes:
class +1, blue circles/boxes: class -1). (a) The separation boundary when only labeled
points are used; (b) using labeled box regions only; (d) using both labeled points and
regions; (e) training the classifier with a larger λ (it penalizes the data fitting); (e)
when a labeled point (+) is incoherent with the label of the leftmost blue-dotted box
region; (f) the level curves of the function f in presence of incoherent supervisions.

how to sample the regions on which prior knowledge is given, and a considerable
amount of points may be needed, especially in high dimensions.

In each experiment, the features that are not involved in the available rules
are bounded by their min, max values over the entire data collection. Classifier
parameters were chosen by ranging them over dense grid of values in [10−5, 105],
and using a cross-validation procedure (described below).

Diabetes. The Pima Indian Diabets [12] dataset is composed by the results
of 8 medical tests for 768 female patients at least 21 years old of Pima Indian
heritage. The task is to predict whether the patient shows signs of diabetes.
KSVMs have been recently evaluated in this data [13], and we replicated the
same experimental setting. Two rules from the National Institute of Health are
defined, involving the second (PLASMA) and sixth (MASS) features,

(MASS ≥ 30) ∧ (PLASMA ≥ 126) ⇒ positive

(MASS ≤ 25) ∧ (PLASMA ≤ 100) ⇒ negative.

We note that the rules can be applied to directly classify 269 instances,
and only 205 of them will be correctly classified. A collection of 200 random
points is used to train the classifiers, 30 points to validate their parameters,
whereas the results of Table 1 are computed on the rest of the data, averaged
over 20 runs. When using rules and labeled point, BOX shows a slightly better
accuracy than KSVM but the two results are essentially equivalent. We noted
that the information carried in the labeled data points is enough to fulfill the
box constraints. Differently, when only rules (i.e. labeled box regions) are fed to

Pima Indian Diabetes Dataset

body mass index  
blood glucose
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TABLE 1
The average accuracy and standard deviation on the

diabetes data set in the setup of [18] (KSVM).

Method Mean Accuracy Std
KSVM (rules only) 64.23% 1.19%
BOX (rules only) 70.44% 1.03%

KSVM 76.33% 0.63%
BOX 76.39% 1.30%

In that paper, two rules from the National Institute
of Health are introduced, which involve the second
(PLASMA) and sixth (MASS) features, that is

(MASS ≥ 30) ∧ (PLASMA ≥ 126) ⇒ positive

(MASS ≤ 25) ∧ (PLASMA ≤ 100) ⇒ negative.

Notice that the rules can be applied to classify di-
rectly 269 instances, but only 205 of them are correctly
classified, that is the given rule-based knowledge
is affected by a significant degree of uncertainty. A
collection of 200 random points is used to train the
classifiers, 30 points to validate them, whereas the
results of TABLE 1 are computed on the rest of the
data, averaged over 20 runs. BOX and KSVM exhibit
roughly the same accuracy, but when only rules (i.e.
labeled box regions) are fed to the classifier, then the
generalization capability of BOX is significantly better
than KSVM’s.

4.2 Breast cancer prognosis
The Wisconsin Breast Cancer Prognosis (WBCP) [17]
is a collection of records that represent follow-up data
for 198 cases of breast cancer, divided in patients that
remained cancer free or that experienced a recurrence
of the cancer (the recurrence time or the disease-free
time are available). Each record contains 32 features,
out of which we find the diameter of the excised
tumor (SIZE) and the number of metastasized lymph
nodes (NODES). This dataset has been used in two
distinct settings in [2], [4] and in [5], [6].

In [2], [4] the recurrence of cancer is evaluated in a
period of 60 months by KSVM and SKSVM (Gaussian
kernel). A set of 41 (out of 110) records corresponds to
patients whose cancer had recurred. Two rules were
provided by a doctor,

(SIZE ≥ 4) ∧ (NODES ≥ 5) ⇒ recurrent

(SIZE ≤ 1.9) ∧ (NODES = 0) ⇒ non recurrent,

which can be applied to directly classify 32 instances.
Notice that only 22 of them are correctly classified.
??? Stefano The classifier accuracy was determined
by 10-fold cross-validation. The second rule contains
an equality that we converted to (NODES ≤ η) ∧
(NODES ≥ −η), where η = 10−4. In TABLE 2
we report the classification accuracies of the different
algorithms. BOX overcomes slightly the other algo-
rithms.

TABLE 2
The average accuracy and standard deviation on the

WBCP data in the setup of [2] and [4] (KSVM and
SKSVM).

Method Mean Accuracy Std
KSVM (rules only) 69.09% 18.28%
BOX (rules only) 67.27% 14.34%

SKSVM 68.18% 16.17%
KSVM 69.09% 14.96%
BOX 70% 12.15%
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Fig. 6. Number of metastasized lymph nodes versus
tumor size in the WPBC (2 years) data, where blue
circles are recurrent cases and red crosses are non
recurrent ones. The black-bounded regions are the
knowledge base on the former class (approximated in
box regions by the blue boxes).

In [5], [6] the task is to predict if a patient will
remain cancer free for at least 24 months, investigated
with the NKC and PKC algorithms (Gaussian kernel).
The 81.9% of the 155 records are cancer free, so that
the learning task is significantly harder. A set of 3
rules was introduced from a simulated oncological
surgeon’s advice. An expert selected 3 regions on the
space determined by the SIZE and NODE features
that are supposed to lead to a recurrence of the cancer.
Their complete expressions can be found in [5] and
they are depicted in Fig. 6. However, we note that
both NKC and PKC rely on a discrete sampling of
the available knowledge sets, that in this experiment
was performed by considering the data points that
fall inside the supervised region [5], [6]. We approx-
imated the knowledge regions with boxes, designed
to include the same points on which NKC and PKC
sample the space. The accuracy of each algorithm is
measured by a leave-one-out procedure (TABLE 3).
For each experiment, a 10-fold cross-validation of the
training data was used to validate the classifiers (for a
total of 155 ·10 runs). Introducing prior knowledge by
means of the BOX kernel leads to the same results of
NKC and PKC. As a matter of fact, the misclassified
points falls in regions that are not affected by the
given knowledge. The significance of this result is in
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Fig. 6. Number of metastasized lymph nodes versus
tumor size in the WPBC (2 years) data, where blue
circles are recurrent cases and red crosses are non
recurrent ones. The black-bounded regions are the
knowledge base on the former class (approximated in
box regions by the blue boxes).

In [5], [6] the task is to predict if a patient will
remain cancer free for at least 24 months, investigated
with the NKC and PKC algorithms (Gaussian kernel).
The 81.9% of the 155 records are cancer free, so that
the learning task is significantly harder. A set of 3
rules was introduced from a simulated oncological
surgeon’s advice. An expert selected 3 regions on the
space determined by the SIZE and NODE features
that are supposed to lead to a recurrence of the cancer.
Their complete expressions can be found in [5] and
they are depicted in Fig. 6. However, we note that
both NKC and PKC rely on a discrete sampling of
the available knowledge sets, that in this experiment
was performed by considering the data points that
fall inside the supervised region [5], [6]. We approx-
imated the knowledge regions with boxes, designed
to include the same points on which NKC and PKC
sample the space. The accuracy of each algorithm is
measured by a leave-one-out procedure (TABLE 3).
For each experiment, a 10-fold cross-validation of the
training data was used to validate the classifiers (for a
total of 155 ·10 runs). Introducing prior knowledge by
means of the BOX kernel leads to the same results of
NKC and PKC. As a matter of fact, the misclassified
points falls in regions that are not affected by the
given knowledge. The significance of this result is in
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TABLE 3
The Leave-One-Out (LOO) accuracy on the WBCP

data in the setup of [5] and [6] (NKC and PKC).

Method LOO Accuracy

SVM 82.58%
NKC/PKC 90.97%

BOX 90.97%

(a) (b)

Fig. 7. (a) Examples of digits 3 and 8 from USPST - (b)
The region in which additional knowledge is provided to
distinguish between the two classes (18 blue pixels for
class 3, and and 24 red pixels for class 8).

the independence of the BOX kernel of the number of
points on which the knowledge is sampled.

4.3 Handwritten digit recognition

The USPST is a collection of 16x16 gray level pictures
of 2007 handwritten digits from the US Postal System.
In order to stress the importance of discrimination
capabilities of classifiers we focussed attention on the
problem of classifying confusing patterns. Here we
report classification results for patterns belonging to
the classes of 3 and 8. In order to emphasize the
differences between these classes, we studied rules to
express the concentration of pixels in different dis-
tinctive portions of the patterns. Instead of discussing
sound statistical solutions, we purposely followed the
same approach used by doctors in the previous exper-
iments. Hence, we simply indicated the characteristic
regions that mostly distinguish the classes on the
basis of a quick inspection of the database. The rules
that we provided can be intuitively understood when
looking at Fig 7. The propositions are based on the
average intensity values (Int.) in the selected regions.

(Int. in the blue region (Fig. 7(b)) ≥ 220) ⇒ 3
(Int. in the red region (Fig. 7(b)) ≤ 160) ⇒ 8.

We used a Gaussian kernel and randomly generated
20 data splits of training/validation and test instances,
where the former group was composed by 10 labeled
points only (4 of them were used to validate the
classifiers). The pair of Fig. 7 was included in all the
training sets. We compared all the described algo-
rithms, collecting the results in TABLE 4. The BOX
kernel compares favorably with the other methods,
even when only the box rules are provided to the
classifier. The performances are remarkable, since the
rules only can be applied to 46 out of 338 patterns.
SKSVM suffers from the removal of the training ex-
amples that fulfill the given rules, whereas in KSVM is
hard to find a good trade-off between rule fulfillment

TABLE 4
The average accuracy and standard deviation of 20

experiments on USPST 3vs8 for different algorithms.

Method Mean Accuracy Std

KSVM (rules only) 79.42% 0.28%
NKC/PKC (rules only) 77.38% 0.35%

BOX (rules only) 80.72% 0.35%
SVM 89.78% 5.35%

SKSVM 87.87% 5.03%
KSVM 89.57% 5.70%

NKC/PKC 90.72% 4.46%
BOX 92.55% 4.43%

and labeled points matching. In NKC and PKC, we
provided 100 additional training points that fall in
the knowledge regions, by adding random noise to
the pair of Fig. 7, and its accuracy is strictly related
to the quality of the sampling. This example shows
clearly that the critical choice of sampling a box of
dimension 256, which is bypassed by adopting the
proposed BOX kernel.

4.4 Text categorization

We used a data collection of approximately 20000
newsgroup documents, partitioned (nearly) evenly
across 20 different newsgroups. We selected the “by-
date” collection4 in which posts are sorted with re-
spect to the post date and that comes already divided
in training and test sets (11169 and 7505 documents,
respectively). The data is preprocessed to remove
newsgroup-identifying information, and then repre-
sented by means of the popular bag-of-word ap-
proach. Stop-words were removed and stemming was
performed using the Porter’s algorithm5, leading to a
vocabulary of 44989 words. A linear kernel has been
selected, as frequently suggested for this category of
problems [19].

We selected a small sets of words strongly related
to the main topic of each newsgroup. This basic
type of supervision can be easily provided by simply
looking at the newsgroup name (or at its manifest)
and it requires neither a deep insight on the con-
sidered topics nor reading the posts of the news-
group itself. Some newsgroups shares similar topics
(comp.*, rec.sport.*, talk.politics.*, rec.*, talk.religion.*-
alt.*-soc.*) and some of the listed words are shared
among them. See TABLE 5 for the full lists. Given
listk = {word1, word2, . . . , wordn(k)}, k = 1, . . . , 20,
that is the list of the n(k) words that are related to
the k-th newsgroup, the simplest form of box rule that
one can think is “if a word from the k-th list is found
in the current document, then it belongs to class k”.
More formally, for k = 1, . . . , 20 we have

count(wordi) ≥ 1⇒ k−th newsgroup, (12)
wordi ∈ listk, i = 1, . . . , n(k)

4. http://people.csail.mit.edu/jrennie/20Newsgroups/
5. http://tartarus.org/∼martin/PorterStemmer/

GRAYLEVEL >220 in blue region
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Example 3.4 TEXT CLASSIFICATION FOR NON-TAXONOMICAL CATEGORIES

Let us consider the problem of classifying a book collection. In addition to their content, we may possess
a prior knowledge on logic attributes that represent the classes C := {cj ∈ {F, T} , j = 1, . . . , p}. In
general, one might be interested in going beyond taxonomical schemes and could be willing to express the
knowledge by first-order logic (FOL). For instance, we might think of a book collection in which we know
that there is a relation �� between any two books x and y whenever they are written by the same author
a(·). In addition you might have some information on the relations on the book categories, like if a book
deals with numerical analysis (c1) and neural networks (c2) then it deals with machine learning (c3). In
addition, if a book deals with machine learning than it is a book in the category of artificial intelligence
(c4). This can be stated by

i. ∀x∀y x �� y ⇔ a(x) = a(y)

ii. ∀x c1(x) ∧ c2(x)⇒ c3(x)

iii ∀x c3(x)⇒ c4(x).

Notice that the first constraint operates on only two points of X , whereas the others are active over all the
input space X . Unlike the other examples, in this case the prior knowledge is not directly expressed by a
set C of real-valued functions. However, as shown in Section 7, FOL constraints can be converted into a
set C of real-valued functions, which means that the theory developed in this paper can profitably be used
also for expressing constraints by formalisms different with respect to the one prescribed in the general
statement.

Example 3.5 RANKING IN INFORMATION RETRIEVAL

We assume that a function r : X → IR is used to rank documents and that its values are conditioned
to a number of rules constructed on the basis of the document category. Let c1(x) be the predicate to
express whether x is a popular topic, c2(x) to state whether x deals with a scientific topic, c3(x) to indicate
whether x is a news, and c4(x) to indicate whether x talks about discoveries on cancer. We could be
willing to represent the following prior knowledge by using a formalism similar to the example on text
classification:

∀x∀y c1(x) ∧ c2(x) ∧ ¬c3(x) ∧ c3(y) ∧ ¬c4(y)⇒ r(x) > r(y)

∀x∀y c4(y) ∧ ¬c4(x)⇒ r(y) > r(x).

These rules state that popular scientific topics that are not news are ranked higher than any news, unless
they are on cancer discovery that, on the opposite, are ranked higher than any other document.

Example 3.6 PROBABILITY DENSITY ESTIMATION

Suppose we want to devise a learning algoritm to estimate the probability density f(x) of a given dis-
tribution. In addition to a collection of examples coming from the probability distribution, we want to
incorporate the constraints f(x) ≥ 0 and

�
X f(x)dx = 1. This is an instance of the class of constraints

given in 1.

7
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Example 2 OPTICAL FLOW

In computer vision, the classic problem of determining the optical flow consists of finding smooth

solution of the velocity field under the constraint that the brightness of any point in the movement

pattern is constant. The smoothness of the velocity field can be expressed by choosing a differential

operator like the gradient or the Laplacian according to the general norm 1. For instance, if u(x, y)
and v(x, y) denote the component of the velocity, we can choose to minimize
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under the constraint
∂E

∂x
u +

∂E

∂y
v +

∂E

∂t
= 0

which comes from imposing that the brightness of a particular point E(x, y, t) is constant. The prob-

lem is classically solved by converting the above constraint into a penalty term so as to determine a

soft-constraining optimization (Horn and Schunck (1981)). A number of other relevant problems in

the field of computer vision can be effectively be approached within the framework of variational cal-

culus (see e.g. Bertero et al. (1988)). More advanced solutions might arise from imposing additional

constraints from the real-world while maintaining the idea of working with parsimonious agents.

3.1 Learning from examples

The classic framework of supervised learning from examples is a trivial instance of learning from

constraints. We distinguish regression and classification. Let y be the target function, where y(x) ∈
IRn

for regression, and y(x) ∈ {−1,+1}n
for classification. Interestingly, this classic framework can

be reproduced either by universal or existential constraints. For example, in regression in X can be

imposed by ∀x ∈ X : f(x) = y(x), while the classification can be translated by f(x)�y(x)−ν ≥ 0,

where star is the element-wise product. Learning from examples can also be reproduced by the trivial

case of existential quantifier with void existential set. In this case, we show that we reduce to an iso-

perimentric variational problems. Let � ∈ IR+
and θ ∈ IRn : θ ≥ 0 be. For any task indexed by

j ∈ INn, we establish a link with the problem of finding f(·) such that

χj(f) ∼ �− θj � yj(x)− fj(x) �p≥ 0, (6)

where p = 2 for regression (r) and p = ∞ for classification (c). Notice that for classification, if we

assume that supx∈X f(x) ≤ 1 then

�− θj � yj(x)− fj(x) �∞ = �− θj � yj(x)(1− yj(x)fj(x) �∞
= �− θj � 1− yj(x)fj(x) �∞≥ 0,

which yields

inf
x∈X

(fj(x) · yj(x)) ≥ 1− �

θj
. (7)

As will be shown is Section ??, the continuous target is transformed into a sequence of desired

values, so as we end up in the classic framework of learning from examples. An interesting extension

of this classic framework arises in classification tasks when replacing supervised pairs (xκ, yκ) with

labelled information that involve sets instead of points.

Let {Xκ ⊂ X , κ ∈ IN �} be a collection of labelled sets so as the training set becomes

EL =
�
(Xκ, yκ) ∈ 2X × Y, κ ∈ IN �

�
. (8)
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where D indicates the differential operator, and αr(x) ≥ 0. We seek solutions in the Sobolev space

W k,2
of functions that have square-integrable generalized derivatives up to the p-th order (Poggio and

Torre (1984)). An interesting case is the one in which we choose αr(x) ≡ αr ≥ 0 constant and the

derivative operator is such that D2r = ∆r = ∇2r
and D2r+1 = ∇∇2r

, where ∆ is the Laplacian

operator and ∇ is the gradient, with the additional condition Dof = f (Poggio and Girosi (1989);

Yuille and Grzywacz (1989)). Throughout this paper, this case is denoted P = �k, and we use the

notation �∞ as k → ∞ or, simply, �. For instance, a smoothness function that yields an interaction

that has the spatial behavior of a Gaussian kernel (with variance σ2
) can be obtained when posing

αr = (−1)rσ2r/(r!2r) (Yuille and Grzywacz (1989)).

When n > 1 the pseudo-differential operator P acts on all coordinates of f , that is Pf :=
[Pf1, Pf2, . . . , Pfn]�. The input space on which the agent operates is generally composed of tuples,

since any object that is handled is composed of at most p different parts which may be attached a

different meaning. An object is any entity picked up in

X p,� =
�

i≤p

�

|αi|≤pi

Xα1,i × Xα2,i , . . . ,Xαi,i

where αi = {α1,i, . . . ,αi,i} ∈ P(p, i) is any of the pi = p(p − 1) . . . (p − i + 1) (falling factorial

power of p) i-length sequences without repetition of p elements. We propose to build an interaction

amongst different tasks by introducing constraints of the following types
4

i. χi ∼ {∀x ∈ Xi ⊂ X p,� : φi(x, f(x), Pf(x), y(x)) = 0, i = 1, . . . ,m∀} , (3)

ii. χi ∼ {∃νi : Φi(f, Pf, y, νi) = 0), i = 1, . . . ,m∃, }
iii. χi ∼

�
∀x ∈ Xi ⊂ X p,� : φ̌i(x, f(x), Pf(x), y(x)) ≥ 0, i = 1, . . . , m̌∀

�

iv. χi ∼
�
∃νi : Φ̌i(f, Pf, y, νi) ≥ 0), i = 1, . . . , m̌∃

�
,

where y : Xi → IRn
is a given target function and νi ∈ Ei is an existential parameter, and φ ∈ C, Φ ∈

C. Notice that Ei might be empty. Constraints i and iii will be referred to as universally-quantified

constraints, (u-constraints), while ii and iv will be referred to as existentially-quantified constraints

(e-constraints). In both cases χi : F → {0, 1} can be thought of as the characteristic function of the
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Of course, Xκ can degenerate to a single example and when this happens we return to classic learning

from examples. We can express the constraint by using the characteristic function cXκ(·) as follows

χj(κ)(f) ∼ ∀x ∈ X : (θj · fj(x) · yj(x)− �) · cXκ(x) ≥ 0. (9)

For example, if we restrict the attention to boxes, we can choose

cXκ(x) =
d�

i=1

[sign(xi − bi)− sign(xi − ai)] .

An in-depth analysis for this case is given in Gori and Melacci (2010a).

3.2 Equivalence of constraints and logic structure

Of course, different constraints can represent the same admissible functional space FP . For example,

u-constraints

φ̌1(f, y) = �− |y − f | ≥ 0
φ̌2(f, y) = �2 − (y − f)2 ≥ 0

where f is a real function, define the same FP . This motivates the following definition.

Definition 8 Let F1
P ,F2

P be the admissible spaces of φ1 and φ2, respectively. Then we define the
relation φ1 ∼ φ2 if and only if F1

P = F2
P .

This notion can be extended directly to pairs of collection of constraints, that is C1 ∼ C2 whenever

there exists a bijection C1
ν→ C2 such that ∀φ1 ∈ C1 ν(φ1) ∼ φ1. Of course, ∼ is an equivalent

relation and the same definition can be given for e-constraints.

Proposition 9 Let (u)s
+ := 2(u)+ − 1 be. Then there exists IR

P1,2→ IR+ such that

φ1 ∼ φ2 ⇔ ∀f ∈ F : (φ1(f))s
+ = (φ2(f))s

+ ⇔ ∀f ∈ F : ∃P1,2(f) : φ1(f) = P1,2(f) · φ2(f)

Proof The proposition φ1 ∼ φ2 ⇔ ∀f ∈ F : (φ1(f))s
+ = (φ2(f))s

+ derives straightforwardly from

the fact that (·)s
+ does not change the sign of φ1 and φ2. Now, let us define

P1,2(f) :=
�

φ1(f)/φ2(f) if φ2(f) �= 0
p if φ2(f) = 0

where p ∈ IR+ − {0}. Since φ1 ∼ φ2 We have that ∀f ∈ F : φ1(f)/φ2(f) > 0, that is IR
P1,2→ IR+

.

We have that ∀f ∈ F : φ1(f) = P1,2(f) · φ2(f) holds true. In the case φ2(f) �= 0 this comes

directly from the definition of P1,2. In the case φ2(f) = 0, since φ1 ∼ φ2 we have φ1(f) = 0, which

completes the proof.

It is of remarkable interest the case in which � P1,2 �F< 1. We just notice that this covers the essence

of equivalence, since the condition expresses the general notion of boundedness of P1,2. Whenever

two constraints φ1 and φ2 are related by φ1 = P1,2φ2 and � P1,2 �F< 1 holds true then we express

the equivalence by φ1
�·�∼ . In the above example associated with supervised learning, we can choose

P1,2(f) :=
�

(�− |y − f |)(�2 − (y − f)2) if f �= y
1/� if f = y
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LEARNING FROM CONSTRAINTS: FOUNDATIONS

along with the systematic construction of a theory of learning from constraints, that is still based on
the unifying parsimony principle, is the main distinguishing feature of this paper. A different, yet
related, interpretation is given in (Gori (2009a)), where the classic concept of regularization, based
on smoothness issues, is enriched with constraints. This view leads to think of a more powerful
approach of facing the ill-position of learning from examples bysemantic-based regularization, which
deepened in this paper. It is shown that the theory incorporates results on kernel machines which learn
from propositional descriptions of the training set (Maclin et al. (2007)) and that it gives a general
framework for recent studies on bridging logic and kernel machines (Diligenti et al. (2010d,c)). The
preliminary studies on convex constraints (Gori and Melacci (2010b)) are also presented at the light of
the general framework herein proposed. Examples of constraints come out naturally regardless of the
context: one might want to enforce the probabilistic normalization of a set of functions modeling the
classification, the probabilistic normalization of a density function, or might want to impose coherent
decisions of the classifiers acting on different views of the same pattern (Melacci et al. (2009)). The
expressive power of constraints become more significant when dealing with a specific problem, like
vision, control, text classification, ranking in hyper-textual environment, and prediction of the stock
market (see also Tab. 1).

3. Knowledge-based parsimonious agents

We think of an intelligent agent acting in the perceptual space X ⊂ IRd as a vectorial function
f = [f1, . . . , fn]�, where ∀j ∈ INn : fj ∈ W k,p belongs to a Sobolev space, that is to the subset
of Lp whose functions fj admit weak derivatives up to some order k and have a finite Lp norm. The
functions fj : j = 1, . . . , n, are referred to as the “tasks” of the agent. We can introduce a norm on f
by the pair (P, γ), where P is a pseudo-differential operator (Taylor (1981)) and γ ∈ IRn is a vector
of non-negative coordinates 3. We are interested in parsimonious agents aimed at keeping small the
functional

E(f) = � f �2
Pγ

=
n�

j=1

γj < Pfj , Pfj >, (1)

when interacting in their own environment. This is a generalization to multi-task learning of what
has been proposed in (Poggio and Girosi (1989)) for regularization networks. The definition is
rooted in Tikhonov’s regularization theory (Tikhonov et al. (1977)) and related studies on spline func-
tions (Wahba (1975, 1990)). As pointed out in Section 2, in physics, this is a generalized version of the
Dirichlet integral and it plays a fundamental role in many classic physic laws. In the case of n = 1,
the operator P has also been related to the notion of kernel (Schoelkopf and Smola (1998); Smola
et al. (1998)), while in (Evgenious et al. (1999)) there are some relevant links between regularization
networks and kernel machines. An additional connection was pointed out in Gori (2009b) on the ef-
fect of the boundary condition in the variational formulation to address the well-posedness (Hadamard
(1902)) of the learning problem. Some additional links are established in the Appendix A, since they
are of crucial importance in order to clearly place the theory herein proposed the context of machine
learning. If we choose for P the form of Tikhonov’s stabilizing functionals we have

� Pf �2 =
�

X

k�

r=0

αr(x) (Drf(x))2 dx (2)

3. The proof that � · �Pγ is a norm in W k,p in given in the Appendix on pseudo-differential operators.
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The above discussion on differential operators can be enriched at least into different directions. First,
we can replace the ak coefficients with functions ak(·) : X → IR and, second, we can consider an infinite
number of differential terms (m → ∞) We mainly consider Sobolev spaces Fk which is composed of
functions whose k-th derivatives belong to L2. In the following we deal with maps C∞(X ⊂ IRd) →
C∞(X ⊂ IRd) We can measure smoothness by using pseudo-differential operators. Let F be a Sobolev
space where we introduce the following operator P .

Definition 3.1 A linear partial differential m-order operator on IRd is a map C∞(X) → C∞(X) of the
form

Pu(x) =
�

|α|≤m

aα(x)Dα
xu(x)

where aα ∈ C∞(X),

Dα
x =

�
1
i

�|α| ∂α1

∂xα1
1

. . .
∂αd

∂xαd
d

and |α| = α1 + . . . + αd is a multi-index.

We are interested in the special case in which aα(x) is constant, that is aα(x) = aα. It is easy to see
that the previous examples are pseudo-differential operators. We can associate any p(x, ∂x) : H → H

with p(x, ω) =
�

|α|≤m aα(x)(iω)α, which is polynomial in ω. This turns out to be useful when using the
Fourier transform and is referred to as the symbol of the operator. The notion of symbol is central to pseudo-
differential operators, since their transformation of a function can be thought of as the inverse Fourier
transform of the symbol in the Fourier variable times the Fourier transform of the function itself. There
are some interesting differences with respect to ordinary differential operators. First, pseudo-differential
operators are not local, a property that is met by differential operators, for which the smoothness of Pu

holds in the same set in which u is smooth. The idea behind locality is that one only needs the value of
a function in the a neighborhood if a point to compute the effect of the operator. The ⊙ operator is just
an example of non-locality. Even if u(x) is smooth in x, there are cases in which, ⊙u(x) is not. Second,
the inverse of a pseudo-differential operator is another pseudo-differential operator, whereas this does not
hold for differential operators. There is a nice interpretation using the Fourier transform of this property.
For any differential operator the symbol is a polynomial, whose inverse is not a polynomial. On the op-
posite, the symbol of pseudo-differential operators is a function and, its inverse, is still a function in the
same space. Since < Pu, Pu >=< u,P �Pu >=< u,Lu > , it turns out to be interesting to discuss the
positiveness of L = P �P which, of course, is Hermitian.

4 Necessary conditions

Here we discuss necessary conditions to address the proposed problem in the classic case expressed by
equation (1) and in the formulation based on constrained optimization in which the objective function
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GORI AND MELACCI

3.4 Soft-constraints and fuzzy functional sets

Given the collection of unilateral constraints
�
φ̌i, i ∈ INm,P

�
we can reduce the analysis to the single

constraint φ̌t = [
�
φ̌i, i ∈ INm

�
⇓ P]�t by using the t-norm. In many real-world problems we are

interested only in a partial fulfillment of the given constraints. This is especially true in case of huge

collections of supervised data in which labeling errors are quite common. In the following, we restrict

the attention to universally quantified constraints, but the analysis holds also in the case of existential

constraints. Let us introduce the non-negative slack function ξ̌ ∈ C∞(X , IRn) to properly compensate

partial fulfillment of the constraints. We can reformulate the problem of learning as the one of finding

[f, ξ̌] ∈ Ff
ξ̌

= F × Fξ̌ that yields the minimum for

E(f) = � f �2P,γ +C · 1� < ξ̌ > (13)

∀x :
�
ξ̌(x) + φ̌(x, f(x), Df(x), y(x)) ≥ 0

�
∧ (ξ̌ ≥ 0),

where < ξ̌ >=
�
X ξ̌(x)dx. In a sense, this is a more compact re-writing of universally quantified con-

straints given in (3) in which, in addition, the slack function compensates the violations of constraints.

This formulation is somehow inspired to the classic framework of kernel machines and the parameter

C ∈ IR+
is chosen in such a way to control the degree of satisfaction of the constraints that we want to

impose. Let us compare the role of using different, yet equivalent, constrains in the above relaxation

process. If we consider any two constraints φ̌1 and φ̌2 such that φ̌1 ∼ φ̌2, it worth mentioning that the

equality F1
P = F2

P which holds for hard constraints is not meaningful for soft-constraints, since only

the resulting optimal solutions make sense, which are generally different even in case of constraint

equivalence.

Beyond the functional space it defines, the role of the specific structure of the constraints become

especially important in the case of decision making agents playing with unilateral constraints. In

order to shed light on this issue, let us discuss a couple of ways of converting unilateral to bilateral

constraints that, because of their regularity, turn out to be very useful in the sequel.

Let {ζh(z)}∞h=1 be a sequence of mollifiers in C∞(IR), that is compactly supported smooth func-

tions such that
�
X ζ�(z)dz = 1 and lim�→0 ζ�(z) = lim�→0 �dζ(z/�) = δ(z). For instance, the

function

ζ�(z) =
�

Z� · exp
�
−�2/(�2− � z �2

�
if � z �< �

0 if � z �≥ �,
(14)

where Z� is the normalization factor, is a mollifier. It is infinitely differentiable, with vanishing

derivative for � z �= 1 and it is non-analytic. Let us choose � := 1/h, where h ∈ IN . Then

{ζh(z)}∞h=1
weakly−→ δ(z) converges in the classic weak limit sense to the delta distribution. Now, let us

introduce

i. Υ�(z) :=
� z

−∞
ζ�(u)du (15)

ii. Υh
� (z) :=

� z

−∞
Υ�(u)du.

We can choose Z� in such a way that lim�→0 Υ�(z) = sign(z) and lim�→0 Υh
� (z) = (z)+ :=

max {0,−z}. Given any unilateral constraint φ̌ ≥ 0 let us associate the corresponding bilateral

constraints

i. φa,�(x, f(x), y(x)) := 1−Υ�(φ̌(x, f(x), y(x))) (16)

ii. φb,�(x, f(x), y(x)) := Υh
� (φ̌(x, f(x), y(x)))− φ̌(x, f(x), y(x)).
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Let F̌ , Fa,�, and Fb,� be the admissible functional spaces compatible with φ̌(x, f(x), y(x)) ≥
0, φa,�(x, f(x), y(x)) = 0, and φb,�(x, f(x), y(x)) = 0, respectively. Now, we have

Fa := lim
�→0

Fa,� = lim
�→0

Fb,� = Fb = F̌ ,

that is φ̌ ∼ φa ∼ φb. As shown in Section 3.2 uncountably infinitely many equivalent constraints
can be obtained by the multiplication with positive functions. As already pointed out, unlike for
hard constraints, when working within the framework of soft-optimization, equivalent constraints do
yield the same solution. However, the different solutions collapse as C increases. Hence, we can
reformulate the soft-constraint learning by

E(f) = � f �2P,γ +C · 1� < ξ > (17)
∀x : (−ξ(x) + φ(x, f(x), Df(x)) = 0) ∧ (ξ ≥ 0),

where φ can either be φa or φb. Let

Ξ(x, f(x), Df(x), y(x))) := φ(x, f(x), Df(x))) ≥ 0

be. Then we end up into the optimization problem

E(f) = � f �2P,γ +C · 1� < Ξ(x, f(x), Df(x))) > . (18)

Function Ξ penalizes how we depart from the perfect fulfillment of the constraint φ and, following the
literature, throughout this paper it is referred to as the penalty function of the associated constraint.
As will be shown later, the parameter C is somehow related to the Lagrange multiplier of the con-
straint and its positiveness basically come from the chosen transformation of the associated unilateral
constraint, which gives rise to Ξ(x, f(x), Df(x))) := φ(x, f(x), Df(x))) ≥ 0.

A natural criticism to the soft-fulfillment of constraints is that the solution is not associated to a
specific functional set FP like for the formulation given in Definition 5, but it is instead dependent
of the choice of the loss function. An alternative, yet related approach, is that of relying on fuzzy
constraints. Unlike the focus on partial fulfillment and tolerance of errors w.r.t. crisp constraints, the
fuzzy assumption is based on a membership function of the corresponding functional set, that is

φi ↔ µφi : X × F3 → [0, 1].

The relationships between the partial fulfillment of constraints and their fuzzy interpretation has been
widely addressed in the literature (see e.g. Ruttkay (1994)), but we need to put it within the framework
of this paper. When referring to the unique constraint obtained by t-norm reduction, the learning
process of a parsimonious agent becomes naturally the one leading to the minimization of

Efuzzy(f) = � f �2Pγ
+Cfuzzy · 1� < 1− µ > . (19)

The above discussion sheds light on the link between soft-optimization of the given crisp constraints
and learning under fuzzy constraints. They are equivalent whenever

i. Cfuzzy = C

ii. µ(x, f(x), Pf(x), y(x)) = 1− Ξ(x, f(x), Pf(x), y(x)))
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Representation (hard constraints)

LEARNING FROM CONSTRAINTS: FOUNDATIONS

Theorem 13 REPRESENTER THEOREM FOR u-CONSTRAINTS
Let us consider the problem formulated by Definition 5 with the m universally quantified bilateral
constraints of holonomic type10

∀x ∈ Xi ⊂ X : φi(x, f(x), y(x)) = 0, i ∈ INm (20)

P(χ) =
m�

i=1

χi.

Let us assume that ∀x ∈ X we can find a permutation of n functions11 such that the Jacobian is not
singular, that is

D(φ1, . . . ,φm)
D(f1, . . . , fm)

�= 0. (21)

Then there exist a set of functions λi = Λi ◦ f, i ∈ INm such that any weak extreme of functional (1)
under the constraints (20) is also a weak extreme of12

L(f) =� f �2P,γ +
m�

i=1

�

X
λi(x) · φi(x, f(x), y(x))dx. (22)

Any extreme f satisfies the Euler-Lagrange equations

Lf(x) +
m�

i=1

λi(x) ·∇fφi(x, f(x), y(x)) = 0, (23)

where L := [γ1L, . . . , γnL]� and ∇f is the gradient w.r.t. f . Moreover, if g is a Green function of
operator L, under given boundary conditions on ∂X , then f admits the representation

f = −g ⊗
m�

i=1

λi∇fφi + fP , (24)

where fP ∈ KerP = KerL. Finally, if the constraints (20) are convex then the solutions of (23) are
global minima, and the uniqueness holds whenever KerP = {0}, which also yields fP = 0 .

Proof See the appendix.

Remark 14 BOUNDARY CONDITIONS
Notice that the Green function g exists only under appropriate boundary conditions on ∂X . For ex-
ample, if L =

�∞
κ=0(−1)κσ2κ/(2κκ!)(∂2κ/∂x2κ) and we impose on the border of X = IRd that

f(x) → 0 as � x �→ ∞ then the Green functions is the Gaussian g(x) = 1/(
√

2πσ)exp(−x2/σ2).
Notice that in the case L = ∇2, the linear kernels, are not consistent with the same boundary condi-
tions in X = IRd unless we take the trivial solution g = 0 when F = C∞. When keeping the same
vanishing boundary conditions, possible non-trivial solutions can be found in the space of piecewise
linear functions. Related studies on this issue can be found in (Schoelkopf and Smola (1998); Smola
et al. (1998)), while some additional connections are established in the Appendix II.

10. These constraint may include conditions on the border ∂X .
11. Without limitation of generality, they are numbered using the first m < n functions.
12. The choice of the sign of the second right-hand term follows the convention used in kernel machines.
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GORI AND MELACCI

8. Deduction and support constraints

The formulation of learning with KNOPA agents given in Definition 4 leads to discovering functions
f compatible with a given collection of constraints that are as smooth as possible. Interestingly, the
shift of focus on constraints opens the doors to the following constraint checking problem

Definition 28 Let us assume that P =
�

and consider the collection of constraints

C = {{φi, i ∈ INm} ,P} = Cp ∪ Cc

where Cp ∩ Cc = ∅. A constraint checking problem for a KNOPA agent on C is the one of establishing

if

∀i ∈ IN |Cc| Cp |= φi.

holds true. Whenever this happens, we say that Cc is entailed by Cp, and use the notation Cp |= Cc.

Of course, the entailment can be related to the quotient set Fφ/ ∼ and its analysis in the space Fφ

can be restricted to its elements [φi], so as a unique deduction scheme takes place for all φ ∼ [φi].
Constraint checking is somehow related to model checking in logic (Hähnle (2001)), since we are
interested in checking the deduction more than exhibiting the steps which leads to the proof.

The approximate solutions, in the space FH
g defined by (37), given for KNOPA agents, makes it

possible to approach the hard-constraint checking problem.

Theorem 29 Let us restrict to bi-directional polynomial constraints and let f ∈ F�
g be, where g are

Gaussian functions. Then

i. ∀φ ∈ Cc : ω =
B�

β=1

αβ · g(xo

β, σβ) (43)

ii. Cp |= φ ⇔
B�

β=1

σβ · αβ = 0.

Proof Since f ∈ F�
g , the hypothesis that the constraints are polynomial makes it possible to conclude

that λi ∈ F�
g , too. This comes from combining equation (36-iv) with Proposition 40. Hence, ω ∈ F�

g

can be expressed by i.
The proof of ii is given for the case of u-constraints, since the case of e-constraints can be treated

by following the same arguments.

⇒) Since Cp |= φ we have ∀x ∈ X : φ(x, f(x), y(x)) = 0. Hence, for the KNOPA problem with
constraints Cp∩{φ} function f is still the optimal solution. This comes from Theorem 15, when
noting that the extension to Cp ∩ {φ}, for the found value of f on Cp yields

mp�

i=1

�

X
λi(x)φi(x, f(x), y(x))dx +

�

X
λ(x)φ(x, f(x), y(x))dx = 0. (44)
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Theorem 15 REPRESENTER THEOREM FOR u-CONSTRAINTS
Let us consider the problem formulated by Definition 4 with the m universally quantified bilateral
constraints of holonomic type14

∀x ∈ Xi ⊂ X : φi(x, f(x), y(x)) = 0, i ∈ INm (19)

P(χ) =
m�

i=1

χi.

Let us assume that ∀x ∈ X we can find a permutation of n functions15 such that the Jacobian is not
singular, that is

D(ϕ1, . . . ,φm)
D(f1, . . . , fm)

�= 0. (20)

Then there exist a set of functions λi(x), i ∈ INm such that any weak extreme of functional (1) under
the constraints (19) is also a weak extreme of

Eφ(f) =� f �2Pγ
+

m�

i=1

�

X
λi(x) · φi(x, f(x), y(x))dx. (21)

Any extreme f satisfies the Euler-Lagrange equations

Lf(x) +
m�

i=1

λi(x) ·∇fφi(x, f(x), y(x)) = 0, (22)

where L := [γ1L, . . . , γnL]� and ∇f is the gradient w.r.t. f . Moreover, if g is a Green function of
operator L, under given boundary conditions on ∂X , then f admits the representation

f = −g ⊗
m�

i=1

λi∇fφi + fP , (23)

where fP ∈ KerP = KerL. Finally, if the constraints (19) are convex then the solutions of (22) are
global minima, and the uniqueness holds whenever KerP = {0}, which also yields fP = 0 .

Proof See the appendix.

Remark 16 KKT CONDITIONS AND PROBABILISTIC INTERPRETATION
If we treat the case of unilateral constraints φi(x, f(x), y(x)) ≥ 0 explicitly, some additional con-
ditions must be introduced in Theorem 15. Let F be the functional space defined by the above con-
straints. Then in order to minimize � f �2Pγ

we need to treat differently the cases in which the extrema
belong to ∂F or to the open set F − ∂F . For any weak extreme f̂ the following conditions hold:

i. f ∈ F − ∂F : ∀x ∈ X : λi(x) = 0 (24)
ii. f ∈ ∂F : ∀x ∈ X : λi(x) < 0.

They can be re-written as λi(x) ≤ 0 and λi(x) ·φ(x, f(x), y(x)) = 0, that are the extension of classic
Karush Kuhn Tucker (KKT) conditions for finite dimension functions Karush (1939); Schoelkopf and

14. These constraint may include conditions on the border ∂X .
15. Without limitation of generality, they are numbered using the first m < n functions.
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belong to ∂F or to the open set F − ∂F . For any weak extreme f̂ the following conditions hold:

i. f ∈ F − ∂F : ∀x ∈ X : λi(x) = 0 (24)
ii. f ∈ ∂F : ∀x ∈ X : λi(x) < 0.
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∀x ∈ Xi ⊂ X : φi(x, f(x), y(x)) = 0, i ∈ INm (19)

P(χ) =
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Let us assume that ∀x ∈ X we can find a permutation of n functions15 such that the Jacobian is not
singular, that is

D(ϕ1, . . . ,φm)
D(f1, . . . , fm)

�= 0. (20)

Then there exist a set of functions λi(x), i ∈ INm such that any weak extreme of functional (1) under
the constraints (19) is also a weak extreme of

Eφ(f) =� f �2Pγ
+

m�
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�
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where L := [γ1L, . . . , γnL]� and ∇f is the gradient w.r.t. f . Moreover, if g is a Green function of
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where fP ∈ KerP = KerL. Finally, if the constraints (19) are convex then the solutions of (22) are
global minima, and the uniqueness holds whenever KerP = {0}, which also yields fP = 0 .

Proof See the appendix.
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8. Deduction and support constraints

The formulation of learning with KNOPA agents given in Definition 4 leads to discovering functions
f compatible with a given collection of constraints that are as smooth as possible. Interestingly, the
shift of focus on constraints opens the doors to the following constraint checking problem

Definition 28 Let us assume that P =
�

and consider the collection of constraints

C = {{φi, i ∈ INm} ,P} = Cp ∪ Cc

where Cp ∩ Cc = ∅. A constraint checking problem for a KNOPA agent on C is the one of establishing

if

∀i ∈ IN |Cc| Cp |= φi.

holds true. Whenever this happens, we say that Cc is entailed by Cp, and use the notation Cp |= Cc.

Of course, the entailment can be related to the quotient set Fφ/ ∼ and its analysis in the space Fφ

can be restricted to its elements [φi], so as a unique deduction scheme takes place for all φ ∼ [φi].
Constraint checking is somehow related to model checking in logic (Hähnle (2001)), since we are
interested in checking the deduction more than exhibiting the steps which leads to the proof.

The approximate solutions, in the space FH
g defined by (37), given for KNOPA agents, makes it

possible to approach the hard-constraint checking problem.

Theorem 29 Let us restrict to bi-directional polynomial constraints and let f ∈ F�
g be, where g are

Gaussian functions. Then

i. ∀φ ∈ Cc : ω =
B�

β=1

αβ · g(xo

β, σβ) (43)

ii. Cp |= φ ⇔
B�

β=1

σβ · αβ = 0.

Proof Since f ∈ F�
g , the hypothesis that the constraints are polynomial makes it possible to conclude

that λi ∈ F�
g , too. This comes from combining equation (36-iv) with Proposition 40. Hence, ω ∈ F�

g

can be expressed by i.
The proof of ii is given for the case of u-constraints, since the case of e-constraints can be treated

by following the same arguments.

⇒) Since Cp |= φ we have ∀x ∈ X : φ(x, f(x), y(x)) = 0. Hence, for the KNOPA problem with
constraints Cp∩{φ} function f is still the optimal solution. This comes from Theorem 15, when
noting that the extension to Cp ∩ {φ}, for the found value of f on Cp yields

mp�

i=1

�

X
λi(x)φi(x, f(x), y(x))dx +

�

X
λ(x)φ(x, f(x), y(x))dx = 0. (44)
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Figure 2: Block-based representation of the agent for what concerns the i-th constraint. The solution
is the convolution of g with the reaction constraint ωi, whose computation depends on
both the gradient of the constraint and the corresponding Lagrange multiplier, which is
responsible of checking the constraint. Notice that in general there is circular dependency
which makes it impossible a forward computation.

Smola (1951). In Gori and Melacci (2010a), the above conditions will be discussed for the simple
constraint f ≥ 0. We can early realize that direct application of KKT conditions is difficult, since we
do not know where the switch of behavior of the agent, prescribed by i and ii, takes place.

Interestingly, the non-negativeness of Lagrange multipliers suggests that they basically act as a
probability density in (21). According to more traditional formulation of learning the second term
in (21) could in fact be regarded as a penalty term related to the given constraints.

Remark 17 BOUNDARY CONDITIONS
Notice that the Green function g exists only under appropriate boundary conditions on ∂X . For
example, if L =

�∞
κ=0 σ2κ/(2κκ!)(∂2κ/∂x2κ) and we impose on the border of X = IRd that f(x)→

0 as � x �→ ∞ then the Green functions is the Gaussian g(x) = 1/(
√

2πσ)exp(−x2/σ2). Notice
that, amongst the infinite harmonic functions, that are candidate Green functions, the linear functions
that correspond with linear kernels, are not consistent with the same boundary conditions in X = IRd

unless we take the trivial solution g = 0 when F = C∞. When keeping the same vanishing boundary
conditions, possible non-trivial solutions for L = ∇2 can be found for example in the space of
piecewise linear functions. Related studies on this issue can be found in (Schoelkopf and Smola
(1998); Smola et al. (1998)), while some additional connections are established in the Appendix II.

According to (23), the operator L dictates the representation of any f ∈ F , thus allowing the
expression of F by the direct sum F = Ω⊕ kerL, where Ω = {f ∈ F : f = −g ⊗

�m
i=1 λi∇fφi}.

Let us consider the case in which KerP = {0} and let ωi(f(x)) := λi(x)∇fφi(x, f(x), y(x)) be.
We can re-write the represent theorem as

f = g ⊗ ω =
m�

i=1

g ⊗ ωi, (25)

where ω :=
�m

i=1 ωi. This representation of f shares interesting similarities with the classic rep-
resenter theorem in kernel machines. The function ωi(·) is referred to as the reaction of the con-
straint i, while ω(·) is the overall reaction of the given constraints. They can be uniquely determined
since Lagrange multipliers are uniquely determined by f Giaquinta and Hildebrand (1996) (Theo-
rem 3, pag. 118). In the light of the above representer theorem, when referring to Definition 4, we
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Theorem 15 REPRESENTER THEOREM FOR u-CONSTRAINTS
Let us consider the problem formulated by Definition 4 with the m universally quantified bilateral
constraints of holonomic type14

∀x ∈ Xi ⊂ X : φi(x, f(x), y(x)) = 0, i ∈ INm (19)

P(χ) =
m�

i=1

χi.

Let us assume that ∀x ∈ X we can find a permutation of n functions15 such that the Jacobian is not
singular, that is

D(ϕ1, . . . ,φm)
D(f1, . . . , fm)

�= 0. (20)

Then there exist a set of functions λi(x), i ∈ INm such that any weak extreme of functional (1) under
the constraints (19) is also a weak extreme of

Eφ(f) =� f �2Pγ
+

m�

i=1

�

X
λi(x) · φi(x, f(x), y(x))dx. (21)

Any extreme f satisfies the Euler-Lagrange equations

Lf(x) +
m�

i=1

λi(x) ·∇fφi(x, f(x), y(x)) = 0, (22)

where L := [γ1L, . . . , γnL]� and ∇f is the gradient w.r.t. f . Moreover, if g is a Green function of
operator L, under given boundary conditions on ∂X , then f admits the representation

f = −g ⊗
m�

i=1

λi∇fφi + fP , (23)

where fP ∈ KerP = KerL. Finally, if the constraints (19) are convex then the solutions of (22) are
global minima, and the uniqueness holds whenever KerP = {0}, which also yields fP = 0 .

Proof See the appendix.

Remark 16 KKT CONDITIONS AND PROBABILISTIC INTERPRETATION
If we treat the case of unilateral constraints φi(x, f(x), y(x)) ≥ 0 explicitly, some additional con-
ditions must be introduced in Theorem 15. Let F be the functional space defined by the above con-
straints. Then in order to minimize � f �2Pγ

we need to treat differently the cases in which the extrema
belong to ∂F or to the open set F − ∂F . For any weak extreme f̂ the following conditions hold:

i. f ∈ F − ∂F : ∀x ∈ X : λi(x) = 0 (24)
ii. f ∈ ∂F : ∀x ∈ X : λi(x) < 0.

They can be re-written as λi(x) ≤ 0 and λi(x) ·φ(x, f(x), y(x)) = 0, that are the extension of classic
Karush Kuhn Tucker (KKT) conditions for finite dimension functions Karush (1939); Schoelkopf and

14. These constraint may include conditions on the border ∂X .
15. Without limitation of generality, they are numbered using the first m < n functions.
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8. Deduction and support constraints

The formulation of learning with KNOPA agents given in Definition 4 leads to discovering functions
f compatible with a given collection of constraints that are as smooth as possible. Interestingly, the
shift of focus on constraints opens the doors to the following constraint checking problem

Definition 28 Let us assume that P =
�

and consider the collection of constraints

C = {{φi, i ∈ INm} ,P} = Cp ∪ Cc

where Cp ∩ Cc = ∅. A constraint checking problem for a KNOPA agent on C is the one of establishing

if

∀i ∈ IN |Cc| Cp |= φi.

holds true. Whenever this happens, we say that Cc is entailed by Cp, and use the notation Cp |= Cc.

Of course, the entailment can be related to the quotient set Fφ/ ∼ and its analysis in the space Fφ

can be restricted to its elements [φi], so as a unique deduction scheme takes place for all φ ∼ [φi].
Constraint checking is somehow related to model checking in logic (Hähnle (2001)), since we are
interested in checking the deduction more than exhibiting the steps which leads to the proof.

The approximate solutions, in the space FH
g defined by (37), given for KNOPA agents, makes it

possible to approach the hard-constraint checking problem.

Theorem 29 Let us restrict to bi-directional polynomial constraints and let f ∈ F�
g be, where g are

Gaussian functions. Then

i. ∀φ ∈ Cc : ω =
B�

β=1

αβ · g(xo

β, σβ) (43)

ii. Cp |= φ ⇔
B�

β=1

σβ · αβ = 0.

Proof Since f ∈ F�
g , the hypothesis that the constraints are polynomial makes it possible to conclude

that λi ∈ F�
g , too. This comes from combining equation (36-iv) with Proposition 40. Hence, ω ∈ F�

g

can be expressed by i.
The proof of ii is given for the case of u-constraints, since the case of e-constraints can be treated

by following the same arguments.

⇒) Since Cp |= φ we have ∀x ∈ X : φ(x, f(x), y(x)) = 0. Hence, for the KNOPA problem with
constraints Cp∩{φ} function f is still the optimal solution. This comes from Theorem 15, when
noting that the extension to Cp ∩ {φ}, for the found value of f on Cp yields

mp�

i=1

�

X
λi(x)φi(x, f(x), y(x))dx +

�

X
λ(x)φ(x, f(x), y(x))dx = 0. (44)
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Figure 2: Block-based representation of the agent for what concerns the i-th constraint. The solution
is the convolution of g with the reaction constraint ωi, whose computation depends on
both the gradient of the constraint and the corresponding Lagrange multiplier, which is
responsible of checking the constraint. Notice that in general there is circular dependency
which makes it impossible a forward computation.

Smola (1951). In Gori and Melacci (2010a), the above conditions will be discussed for the simple
constraint f ≥ 0. We can early realize that direct application of KKT conditions is difficult, since we
do not know where the switch of behavior of the agent, prescribed by i and ii, takes place.

Interestingly, the non-negativeness of Lagrange multipliers suggests that they basically act as a
probability density in (21). According to more traditional formulation of learning the second term
in (21) could in fact be regarded as a penalty term related to the given constraints.

Remark 17 BOUNDARY CONDITIONS
Notice that the Green function g exists only under appropriate boundary conditions on ∂X . For
example, if L =

�∞
κ=0 σ2κ/(2κκ!)(∂2κ/∂x2κ) and we impose on the border of X = IRd that f(x)→

0 as � x �→ ∞ then the Green functions is the Gaussian g(x) = 1/(
√

2πσ)exp(−x2/σ2). Notice
that, amongst the infinite harmonic functions, that are candidate Green functions, the linear functions
that correspond with linear kernels, are not consistent with the same boundary conditions in X = IRd

unless we take the trivial solution g = 0 when F = C∞. When keeping the same vanishing boundary
conditions, possible non-trivial solutions for L = ∇2 can be found for example in the space of
piecewise linear functions. Related studies on this issue can be found in (Schoelkopf and Smola
(1998); Smola et al. (1998)), while some additional connections are established in the Appendix II.

According to (23), the operator L dictates the representation of any f ∈ F , thus allowing the
expression of F by the direct sum F = Ω⊕ kerL, where Ω = {f ∈ F : f = −g ⊗

�m
i=1 λi∇fφi}.

Let us consider the case in which KerP = {0} and let ωi(f(x)) := λi(x)∇fφi(x, f(x), y(x)) be.
We can re-write the represent theorem as

f = g ⊗ ω =
m�

i=1

g ⊗ ωi, (25)

where ω :=
�m

i=1 ωi. This representation of f shares interesting similarities with the classic rep-
resenter theorem in kernel machines. The function ωi(·) is referred to as the reaction of the con-
straint i, while ω(·) is the overall reaction of the given constraints. They can be uniquely determined
since Lagrange multipliers are uniquely determined by f Giaquinta and Hildebrand (1996) (Theo-
rem 3, pag. 118). In the light of the above representer theorem, when referring to Definition 4, we
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responsible of checking the constraint. Notice that in general there is circular dependency

which makes it impossible a forward computation.

Melacci (2010a), the above conditions will be discussed for the simple constraint f ≥ 0. We can early

realize that direct application of KKT conditions is difficult, since we do not know where the switch of

behavior of the agent, prescribed by i and ii, takes place.

Interestingly, the non-negativeness of Lagrange multipliers suggests an intriguing connection with

probability density, which arises from the formal match between in (24) and the classic index used

in statistical learning theory based on the functional risk. According to more traditional formulation

of learning the second term in (24) could in fact be regarded as a penalty term related to the given

constraints. However, the above formulation yields a perfect fulfillment of the constraints, which is

not necessarily the best choice when the constraints cannot be perfectly specified. This is in fact the

case of supervised learning, where the target function y(·) is not available, since only its samples can

be accessed.

Remark 18 BOUNDARY CONDITIONS

Notice that the Green function g exists only under appropriate boundary conditions on ∂X . For

example, if L =
�∞

κ=0 σ2κ/(2κκ!)(∂2κ/∂x2κ) and we impose on the border of X = IRd
that f(x)→

0 as � x �→ ∞ then the Green functions is the Gaussian g(x) = 1/(
√

2πσ)exp(−x2/σ2). Notice

that in the case L = ∇2
, the linear kernels, are not consistent with the same boundary conditions

in X = IRd
unless we take the trivial solution g = 0 when F = C∞. When keeping the same

vanishing boundary conditions, possible non-trivial solutions can be found in the space of piecewise

linear functions. Related studies on this issue can be found in (Schoelkopf and Smola (1998); Smola

et al. (1998)), while some additional connections are established in the Appendix II.

According to (26), the operator L dictates the representation of any f ∈ F , thus allowing the

expression of F by the direct sum F = H⊕kerL, where H = {f ∈ F : f = −g ⊗
�m

i=1 λi∇fφi}.

Let us consider the case in which KerP = {0} and let ωi(x) := −λi(x)∇fφi(x, f(x), y(x)) be. We

can re-write the represent theorem as

f = g ⊗ ω =
m�

i=1

g ⊗ ωi, (28)

where ω :=
�m

i=1 ωi. This representation of f shares interesting similarities with the classic repre-

senter theorem in kernel machines, which are put forward in (Gori and Melacci (2010a)) in the wider
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Theorem 15 REPRESENTER THEOREM FOR u-CONSTRAINTS
Let us consider the problem formulated by Definition 4 with the m universally quantified bilateral
constraints of holonomic type14

∀x ∈ Xi ⊂ X : φi(x, f(x), y(x)) = 0, i ∈ INm (19)

P(χ) =
m�

i=1

χi.

Let us assume that ∀x ∈ X we can find a permutation of n functions15 such that the Jacobian is not
singular, that is

D(ϕ1, . . . ,φm)
D(f1, . . . , fm)

�= 0. (20)

Then there exist a set of functions λi(x), i ∈ INm such that any weak extreme of functional (1) under
the constraints (19) is also a weak extreme of

Eφ(f) =� f �2Pγ
+

m�

i=1

�

X
λi(x) · φi(x, f(x), y(x))dx. (21)

Any extreme f satisfies the Euler-Lagrange equations

Lf(x) +
m�

i=1

λi(x) ·∇fφi(x, f(x), y(x)) = 0, (22)

where L := [γ1L, . . . , γnL]� and ∇f is the gradient w.r.t. f . Moreover, if g is a Green function of
operator L, under given boundary conditions on ∂X , then f admits the representation

f = −g ⊗
m�

i=1

λi∇fφi + fP , (23)

where fP ∈ KerP = KerL. Finally, if the constraints (19) are convex then the solutions of (22) are
global minima, and the uniqueness holds whenever KerP = {0}, which also yields fP = 0 .

Proof See the appendix.

Remark 16 KKT CONDITIONS AND PROBABILISTIC INTERPRETATION
If we treat the case of unilateral constraints φi(x, f(x), y(x)) ≥ 0 explicitly, some additional con-
ditions must be introduced in Theorem 15. Let F be the functional space defined by the above con-
straints. Then in order to minimize � f �2Pγ

we need to treat differently the cases in which the extrema
belong to ∂F or to the open set F − ∂F . For any weak extreme f̂ the following conditions hold:

i. f ∈ F − ∂F : ∀x ∈ X : λi(x) = 0 (24)
ii. f ∈ ∂F : ∀x ∈ X : λi(x) < 0.

They can be re-written as λi(x) ≤ 0 and λi(x) ·φ(x, f(x), y(x)) = 0, that are the extension of classic
Karush Kuhn Tucker (KKT) conditions for finite dimension functions Karush (1939); Schoelkopf and

14. These constraint may include conditions on the border ∂X .
15. Without limitation of generality, they are numbered using the first m < n functions.
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GORI AND MELACCI

8. Deduction and support constraints

The formulation of learning with KNOPA agents given in Definition 4 leads to discovering functions
f compatible with a given collection of constraints that are as smooth as possible. Interestingly, the
shift of focus on constraints opens the doors to the following constraint checking problem

Definition 28 Let us assume that P =
�

and consider the collection of constraints

C = {{φi, i ∈ INm} ,P} = Cp ∪ Cc

where Cp ∩ Cc = ∅. A constraint checking problem for a KNOPA agent on C is the one of establishing

if

∀i ∈ IN |Cc| Cp |= φi.

holds true. Whenever this happens, we say that Cc is entailed by Cp, and use the notation Cp |= Cc.

Of course, the entailment can be related to the quotient set Fφ/ ∼ and its analysis in the space Fφ

can be restricted to its elements [φi], so as a unique deduction scheme takes place for all φ ∼ [φi].
Constraint checking is somehow related to model checking in logic (Hähnle (2001)), since we are
interested in checking the deduction more than exhibiting the steps which leads to the proof.

The approximate solutions, in the space FH
g defined by (37), given for KNOPA agents, makes it

possible to approach the hard-constraint checking problem.

Theorem 29 Let us restrict to bi-directional polynomial constraints and let f ∈ F�
g be, where g are

Gaussian functions. Then

i. ∀φ ∈ Cc : ω =
B�

β=1

αβ · g(xo

β, σβ) (43)

ii. Cp |= φ ⇔
B�

β=1

σβ · αβ = 0.

Proof Since f ∈ F�
g , the hypothesis that the constraints are polynomial makes it possible to conclude

that λi ∈ F�
g , too. This comes from combining equation (36-iv) with Proposition 40. Hence, ω ∈ F�

g

can be expressed by i.
The proof of ii is given for the case of u-constraints, since the case of e-constraints can be treated

by following the same arguments.

⇒) Since Cp |= φ we have ∀x ∈ X : φ(x, f(x), y(x)) = 0. Hence, for the KNOPA problem with
constraints Cp∩{φ} function f is still the optimal solution. This comes from Theorem 15, when
noting that the extension to Cp ∩ {φ}, for the found value of f on Cp yields

mp�

i=1

�

X
λi(x)φi(x, f(x), y(x))dx +

�

X
λ(x)φ(x, f(x), y(x))dx = 0. (44)
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we need to treat differently the cases in which the extrema
belong to ∂F or to the open set F − ∂F . For any weak extreme f̂ the following conditions hold:
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8. Deduction and support constraints

The formulation of learning with KNOPA agents given in Definition 4 leads to discovering functions
f compatible with a given collection of constraints that are as smooth as possible. Interestingly, the
shift of focus on constraints opens the doors to the following constraint checking problem

Definition 28 Let us assume that P =
�

and consider the collection of constraints

C = {{φi, i ∈ INm} ,P} = Cp ∪ Cc

where Cp ∩ Cc = ∅. A constraint checking problem for a KNOPA agent on C is the one of establishing

if

∀i ∈ IN |Cc| Cp |= φi.

holds true. Whenever this happens, we say that Cc is entailed by Cp, and use the notation Cp |= Cc.

Of course, the entailment can be related to the quotient set Fφ/ ∼ and its analysis in the space Fφ

can be restricted to its elements [φi], so as a unique deduction scheme takes place for all φ ∼ [φi].
Constraint checking is somehow related to model checking in logic (Hähnle (2001)), since we are
interested in checking the deduction more than exhibiting the steps which leads to the proof.

The approximate solutions, in the space FH
g defined by (37), given for KNOPA agents, makes it

possible to approach the hard-constraint checking problem.

Theorem 29 Let us restrict to bi-directional polynomial constraints and let f ∈ F�
g be, where g are

Gaussian functions. Then

i. ∀φ ∈ Cc : ω =
B�

β=1

αβ · g(xo

β, σβ) (43)

ii. Cp |= φ ⇔
B�

β=1

σβ · αβ = 0.

Proof Since f ∈ F�
g , the hypothesis that the constraints are polynomial makes it possible to conclude

that λi ∈ F�
g , too. This comes from combining equation (36-iv) with Proposition 40. Hence, ω ∈ F�

g

can be expressed by i.
The proof of ii is given for the case of u-constraints, since the case of e-constraints can be treated

by following the same arguments.

⇒) Since Cp |= φ we have ∀x ∈ X : φ(x, f(x), y(x)) = 0. Hence, for the KNOPA problem with
constraints Cp∩{φ} function f is still the optimal solution. This comes from Theorem 15, when
noting that the extension to Cp ∩ {φ}, for the found value of f on Cp yields

mp�

i=1

�

X
λi(x)φi(x, f(x), y(x))dx +

�

X
λ(x)φ(x, f(x), y(x))dx = 0. (44)
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Figure 2: Block-based representation of the agent for what concerns the i-th constraint. The solution
is the convolution of g with the reaction constraint ωi, whose computation depends on
both the gradient of the constraint and the corresponding Lagrange multiplier, which is
responsible of checking the constraint. Notice that in general there is circular dependency
which makes it impossible a forward computation.

Smola (1951). In Gori and Melacci (2010a), the above conditions will be discussed for the simple
constraint f ≥ 0. We can early realize that direct application of KKT conditions is difficult, since we
do not know where the switch of behavior of the agent, prescribed by i and ii, takes place.

Interestingly, the non-negativeness of Lagrange multipliers suggests that they basically act as a
probability density in (21). According to more traditional formulation of learning the second term
in (21) could in fact be regarded as a penalty term related to the given constraints.

Remark 17 BOUNDARY CONDITIONS
Notice that the Green function g exists only under appropriate boundary conditions on ∂X . For
example, if L =

�∞
κ=0 σ2κ/(2κκ!)(∂2κ/∂x2κ) and we impose on the border of X = IRd that f(x)→

0 as � x �→ ∞ then the Green functions is the Gaussian g(x) = 1/(
√

2πσ)exp(−x2/σ2). Notice
that, amongst the infinite harmonic functions, that are candidate Green functions, the linear functions
that correspond with linear kernels, are not consistent with the same boundary conditions in X = IRd

unless we take the trivial solution g = 0 when F = C∞. When keeping the same vanishing boundary
conditions, possible non-trivial solutions for L = ∇2 can be found for example in the space of
piecewise linear functions. Related studies on this issue can be found in (Schoelkopf and Smola
(1998); Smola et al. (1998)), while some additional connections are established in the Appendix II.

According to (23), the operator L dictates the representation of any f ∈ F , thus allowing the
expression of F by the direct sum F = Ω⊕ kerL, where Ω = {f ∈ F : f = −g ⊗

�m
i=1 λi∇fφi}.

Let us consider the case in which KerP = {0} and let ωi(f(x)) := λi(x)∇fφi(x, f(x), y(x)) be.
We can re-write the represent theorem as

f = g ⊗ ω =
m�

i=1

g ⊗ ωi, (25)

where ω :=
�m

i=1 ωi. This representation of f shares interesting similarities with the classic rep-
resenter theorem in kernel machines. The function ωi(·) is referred to as the reaction of the con-
straint i, while ω(·) is the overall reaction of the given constraints. They can be uniquely determined
since Lagrange multipliers are uniquely determined by f Giaquinta and Hildebrand (1996) (Theo-
rem 3, pag. 118). In the light of the above representer theorem, when referring to Definition 4, we
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Interestingly, the non-negativeness of Lagrange multipliers suggests an intriguing connection with

probability density, which arises from the formal match between in (24) and the classic index used

in statistical learning theory based on the functional risk. According to more traditional formulation

of learning the second term in (24) could in fact be regarded as a penalty term related to the given

constraints. However, the above formulation yields a perfect fulfillment of the constraints, which is

not necessarily the best choice when the constraints cannot be perfectly specified. This is in fact the

case of supervised learning, where the target function y(·) is not available, since only its samples can

be accessed.
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Theorem 15 REPRESENTER THEOREM FOR u-CONSTRAINTS
Let us consider the problem formulated by Definition 4 with the m universally quantified bilateral
constraints of holonomic type14

∀x ∈ Xi ⊂ X : φi(x, f(x), y(x)) = 0, i ∈ INm (19)

P(χ) =
m�

i=1

χi.

Let us assume that ∀x ∈ X we can find a permutation of n functions15 such that the Jacobian is not
singular, that is

D(ϕ1, . . . ,φm)
D(f1, . . . , fm)

�= 0. (20)

Then there exist a set of functions λi(x), i ∈ INm such that any weak extreme of functional (1) under
the constraints (19) is also a weak extreme of

Eφ(f) =� f �2Pγ
+

m�

i=1

�

X
λi(x) · φi(x, f(x), y(x))dx. (21)

Any extreme f satisfies the Euler-Lagrange equations

Lf(x) +
m�

i=1

λi(x) ·∇fφi(x, f(x), y(x)) = 0, (22)

where L := [γ1L, . . . , γnL]� and ∇f is the gradient w.r.t. f . Moreover, if g is a Green function of
operator L, under given boundary conditions on ∂X , then f admits the representation

f = −g ⊗
m�

i=1

λi∇fφi + fP , (23)

where fP ∈ KerP = KerL. Finally, if the constraints (19) are convex then the solutions of (22) are
global minima, and the uniqueness holds whenever KerP = {0}, which also yields fP = 0 .

Proof See the appendix.

Remark 16 KKT CONDITIONS AND PROBABILISTIC INTERPRETATION
If we treat the case of unilateral constraints φi(x, f(x), y(x)) ≥ 0 explicitly, some additional con-
ditions must be introduced in Theorem 15. Let F be the functional space defined by the above con-
straints. Then in order to minimize � f �2Pγ

we need to treat differently the cases in which the extrema
belong to ∂F or to the open set F − ∂F . For any weak extreme f̂ the following conditions hold:

i. f ∈ F − ∂F : ∀x ∈ X : λi(x) = 0 (24)
ii. f ∈ ∂F : ∀x ∈ X : λi(x) < 0.

They can be re-written as λi(x) ≤ 0 and λi(x) ·φ(x, f(x), y(x)) = 0, that are the extension of classic
Karush Kuhn Tucker (KKT) conditions for finite dimension functions Karush (1939); Schoelkopf and

14. These constraint may include conditions on the border ∂X .
15. Without limitation of generality, they are numbered using the first m < n functions.
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can be restricted to its elements [φi], so as a unique deduction scheme takes place for all φ ∼ [φi].
Constraint checking is somehow related to model checking in logic (Hähnle (2001)), since we are
interested in checking the deduction more than exhibiting the steps which leads to the proof.

The approximate solutions, in the space FH
g defined by (37), given for KNOPA agents, makes it

possible to approach the hard-constraint checking problem.

Theorem 29 Let us restrict to bi-directional polynomial constraints and let f ∈ F�
g be, where g are

Gaussian functions. Then

i. ∀φ ∈ Cc : ω =
B�

β=1

αβ · g(xo

β, σβ) (43)

ii. Cp |= φ ⇔
B�

β=1

σβ · αβ = 0.

Proof Since f ∈ F�
g , the hypothesis that the constraints are polynomial makes it possible to conclude

that λi ∈ F�
g , too. This comes from combining equation (36-iv) with Proposition 40. Hence, ω ∈ F�

g

can be expressed by i.
The proof of ii is given for the case of u-constraints, since the case of e-constraints can be treated
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noting that the extension to Cp ∩ {φ}, for the found value of f on Cp yields

mp�

i=1

�

X
λi(x)φi(x, f(x), y(x))dx +

�

X
λ(x)φ(x, f(x), y(x))dx = 0. (44)
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Theorem 15 REPRESENTER THEOREM FOR u-CONSTRAINTS
Let us consider the problem formulated by Definition 4 with the m universally quantified bilateral
constraints of holonomic type14

∀x ∈ Xi ⊂ X : φi(x, f(x), y(x)) = 0, i ∈ INm (19)

P(χ) =
m�

i=1

χi.

Let us assume that ∀x ∈ X we can find a permutation of n functions15 such that the Jacobian is not
singular, that is

D(ϕ1, . . . ,φm)
D(f1, . . . , fm)

�= 0. (20)

Then there exist a set of functions λi(x), i ∈ INm such that any weak extreme of functional (1) under
the constraints (19) is also a weak extreme of

Eφ(f) =� f �2Pγ
+

m�

i=1

�

X
λi(x) · φi(x, f(x), y(x))dx. (21)

Any extreme f satisfies the Euler-Lagrange equations

Lf(x) +
m�

i=1

λi(x) ·∇fφi(x, f(x), y(x)) = 0, (22)

where L := [γ1L, . . . , γnL]� and ∇f is the gradient w.r.t. f . Moreover, if g is a Green function of
operator L, under given boundary conditions on ∂X , then f admits the representation

f = −g ⊗
m�

i=1

λi∇fφi + fP , (23)

where fP ∈ KerP = KerL. Finally, if the constraints (19) are convex then the solutions of (22) are
global minima, and the uniqueness holds whenever KerP = {0}, which also yields fP = 0 .

Proof See the appendix.

Remark 16 KKT CONDITIONS AND PROBABILISTIC INTERPRETATION
If we treat the case of unilateral constraints φi(x, f(x), y(x)) ≥ 0 explicitly, some additional con-
ditions must be introduced in Theorem 15. Let F be the functional space defined by the above con-
straints. Then in order to minimize � f �2Pγ

we need to treat differently the cases in which the extrema
belong to ∂F or to the open set F − ∂F . For any weak extreme f̂ the following conditions hold:

i. f ∈ F − ∂F : ∀x ∈ X : λi(x) = 0 (24)
ii. f ∈ ∂F : ∀x ∈ X : λi(x) < 0.

They can be re-written as λi(x) ≤ 0 and λi(x) ·φ(x, f(x), y(x)) = 0, that are the extension of classic
Karush Kuhn Tucker (KKT) conditions for finite dimension functions Karush (1939); Schoelkopf and

14. These constraint may include conditions on the border ∂X .
15. Without limitation of generality, they are numbered using the first m < n functions.
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8. Deduction and support constraints

The formulation of learning with KNOPA agents given in Definition 4 leads to discovering functions
f compatible with a given collection of constraints that are as smooth as possible. Interestingly, the
shift of focus on constraints opens the doors to the following constraint checking problem

Definition 28 Let us assume that P =
�

and consider the collection of constraints

C = {{φi, i ∈ INm} ,P} = Cp ∪ Cc

where Cp ∩ Cc = ∅. A constraint checking problem for a KNOPA agent on C is the one of establishing

if

∀i ∈ IN |Cc| Cp |= φi.

holds true. Whenever this happens, we say that Cc is entailed by Cp, and use the notation Cp |= Cc.

Of course, the entailment can be related to the quotient set Fφ/ ∼ and its analysis in the space Fφ

can be restricted to its elements [φi], so as a unique deduction scheme takes place for all φ ∼ [φi].
Constraint checking is somehow related to model checking in logic (Hähnle (2001)), since we are
interested in checking the deduction more than exhibiting the steps which leads to the proof.

The approximate solutions, in the space FH
g defined by (37), given for KNOPA agents, makes it
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β=1
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B�
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�

X
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�
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Figure 2: Block-based representation of the agent for what concerns the i-th constraint. The solution
is the convolution of g with the reaction constraint ωi, whose computation depends on
both the gradient of the constraint and the corresponding Lagrange multiplier, which is
responsible of checking the constraint. Notice that in general there is circular dependency
which makes it impossible a forward computation.

Smola (1951). In Gori and Melacci (2010a), the above conditions will be discussed for the simple
constraint f ≥ 0. We can early realize that direct application of KKT conditions is difficult, since we
do not know where the switch of behavior of the agent, prescribed by i and ii, takes place.

Interestingly, the non-negativeness of Lagrange multipliers suggests that they basically act as a
probability density in (21). According to more traditional formulation of learning the second term
in (21) could in fact be regarded as a penalty term related to the given constraints.
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According to (23), the operator L dictates the representation of any f ∈ F , thus allowing the
expression of F by the direct sum F = Ω⊕ kerL, where Ω = {f ∈ F : f = −g ⊗

�m
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constraints. However, the above formulation yields a perfect fulfillment of the constraints, which is
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case of supervised learning, where the target function y(·) is not available, since only its samples can

be accessed.
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Theorem 13 REPRESENTER THEOREM FOR u-CONSTRAINTS
Let us consider the problem formulated by Definition 5 with the m universally quantified bilateral
constraints of holonomic type10

∀x ∈ Xi ⊂ X : φi(x, f(x)) = 0, i ∈ INm (20)

P(χ) =
m�

i=1

χi.

Let us assume that ∀x ∈ X we can find a permutation of n functions11 such that the Jacobian is not
singular, that is

D(φ1, . . . ,φm)
D(f1, . . . , fm)

�= 0. (21)

Then there exist a set of functions λi = Λi ◦ f, i ∈ INm such that any weak extreme of functional (1)
under the constraints (20) is also a weak extreme of12

L(f) =� f �2P,γ +
m�

i=1

�

X
λi(x) · φi(x, f(x))dx. (22)

Any extreme f� satisfies the Euler-Lagrange equations

Lf�(x) +
m�

i=1

λi(x) ·∇fφi(x, f�(x)) = 0, (23)

where L := [γ1L, . . . , γnL]� and ∇f is the gradient w.r.t. f . Moreover, if g is a Green function of
operator L, under given boundary conditions on ∂X , then f admits the representation

f� =
m�

i=1

g ⊗ ωi(f�) (24)

where ωi(f�) =
�m

i=1 g(·)⊗ (−λi(·)∇fφi(·, f�(·))). Finally, if the constraints (20) are convex then
the solutions of (23) are global minima, and the uniqueness holds whenever KerP = {0}, which also
yields fP = 0 .

Proof See the appendix.

Remark 14 BOUNDARY CONDITIONS
Notice that the Green function g exists only under appropriate boundary conditions on ∂X . For ex-
ample, if L =

�∞
κ=0(−1)κσ2κ/(2κκ!)(∂2κ/∂x2κ) and we impose on the border of X = IRd that

f(x) → 0 as � x �→ ∞ then the Green functions is the Gaussian g(x) = 1/(
√

2πσ)exp(−x2/σ2).
Notice that in the case L = ∇2, the linear kernels, are not consistent with the same boundary condi-
tions in X = IRd unless we take the trivial solution g = 0 when F = C∞. When keeping the same
vanishing boundary conditions, possible non-trivial solutions can be found in the space of piecewise
linear functions. Related studies on this issue can be found in (Schoelkopf and Smola (1998); Smola
et al. (1998)), while some additional connections are established in the Appendix II.

10. These constraint may include conditions on the border ∂X .
11. Without limitation of generality, they are numbered using the first m < n functions.
12. The choice of the sign of the second right-hand term follows the convention used in kernel machines.
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Representation (soft constraints)

GORI AND MELACCI

Now, in principle, the following iterative scheme

fr+1 = ϑ(fr, λr, λ̌r)
(λr+1, λ̌r+1) = arg max

(λr,λ̌r)
Θ(fr, λr, λ̌r)

can be used to conceive primal-dual path following schemes to determine the solution. It is worth
mentioning that, unlike the classic case of kernel machines, in the general case, the problem cannot
be directly mapped to the dual space and we need to primal-dual paths for finding the solution. Inter-
estingly, there are a number of relevant cases in which we can get rid of similar iteration schemes. A
relevant case is the one of quadratic constraints covered in Section ??.

5. Exact penalties and support domains

It has been shown that in the case of soft-constraints the learning problem is reduced to (18). Since
we are considering only cases in which the constraints are independent of Pf , we need to optimize

E(f) = � f �2P,γ +C · 1� < Ξ(x, f(x))) > . (30)

Theorem 19 Let us assume that the penalty-based index (30) Ξ(x, f(x)) ∈ C2. Then, the solution
f� satisfies

Lf�(x) + C · 1�∇fΞ(x, f�(x)) = 0. (31)

with conditions on the border ∂X . Moreover, if the constraints (20) are convex then the solutions
of 31 are global minima, and the uniqueness holds whenever KerP = {0}.

Proof See the Appendix.

Notice that, unlike for 23, the solution of 31 only requires consistency with eventual conditions on
∂X and need not to involve the satisfaction of the constraints, with the mentioned cyclic dependency
on the Lagrange multipliers. Like for the case of hard-constraints we have

f� = −C
m�

i=1

g ⊗∇fΞi =
m�

i=1

g ⊗ ωi(f�), (32)

where ωi(f�(x)) = −C ·∇fΞi(x, f�(x)). In the case of bilateral constraints, ωi is generally non-null.
However, if the bilateral constraints come from unilateral constraints after the transformation defined
in Remark 1, the reaction constraints gains a property which is highly desirable for computational
purposes.

Theorem 20 Let us consider the unilateral u-constraint14 φ̌(x, f(x)) ≥ 0. and its associated con-
version stated by (15). In case of soft-optimization, we have

i. ω = C · δ(φ̌) ·∇φ̌ (33)
ii. ω = C · sign(−φ̌) ·∇φ̌

iii. f = C · g
δ
⊗ ∇φ̌ := C ·

�

Sδ
φ̌

g(x− u)
∇ϕ̌(u)

� ∇ϕ̌(u) �dσ(u)

iv. f = C · g
←
⊗ ∇φ̌ :=

�

S−
φ̌

g(x− u)∇φ̌(u)du

14. The case of more constraints can always be reduced to this case whenever the proposition P is specified.
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estingly, there are a number of relevant cases in which we can get rid of similar iteration schemes. A
relevant case is the one of quadratic constraints covered in Section ??.

5. Exact penalties and support domains

It has been shown that in the case of soft-constraints the learning problem is reduced to (18). Since
we are considering only cases in which the constraints are independent of Pf , we need to optimize

E(f) = � f �2P,γ +C · 1� < Ξ(x, f(x))) > . (30)

Theorem 19 Let us assume that the penalty-based index (30) Ξ(x, f(x)) ∈ C2. Then, the solution
f� satisfies

Lf�(x) + C · 1�∇fΞ(x, f�(x)) = 0. (31)

with conditions on the border ∂X . Moreover, if the constraints (20) are convex then the solutions
of 31 are global minima, and the uniqueness holds whenever KerP = {0}.

Proof See the Appendix.

Notice that, unlike for 23, the solution of 31 only requires consistency with eventual conditions on
∂X and need not to involve the satisfaction of the constraints, with the mentioned cyclic dependency
on the Lagrange multipliers. Like for the case of hard-constraints we have

f� = −C
m�

i=1

g(·)⊗∇fΞi(·, f�(·)) =
m�

i=1

g ⊗ ωi(f�), (32)

where ωi(f�(x)) = −C ·∇fΞi(x, f�(x)). In the case of bilateral constraints, ωi is generally non-null.
However, if the bilateral constraints come from unilateral constraints after the transformation defined
in Remark 1, the reaction constraints gains a property which is highly desirable for computational
purposes.

Theorem 20 Let us consider the unilateral u-constraint14 φ̌(x, f(x)) ≥ 0. and its associated con-
version stated by (15). In case of soft-optimization, we have

i. ω = C · δ(φ̌) ·∇φ̌ (33)
ii. ω = C · sign(−φ̌) ·∇φ̌

iii. f = C · g
δ
⊗ ∇φ̌ := C ·

�

Sδ
φ̌

g(x− u)
∇ϕ̌(u)

� ∇ϕ̌(u) �dσ(u)

iv. f = C · g
←
⊗ ∇φ̌ :=

�

S−
φ̌

g(x− u)∇φ̌(u)du

14. The case of more constraints can always be reduced to this case whenever the proposition P is specified.
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Two remarkable “examples”

Optical flow

GORI AND MELACCI

Example 2 OPTICAL FLOW

In computer vision, the classic problem of determining the optical flow consists of finding smooth

solution of the velocity field under the constraint that the brightness of any point in the movement

pattern is constant. The smoothness of the velocity field can be expressed by choosing a differential

operator like the gradient or the Laplacian according to the general norm 1. For instance, if u(x, y)
and v(x, y) denote the component of the velocity, we can choose to minimize

�

X

�

X

��
∂u

∂x

�2

+
�

∂u

∂y

�2

+
�

∂v

∂x

�2

+
�

∂v

∂y

�2
�

dxdy

under the constraint
∂E

∂x
u +

∂E

∂y
v +

∂E

∂t
= 0

which comes from imposing that the brightness of a particular point E(x, y, t) is constant. The prob-

lem is classically solved by converting the above constraint into a penalty term so as to determine a

soft-constraining optimization (Horn and Schunck (1981)). A number of other relevant problems in

the field of computer vision can be effectively be approached within the framework of variational cal-

culus (see e.g. Bertero et al. (1988)). More advanced solutions might arise from imposing additional

constraints from the real-world while maintaining the idea of working with parsimonious agents.

3.1 Learning from examples

The classic framework of supervised learning from examples is a trivial instance of learning from

constraints. We distinguish regression and classification. Let y be the target function, where y(x) ∈
IRn

for regression, and y(x) ∈ {−1,+1}n
for classification. Interestingly, this classic framework can

be reproduced either by universal or existential constraints. For example, in regression in X can be

imposed by ∀x ∈ X : f(x) = y(x), while the classification can be translated by f(x)�y(x)−ν ≥ 0,

where star is the element-wise product. Learning from examples can also be reproduced by the trivial

case of existential quantifier with void existential set. In this case, we show that we reduce to an iso-

perimentric variational problems. Let � ∈ IR+
and θ ∈ IRn : θ ≥ 0 be. For any task indexed by

j ∈ INn, we establish a link with the problem of finding f(·) such that

χj(f) ∼ �− θj � yj(x)− fj(x) �p≥ 0, (6)

where p = 2 for regression (r) and p = ∞ for classification (c). Notice that for classification, if we

assume that supx∈X f(x) ≤ 1 then

�− θj � yj(x)− fj(x) �∞ = �− θj � yj(x)(1− yj(x)fj(x) �∞
= �− θj � 1− yj(x)fj(x) �∞≥ 0,

which yields

inf
x∈X

(fj(x) · yj(x)) ≥ 1− �

θj
. (7)

As will be shown is Section ??, the continuous target is transformed into a sequence of desired

values, so as we end up in the classic framework of learning from examples. An interesting extension

of this classic framework arises in classification tasks when replacing supervised pairs (xκ, yκ) with

labelled information that involve sets instead of points.

Let {Xκ ⊂ X , κ ∈ IN �} be a collection of labelled sets so as the training set becomes

EL =
�
(Xκ, yκ) ∈ 2X × Y, κ ∈ IN �

�
. (8)
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Where do kernel machines come from ...

finite convolution 

reaction 



When kernels arise from regularization operators ...

Green function / “plain kernel”
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for any x ∈ Xκ of the set w.r.t. the target yκ. Interest-

ingly, the classic representer theorem at the basis of

kernel machines can nicely be extended to encompass

this more general supervised framework.

Theorem 2.1: Let f ∈ F = W k,2 be and let g(·, ·) be

the Green’s function of L > 0. Then R[·] admits the

unique weak minimum f�, which can be expressed

by

f�(x) = − 1
λ

�

κ∈IN�t

�

X
g(x, ζ)V �

f (yκ, f�(ζ))·p(ζ)·cXκ(ζ)dζ

where V �
f = ∂V/∂f .

Proof: See Appendix A

We notice that the assumption L > 0 has been

used mostly for the sake of simplicity, but it is not

strictly needed for the uniqueness of the solution. It

is proven that uniqueness arises also in cases in which

KerL �= {0}, when imposing boundary conditions on

the values of f on ∂X [13]. Whenever it exists, the

Green function of the regularization operator L is a

(plain kernels). Examples of regularization operators

that give rise to popular kernels are, amongst others,

L =
�∞

κ=0(−1)κ σ2κ

κ!2κ∇2κ, which is associated with the

Gaussian kernel [7] and L = (σ2I − ∇2)n, which

gives rise to the Sobolev spline [11], while there is

no regularization operator for linear and polynomial

kernels 1.

The following result gives a representation for f�.

Theorem 2.2: Let p ∈ C(IR, IR+
o ). Then there exists

ζκ ∈ X, κ ∈ IN �t such that when posing

ακ := −V �
f (yκ, f�(ζκ))p(ζκ)/λ (2)

we have

f� =
�

κ∈N�t

ακβ(Xκ, x), (3)

where

β(Xκ, x) :=
�

X
g(x, ς)cXκ(ς)dς (4)

Proof: See Appendix A

Notice that if we separate the contributions coming

from points and sets the above representer theorem

can be re-written as f�(x) =
�

κ∈IN�
ακg(xκ, x) +�

h∈IN�X
αhβ(Xh, x). The representation given by (3)

is interesting but, unfortunately, it cannot be directly

used for the formalization of learning algorithms

because of two reasons: First, f� is given in terms

of parameters ακ which depend themselves on f�.

Second, ακ depend on the probability distribution p(·)
that is typically unknown. A significant step ahead in

the design of learning algorithms is due to the intro-

duction of the hypothesis of sign consistency, according

1. This can immediately realized when focussing on one-

dimensional problems. For examples, the space invariant Green

function of the operator L = d4/dx4 satisfying the condition of

being even, is g(x) = |x|3. While the successive derivation of g(·)
produces the distributional singularity for x = 0, the same does

not hold for polynomials.

to which the sign of f� does not change in any Xκ

κ ∈ IN �C , along with some additional hypothesis in

the probability distribution p(·).
Theorem 2.3: Let V (yκ, f(x)) = max {0, 1− yκf(x)}

be and let us assume that the sign consistency hypoth-

esis holds true. Let ∀x ∈ Xκ, κ ∈ IN �X : p(x) ≡
1/vol(Xκ) and ∀xκ, κ = 1, � : p(x) = δ(x − xκ).
Moreover, let S� ⊂ IN � and S�X ⊂ IN �X be the

indexes of the support vectors and the support sets,

respectively. Then

f�(x) =
�

κ∈S�∪S�X

ακβ(Xκ, x), (5)

where ακ ∈ [0, 1/λ].
Proof: See Appendix A

When unsupervised data are available, we can go

one step further, by removing the assumption of uni-

form probability distribution. A reasonable hypothe-

sis is that the probability density is an expansion in

the plain kernel centered on the unsupervised data.

Interestingly, if we keep the hypothesis of sign con-

sistency and still work with the hinge loss function,

the general solution dictated by Theorem 2.1 still gives

rise to a a solution given in terms of a new kind box

kernel.

Theorem 2.4: Let V (yκ, f(x)) = max {0, 1− yκf(x)}
be and let us assume that the sign consistency hypothe-

sis holds true. Let SS := S�∪S�X and let SU ⊂ IN �U be.

Moreover, let us assume that we are given a collection

of �U unsupervised data, whose probability distribu-

tion can be represented by p(x) =
�

h∈N�U
πhg(x, ζ),

under proper selection of πh. Then

f�(x) =
�

(κ,h)∈SS×S�U

ακ,hγ(Xκ, xh, x), (6)

where

γ(Xκ, xh, x) =
�

X
g(x, ζ) · g(ζ, xh) · cXκ(ζ)dζ (7)

and ακ,h ∈ [0, 1πh/λ].
Proof: See Appendix A

In order to get an in-depth understanding of the

index defined by equation( 1), it is useful to see

the effect of measuring the loss within the multi-

intervals on the basis of the average value taken

by f(·), so as to introduce an index which is in-

dependent of the data probability distribution. Let

mXκ(f) := (
�
Xκ

f(x)dx)/vol(Xκ) be the average value

of f over Xκ. Of course, when Xκ = {xκ} we get

mXκ(f) = f(xκ). Instead of using R[f ] (Eq. 1) we can

replace it with

Rm[f ] :=
�

κ∈IN�t

V (yh, mXκ(f)) + λ�Pf�2. (8)

Notice that Rm[·] (Eq. 8) has a remarkable meaning in

itself, and, differently from Eq. (1), its minimization is

a more affordable variational problem, which can be
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�

κ∈IN�t

V (yh, mXκ(f)) + λ�Pf�2. (8)

Notice that Rm[·] (Eq. 8) has a remarkable meaning in

itself, and, differently from Eq. (1), its minimization is

a more affordable variational problem, which can be
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for any x ∈ Xκ of the set w.r.t. the target yκ. Interest-

ingly, the classic representer theorem at the basis of

kernel machines can nicely be extended to encompass

this more general supervised framework.

Theorem 2.1: Let f ∈ F = W k,2 be and let g(·, ·) be

the Green’s function of L > 0. Then R[·] admits the

unique weak minimum f�, which can be expressed

by

f�(x) = − 1
λ

�

κ∈IN�t

�

X
g(x, ζ)V �

f (yκ, f�(ζ))·p(ζ)·cXκ(ζ)dζ

where V �
f = ∂V/∂f .

Proof: See Appendix A

We notice that the assumption L > 0 has been

used mostly for the sake of simplicity, but it is not

strictly needed for the uniqueness of the solution. It

is proven that uniqueness arises also in cases in which

KerL �= {0}, when imposing boundary conditions on

the values of f on ∂X [13]. Whenever it exists, the

Green function of the regularization operator L is a

(plain kernels). Examples of regularization operators

that give rise to popular kernels are, amongst others,

L =
�∞

κ=0(−1)κ σ2κ

κ!2κ∇2κ, which is associated with the

Gaussian kernel [7] and L = (σ2I − ∇2)n, which

gives rise to the Sobolev spline [11], while there is

no regularization operator for linear and polynomial

kernels 1.

The following result gives a representation for f�.

Theorem 2.2: Let p ∈ C(IR, IR+
o ). Then there exists

ζκ ∈ X, κ ∈ IN �t such that when posing

ακ := −V �
f (yκ, f�(ζκ))p(ζκ)/λ (2)

we have

f� =
�

κ∈N�t

ακβ(Xκ, x), (3)

where

β(Xκ, x) :=
�

X
g(x, ς)cXκ(ς)dς (4)

Proof: See Appendix A

Notice that if we separate the contributions coming

from points and sets the above representer theorem

can be re-written as f�(x) =
�

κ∈IN�
ακg(xκ, x) +�

h∈IN�X
αhβ(Xh, x). The representation given by (3)

is interesting but, unfortunately, it cannot be directly

used for the formalization of learning algorithms

because of two reasons: First, f� is given in terms

of parameters ακ which depend themselves on f�.

Second, ακ depend on the probability distribution p(·)
that is typically unknown. A significant step ahead in

the design of learning algorithms is due to the intro-

duction of the hypothesis of sign consistency, according

1. This can immediately realized when focussing on one-

dimensional problems. For examples, the space invariant Green

function of the operator L = d4/dx4 satisfying the condition of

being even, is g(x) = |x|3. While the successive derivation of g(·)
produces the distributional singularity for x = 0, the same does

not hold for polynomials.

to which the sign of f� does not change in any Xκ

κ ∈ IN �C , along with some additional hypothesis in

the probability distribution p(·).
Theorem 2.3: Let V (yκ, f(x)) = max {0, 1− yκf(x)}

be and let us assume that the sign consistency hypoth-

esis holds true. Let ∀x ∈ Xκ, κ ∈ IN �X : p(x) ≡
1/vol(Xκ) and ∀xκ, κ = 1, � : p(x) = δ(x − xκ).
Moreover, let S� ⊂ IN � and S�X ⊂ IN �X be the

indexes of the support vectors and the support sets,

respectively. Then

f�(x) =
�

κ∈S�∪S�X

ακβ(Xκ, x), (5)

where ακ ∈ [0, 1/λ].
Proof: See Appendix A

When unsupervised data are available, we can go

one step further, by removing the assumption of uni-

form probability distribution. A reasonable hypothe-

sis is that the probability density is an expansion in

the plain kernel centered on the unsupervised data.

Interestingly, if we keep the hypothesis of sign con-

sistency and still work with the hinge loss function,

the general solution dictated by Theorem 2.1 still gives

rise to a a solution given in terms of a new kind box

kernel.

Theorem 2.4: Let V (yκ, f(x)) = max {0, 1− yκf(x)}
be and let us assume that the sign consistency hypothe-

sis holds true. Let SS := S�∪S�X and let SU ⊂ IN �U be.

Moreover, let us assume that we are given a collection

of �U unsupervised data, whose probability distribu-

tion can be represented by p(x) =
�

h∈N�U
πhg(x, ζ),

under proper selection of πh. Then

f�(x) =
�

(κ,h)∈SS×S�U

ακ,hγ(Xκ, xh, x), (6)

where

γ(Xκ, xh, x) =
�

X
g(x, ζ) · g(ζ, xh) · cXκ(ζ)dζ (7)

and ακ,h ∈ [0, 1πh/λ].
Proof: See Appendix A

In order to get an in-depth understanding of the

index defined by equation( 1), it is useful to see

the effect of measuring the loss within the multi-

intervals on the basis of the average value taken

by f(·), so as to introduce an index which is in-

dependent of the data probability distribution. Let

mXκ(f) := (
�
Xκ

f(x)dx)/vol(Xκ) be the average value

of f over Xκ. Of course, when Xκ = {xκ} we get

mXκ(f) = f(xκ). Instead of using R[f ] (Eq. 1) we can

replace it with

Rm[f ] :=
�

κ∈IN�t

V (yh, mXκ(f)) + λ�Pf�2. (8)

Notice that Rm[·] (Eq. 8) has a remarkable meaning in

itself, and, differently from Eq. (1), its minimization is

a more affordable variational problem, which can be

Gaussian kernel
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Polynomial kernels don’t come from regularization operators!
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Theorem 13 REPRESENTER THEOREM FOR u-CONSTRAINTS
Let us consider the problem formulated by Definition 5 with the m universally quantified bilateral
constraints of holonomic type10

∀x ∈ Xi ⊂ X : φi(x, f(x)) = 0, i ∈ INm (20)

P(χ) =
m�

i=1

χi.

Let us assume that ∀x ∈ X we can find a permutation of n functions11 such that the Jacobian is not
singular, that is

D(φ1, . . . ,φm)
D(f1, . . . , fm)

�= 0. (21)

Then there exist a set of functions λi = Λi ◦ f, i ∈ INm such that any weak extreme of functional (1)
under the constraints (20) is also a weak extreme of12

L(f) =� f �2P,γ +
m�

i=1

�

X
λi(x) · φi(x, f(x))dx. (22)

Any extreme f satisfies the Euler-Lagrange equations

Lf(x) +
m�

i=1

λi(x) ·∇fφi(x, f(x)) = 0, (23)

where L := [γ1L, . . . , γnL]� and ∇f is the gradient w.r.t. f . Moreover, if g is a Green function of
operator L, under given boundary conditions on ∂X , then f admits the representation

f = −g ⊗
m�

i=1

λi∇fφi, (24)

where fP ∈ KerP = KerL. Finally, if the constraints (20) are convex then the solutions of (23) are
global minima, and the uniqueness holds whenever KerP = {0}, which also yields fP = 0 .

Proof See the appendix.

Remark 14 BOUNDARY CONDITIONS
Notice that the Green function g exists only under appropriate boundary conditions on ∂X . For ex-
ample, if L =

�∞
κ=0(−1)κσ2κ/(2κκ!)(∂2κ/∂x2κ) and we impose on the border of X = IRd that

f(x) → 0 as � x �→ ∞ then the Green functions is the Gaussian g(x) = 1/(
√

2πσ)exp(−x2/σ2).
Notice that in the case L = ∇2, the linear kernels, are not consistent with the same boundary condi-
tions in X = IRd unless we take the trivial solution g = 0 when F = C∞. When keeping the same
vanishing boundary conditions, possible non-trivial solutions can be found in the space of piecewise
linear functions. Related studies on this issue can be found in (Schoelkopf and Smola (1998); Smola
et al. (1998)), while some additional connections are established in the Appendix II.

10. These constraint may include conditions on the border ∂X .
11. Without limitation of generality, they are numbered using the first m < n functions.
12. The choice of the sign of the second right-hand term follows the convention used in kernel machines.
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Theorem 13 REPRESENTER THEOREM FOR u-CONSTRAINTS
Let us consider the problem formulated by Definition 5 with the m universally quantified bilateral
constraints of holonomic type10

∀x ∈ Xi ⊂ X : φi(x, f(x)) = 0, i ∈ INm (20)

P(χ) =
m�

i=1

χi.

Let us assume that ∀x ∈ X we can find a permutation of n functions11 such that the Jacobian is not
singular, that is

D(φ1, . . . ,φm)
D(f1, . . . , fm)

�= 0. (21)

Then there exist a set of functions λi = Λi ◦ f, i ∈ INm such that any weak extreme of functional (1)
under the constraints (20) is also a weak extreme of12

L(f) =� f �2P,γ +
m�

i=1

�

X
λi(x) · φi(x, f(x))dx. (22)

Any extreme f� satisfies the Euler-Lagrange equations

Lf�(x) +
m�

i=1

λi(x) ·∇fφi(x, f�(x)) = 0, (23)

where L := [γ1L, . . . , γnL]� and ∇f is the gradient w.r.t. f . Moreover, if g is a Green function of
operator L, under given boundary conditions on ∂X , then f admits the representation

f� =
m�

i=1

g ⊗ ωi(f�) (24)

where ωi(f�) =
�m

i=1 g(·)⊗ (−λi∇fφi(·, f�(·))). Finally, if the constraints (20) are convex then the
solutions of (23) are global minima, and the uniqueness holds whenever KerP = {0}, which also
yields fP = 0 .

Proof See the appendix.

Remark 14 BOUNDARY CONDITIONS
Notice that the Green function g exists only under appropriate boundary conditions on ∂X . For ex-
ample, if L =

�∞
κ=0(−1)κσ2κ/(2κκ!)(∂2κ/∂x2κ) and we impose on the border of X = IRd that

f(x) → 0 as � x �→ ∞ then the Green functions is the Gaussian g(x) = 1/(
√

2πσ)exp(−x2/σ2).
Notice that in the case L = ∇2, the linear kernels, are not consistent with the same boundary condi-
tions in X = IRd unless we take the trivial solution g = 0 when F = C∞. When keeping the same
vanishing boundary conditions, possible non-trivial solutions can be found in the space of piecewise
linear functions. Related studies on this issue can be found in (Schoelkopf and Smola (1998); Smola
et al. (1998)), while some additional connections are established in the Appendix II.

10. These constraint may include conditions on the border ∂X .
11. Without limitation of generality, they are numbered using the first m < n functions.
12. The choice of the sign of the second right-hand term follows the convention used in kernel machines.
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Collapse of dimensionality

LEARNING FROM CONSTRAINTS: FOUNDATIONS

can be restricted to solving

i. arg min
a






n�

j=1

γja
�
j·Gaj· +

��

κ=1

λkφ(xκ, f(xκ), yκ)




 (41)

ii. φ(xκ, f(xκ), yκ) = 0, κ = 1, . . . , �.

In the case of equality soft-constraint φ derives from the construction 16-ii, which ensures φ ≥ 0 only
i. holds and ∀κ = 1, . . . , � : λκ = C. For a generic bilateral soft-constraint the solution can be
obtained from

arg min
a






n�

j=1

γja
�
j·Gaj· + C

��

κ=1

φ2(xκ, f(xκ), yκ)




 (42)

Proof From Theorem 23, the problem is reduced to find a weak extreme of (36). Because of the
representation (39) dictated for the solution, under the hypothesis kerP = {0}, we get

Eφ(f) = � f �2
P,γ +

��

κ=1

λκ · φ(xκ, f(xκ), y(xκ))

=
n�

j=1

γj < P
��

h=1

aj,h · g(x, xh), P
��

κ=1

aj,k · g(x, xκ) > +
��

κ=1

λκ · φ(xκ, f(xκ), y(xκ)).

Now, we have

� f �2
P,γ =

n�

j=1

γj <
��

h=1

aj,h · g(x, xh), P �P
��

κ=1

aj,k · g(x, xκ) >

=
n�

j=1

γj <
��

h=1

aj,h · g(x, xh), L
��

κ=1

aj,k · g(x, xκ) >

=
n�

j=1

γj <
��

h=1

aj,h · g(x, xh),
��

κ=1

aj,k · Lg(x, xκ) >

=
n�

j=1

γj <
��

h=1

aj,h · g(x, xh),
��

κ=1

aj,k · δ(x− xκ) >

=
n�

j=1

γj

��

h=1

��

κ=1

g(xκ, xh)aj,haj,k

=
n�

j=1

γja
�
j·Gaj·.

where G is the Gram matrix associated with g. Hence, the thesis follows when considering that the
term

��
κ=1 λκ · φ(xκ, f(xκ), y(xκ)) is only dependent on a and when replacing the search for the

optimal solution within the finite dimensional space IRn,�. This conversion to finite dimension holds
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Now, equation (36) derives straightforwardly when noting that

Eφ(f) = lim
h→0

Eφ(f)

= � f �2Pγ
+

��

i=1

lim
h→0

�

X
λi(x)φ(x, f(x), y(x))ζh(x− xκ)dx

= � f �2Pγ
+

��

κ=1

λκ · φ(xκ, f(xκ), y(xκ))

To complete the proof, we invoke Theorem 24 for [φ]h so as we get

fh = g ⊗
�

λ(x) ·
��

κ=1

∇ (φ(x, f(x), y(x))ζh(x− xκ))

�

=
��

κ=1

g ⊗ (λ(x)∇ (φ(x, f(x), y(x))ζh(x− xκ)))

=
��

κ=1

g ⊗ (λ(x)∇φ(x, f(x), y(x)) · ζh(x− xκ))

=
��

κ=1

g ⊗ (ωκ(x) · ζh(x− xκ)) .

Finally, as h →∞we conclude that constraint reactions degenerate to (38) and that the representation

of the solution is given by (39).

Finally, when softening the constraint (40), we can use the same quantization analysi to conclude

that

Eφ(f) =� f �2Pγ
+C

��

κ=1

φ(xκ, f(xκ), y(xκ)),

which corresponds with posing ∀κ ∈ IN � : λκ = C.

By proving the “body” of the agent under the simplified assumption of quantizing X , this theorem

makes it possible to solve the general problem of learning under u-constraints. Instead of finding

solutions in functional spaces, we can exploit the collapsing the dimensionality so as the search can

be restricted to finite spaces that only involve the constraint reactions on the points of the training set.

Theorem 24 Given a bilateral u-constraint φ, let us consider the problem of learning under its the
sampling [φ]�κ=1

∀κ ∈ IN � : φ(xκ, f(xκ), y(xκ)) = 0. (40)

In the case kerP = {0}, the problem of finding the solution

f(x) =
��

κ=1

a·kg(x, xκ)
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can be restricted to solving

i. arg min
a






n�

j=1

γja
�
j·Gaj· +

��

κ=1

λkφ(xκ, f(xκ), yκ)




 (41)

ii. φ(xκ, f(xκ), yκ) = 0, κ = 1, . . . , �.

In the case of equality soft-constraint φ derives from the construction 16-ii, which ensures φ ≥ 0 only
i. holds and ∀κ = 1, . . . , � : λκ = C. For a generic bilateral soft-constraint the solution can be
obtained from

arg min
a






n�

j=1

γja
�
j·Gaj· + C

��

κ=1

φ2(xκ, f(xκ), yκ)




 (42)

Proof From Theorem 23, the problem is reduced to find a weak extreme of (36). Because of the
representation (39) dictated for the solution, under the hypothesis kerP = {0}, we get

Eφ(f) = � f �2
P,γ +

��

κ=1

λκ · φ(xκ, f(xκ), y(xκ))

=
n�

j=1

γj < P
��

h=1

aj,h · g(x, xh), P
��

κ=1

aj,k · g(x, xκ) > +
��

κ=1

λκ · φ(xκ, f(xκ), y(xκ)).

Now, we have

� f �2
P,γ =

n�

j=1

γj <
��

h=1

aj,h · g(x, xh), P �P
��

κ=1

aj,k · g(x, xκ) >

=
n�

j=1

γj <
��

h=1

aj,h · g(x, xh), L
��

κ=1

aj,k · g(x, xκ) >

=
n�

j=1

γj <
��

h=1

aj,h · g(x, xh),
��

κ=1

aj,k · Lg(x, xκ) >

=
n�

j=1

γj <
��

h=1

aj,h · g(x, xh),
��

κ=1

aj,k · δ(x− xκ) >

=
n�

j=1

γj

��

h=1

��

κ=1

g(xκ, xh)aj,haj,k

=
n�

j=1

γja
�
j·Gaj·.

where G is the Gram matrix associated with g. Hence, the thesis follows when considering that the
term

��
κ=1 λκ · φ(xκ, f(xκ), y(xκ)) is only dependent on a and when replacing the search for the

optimal solution within the finite dimensional space IRn,�. This conversion to finite dimension holds
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Case studies

Where one faces the problem of  
determining the constraint reactions ...
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Multi-intervals

box kernels!

sign consistency uniform weight reaction

Back to kernels (under some hyp)!

the case of soft-constraints ...
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Box kernels
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Learning with Box Kernels

that must be paired with
�
erfc(z)dz = z · erfc(z) −

e−z2
(
√
π)−1 to complete the proof.

Example. In Figure 1 we report an example of
K(Xi,Xj) where Xj = {xj} and Xi is progressively re-
duced until it degenerates to a point. Now we discuss
some properties of the box kernel using the example of
Figure 2 as reference, that shows the separation hyper-
plane of a box-kernel-based SVM, trained with labeled
points, labeled box regions, or both of them, respec-
tively. Note that the separation boundary between
the two classes becomes nonlinear when introducing
the labeled regions, and it is correctly modeled by the
box kernel. The rightmost picture shows the effect of
increasing the parameter λ. A soft margin estimate
is allowed within the available box regions, increasing
the robustness to noisy supervisions.
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Figure 1. The K(Xi,Xj) function (g is Gaussian) where
Xj = {xj} and Xi is defined from [−6,−4] to [6, 4] and
it is progressively reduced until it degenerates to a point
(left to right). The last picture corresponds to a Gaussian
kernel.

In Figure 3 not all the training points are coherent with
the knowledge sets. The averaging effect of the box
kernel within each labeled box region, introduced in
Eq. 1 by the mXj (f) term, allows the classifier to han-
dle this situation. As a matter of fact, SVMs exploits
a hinge loss for the labeled entities, and the (absolute)
max value of f is larger inside the region in which we
find the incoherency, so that its average still matches
the corresponding box label. The regularized nature
of the learning problem does not allow the value of f
to explode to infinity.
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Figure 3. The separation boundary of an SVM with box
kernel when a labeled point (+) is incoherent with the label
of the leftmost blue-dotted box region. The level curves of
the function f are reported on the right.

4. Experimental Results

We ran a variety of experiments that are based on
real-world scenarios: diagnosing diabetes, predicting
breast cancer survival time, and recognizing handwrit-
ten digits. Before going into further details, we shortly
describe the related algorithms.

In Fung et al. (2002) the authors formalize a con-
strained linear optimization problem that leads to
a linear classification function (KSVM, Knowledge-
based SVM). Many real-world problems are better ap-
proached with a nonlinear estimate, and the KSVM
framework was extended in this direction (Fung et al.,
2003). However, the nonlinear “kernelization” is not a
transparent procedure that can be easily related to the
original knowledge, making the approach less practi-
cal. Le et al. (2006) proposed a simpler alternative,
that we will refer to as SKSVM (Simpler KSVM). An
SVM is trained from labeled points only, excluding
the ones that fall in the (arbitrary shaped) labeled re-
gions, and, at test time, its prediction is post processed
to match the available knowledge. This approach is
not able to generalize from prior knowledge only. A
more recent idea was proposed by Mangasarian &Wild
(2008); Mangasarian et al. (2009). A kernel-based clas-
sifier is extended to model labeled nonlinear space re-
gions by the discretization of the supervised space on a
preselected subset of points. This criterion was applied
to a linear programming SVM (Mangasarian & Wild,
2008) (NKC, Nonlinear Knowledge-based Classifier)
and to a proximal nonlinear classifier (Mangasarian
et al., 2009) (PKC, Proximal Knowledge-based Clas-
sifier). The main drawbacks of these works is that it
is unclear how to sample the regions on which prior
knowledge is given. A considerable amount of points
may be needed, especially in high dimensions.

We compared an SVM biased by a (Gaussian) box
kernel (BOX) with the described algorithms, strictly
following the experimental setup proposed by the re-
spective authors. Finally, the last experiment includes
a wider comparison in a newly proposed setting. In
each experiment, the features that are not involved
in the available rules are bounded by their min, max
values over the entire data collection. Classifier pa-
rameters were validated by ranging them over dense
grid of values in [10−5, 105].

Diabetes. The Pima Indian Diabets (Frank & Asun-
cion, 2010) dataset is composed by the results of 8
medical tests for 768 female patients at least 21 years
old of Pima Indian heritage. The task is to predict
whether the patient shows signs of diabetes. KSVMs
have been recently evaluated in this data (Kunapuli
et al., 2010). In such work, two rules from the Na-

Gaussian (plain kernel)
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B - Examples of box kernels
Proposition A.4: If g is a Gaussian kernel, g(x,y) =

exp(−0.5 �x− y�2 σ−2), then

β(Xj ,x) =
1

vol(Xj)

d�

i=1

(
√

2πσ)
2

(erfc(
xi − bi

j√
2σ

)− erfc(
xi − ai

j√
2σ

))

Proof: If we indicate with 1(·) the Heaviside step

function, we get

ĉXj (x) =
1

vol(Xj)
·

d�

i=1

�
1(xi − ai

j)− 1(xi − bi
j)

�
.

We have

β(Xj ,x) · vol(Xj) =
�

X
e
�x−ζ�2

−2σ2

d�

i=1

�
1(ζi − ai

j)− 1(ζi − bi
j)

�
dζ

=
d�

i=1

� +∞

−∞
e

(xi−ζi)2

−2σ2
�
1(ζi − ai

j)− 1(ζi − bi
j)

�
dζi

=
d�

i=1

(
� +∞

ai
j

e
(xi−ζi)2

−2σ2 dζi −
� +∞

bi
j

e
(xi−ζi)2

−2σ2 dζi)

=
d�

i=1

(
√

2πσ)
2

(erfc(
xi − bi

j√
2σ

)− erfc(
xi − ai

j√
2σ

))

where erfc(x) = 2√
π

� +∞
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plain kernel (Gaussian) + multi-interval knowledge =  box kernel

response to the “rectangular impulse”
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(a) (b) (c) (d) (e)

Fig. 2. An SVM trained on synthetic data using the (Gaussian) box kernel. (a) A 2-class dataset (red crosses are
samples of class +1, blue circles belongs to class -1) with additional supervision on 3 box regions (blue dashed
lines for class +1 and red solid lines for class -1); (b) the separation boundary when only labeled points are used;
(c) when using labeled box regions only; (d) when both labeled points and regions are used; (e) the previous
setting with a larger λ.

(a) (b) (c)

(d) (e) (f)

Fig. 5. An SVM trained on the synthetic data of Fig. 2 using a linear box kernel (a,b,c) and a polynomial box
kernel (d,e,f). (a,d) The separation boundary when only labeled points are used; (b,e) when using labeled box
regions only; (c,f) when both labeled points and regions are used.
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Fig. 4. The percentage of labeled training instances
(points, boxes) that are support vectors/sets in the
expansion of f for different Gaussian kernel widths σ
on the data of Fig. 2 (λ fixed).

polynomial box kernels is reported in (Fig. 5).

4 EXPERIMENTAL RESULTS
We ran a variety of experiments in different contexts,

including medical diagnosis and prognosis, handwrit-

ten digit recognition, and categorization of text docu-

ments to give insights on the potential improvements

deriving from using box kernels. In the first two

experiments (diabetes diagnosis, breast cancer prog-

nosis), we compared a support vector machine based

on a Gaussian box kernel with related algorithms,

strictly following the experimental setup proposed

in the literature. Another experiment addressed the

discrimination capabilities required in handwritten

digit recognition experiment and, finally, we used a

linear box kernel to incorporate propositional rules

for a text categorization problem. In this section we

indicate with BOX a Support Vector Machine classifier

based on a box kernel, whereas the notation SVM

refers to a Support Vector Machine based on plain

kernels. In each experiment, the features that are not

involved in the propositions are bounded all over the

data collection.

4.1 Diabetes diagnosis

The Pima Indian Diabets [17] dataset is composed of

the results of 8 medical tests for 768 female patients at

least 21 years old of Pima Indian heritage. The task is

to predict whether the patient shows signs of diabetes.

KSVMs have been recently evaluated in this data [18].
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Fig. 5. An SVM trained on the synthetic data of Fig. 2 using a linear box kernel (a,b,c) and a polynomial box
kernel (d,e,f). (a,d) The separation boundary when only labeled points are used; (b,e) when using labeled box
regions only; (c,f) when both labeled points and regions are used.
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TABLE 3
The Leave-One-Out (LOO) accuracy on the WBCP

data in the setup of [5] and [6] (NKC and PKC).

Method LOO Accuracy

SVM 82.58%
NKC/PKC 90.97%

BOX 90.97%

(a) (b)

Fig. 7. (a) Examples of digits 3 and 8 from USPST - (b)
The region in which additional knowledge is provided to
distinguish between the two classes (18 blue pixels for
class 3, and and 24 red pixels for class 8).

the independence of the BOX kernel of the number of
points on which the knowledge is sampled.

4.3 Handwritten digit recognition

The USPST is a collection of 16x16 gray level pictures
of 2007 handwritten digits from the US Postal System.
In order to stress the importance of discrimination
capabilities of classifiers we focussed attention on the
problem of classifying confusing patterns. Here we
report classification results for patterns belonging to
the classes of 3 and 8. In order to emphasize the
differences between these classes, we studied rules to
express the concentration of pixels in different dis-
tinctive portions of the patterns. Instead of discussing
sound statistical solutions, we purposely followed the
same approach used by doctors in the previous exper-
iments. Hence, we simply indicated the characteristic
regions that mostly distinguish the classes on the
basis of a quick inspection of the database. The rules
that we provided can be intuitively understood when
looking at Fig 7. The propositions are based on the
average intensity values (Int.) in the selected regions.

(Int. in the blue region (Fig. 7(b)) ≥ 220) ⇒ 3
(Int. in the red region (Fig. 7(b)) ≤ 160) ⇒ 8.

We used a Gaussian kernel and randomly generated
20 data splits of training/validation and test instances,
where the former group was composed by 10 labeled
points only (4 of them were used to validate the
classifiers). The pair of Fig. 7 was included in all the
training sets. We compared all the described algo-
rithms, collecting the results in TABLE 4. The BOX
kernel compares favorably with the other methods,
even when only the box rules are provided to the
classifier. The performances are remarkable, since the
rules only can be applied to 46 out of 338 patterns.
SKSVM suffers from the removal of the training ex-
amples that fulfill the given rules, whereas in KSVM is
hard to find a good trade-off between rule fulfillment

TABLE 4
The average accuracy and standard deviation of 20

experiments on USPST 3vs8 for different algorithms.

Method Mean Accuracy Std

KSVM (rules only) 79.42% 0.28%
NKC/PKC (rules only) 77.38% 0.35%

BOX (rules only) 80.72% 0.35%
SVM 89.78% 5.35%

SKSVM 87.87% 5.03%
KSVM 89.57% 5.70%

NKC/PKC 90.72% 4.46%
BOX 92.55% 4.43%

and labeled points matching. In NKC and PKC, we
provided 100 additional training points that fall in
the knowledge regions, by adding random noise to
the pair of Fig. 7, and its accuracy is strictly related
to the quality of the sampling. This example shows
clearly that the critical choice of sampling a box of
dimension 256, which is bypassed by adopting the
proposed BOX kernel.

4.4 Text categorization

We used a data collection of approximately 20000
newsgroup documents, partitioned (nearly) evenly
across 20 different newsgroups. We selected the “by-
date” collection4 in which posts are sorted with re-
spect to the post date and that comes already divided
in training and test sets (11169 and 7505 documents,
respectively). The data is preprocessed to remove
newsgroup-identifying information, and then repre-
sented by means of the popular bag-of-word ap-
proach. Stop-words were removed and stemming was
performed using the Porter’s algorithm5, leading to a
vocabulary of 44989 words. A linear kernel has been
selected, as frequently suggested for this category of
problems [19].

We selected a small sets of words strongly related
to the main topic of each newsgroup. This basic
type of supervision can be easily provided by simply
looking at the newsgroup name (or at its manifest)
and it requires neither a deep insight on the con-
sidered topics nor reading the posts of the news-
group itself. Some newsgroups shares similar topics
(comp.*, rec.sport.*, talk.politics.*, rec.*, talk.religion.*-
alt.*-soc.*) and some of the listed words are shared
among them. See TABLE 5 for the full lists. Given
listk = {word1, word2, . . . , wordn(k)}, k = 1, . . . , 20,
that is the list of the n(k) words that are related to
the k-th newsgroup, the simplest form of box rule that
one can think is “if a word from the k-th list is found
in the current document, then it belongs to class k”.
More formally, for k = 1, . . . , 20 we have

count(wordi) ≥ 1⇒ k−th newsgroup, (12)
wordi ∈ listk, i = 1, . . . , n(k)

4. http://people.csail.mit.edu/jrennie/20Newsgroups/
5. http://tartarus.org/∼martin/PorterStemmer/
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one can think is “if a word from the k-th list is found
in the current document, then it belongs to class k”.
More formally, for k = 1, . . . , 20 we have

count(wordi) ≥ 1⇒ k−th newsgroup, (12)
wordi ∈ listk, i = 1, . . . , n(k)

4. http://people.csail.mit.edu/jrennie/20Newsgroups/
5. http://tartarus.org/∼martin/PorterStemmer/
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TABLE 3
The Leave-One-Out (LOO) accuracy on the WBCP

data in the setup of [5] and [6] (NKC and PKC).

Method LOO Accuracy

SVM 82.58%
NKC/PKC 90.97%

BOX 90.97%

(a) (b)

Fig. 7. (a) Examples of digits 3 and 8 from USPST - (b)
The region in which additional knowledge is provided to
distinguish between the two classes (18 blue pixels for
class 3, and and 24 red pixels for class 8).

the independence of the BOX kernel of the number of
points on which the knowledge is sampled.

4.3 Handwritten digit recognition

The USPST is a collection of 16x16 gray level pictures
of 2007 handwritten digits from the US Postal System.
In order to stress the importance of discrimination
capabilities of classifiers we focussed attention on the
problem of classifying confusing patterns. Here we
report classification results for patterns belonging to
the classes of 3 and 8. In order to emphasize the
differences between these classes, we studied rules to
express the concentration of pixels in different dis-
tinctive portions of the patterns. Instead of discussing
sound statistical solutions, we purposely followed the
same approach used by doctors in the previous exper-
iments. Hence, we simply indicated the characteristic
regions that mostly distinguish the classes on the
basis of a quick inspection of the database. The rules
that we provided can be intuitively understood when
looking at Fig 7. The propositions are based on the
average intensity values (Int.) in the selected regions.

(Int. in the blue region (Fig. 7(b)) ≥ 220) ⇒ 3
(Int. in the red region (Fig. 7(b)) ≤ 160) ⇒ 8.

We used a Gaussian kernel and randomly generated
20 data splits of training/validation and test instances,
where the former group was composed by 10 labeled
points only (4 of them were used to validate the
classifiers). The pair of Fig. 7 was included in all the
training sets. We compared all the described algo-
rithms, collecting the results in TABLE 4. The BOX
kernel compares favorably with the other methods,
even when only the box rules are provided to the
classifier. The performances are remarkable, since the
rules only can be applied to 46 out of 338 patterns.
SKSVM suffers from the removal of the training ex-
amples that fulfill the given rules, whereas in KSVM is
hard to find a good trade-off between rule fulfillment

TABLE 4
The average accuracy and standard deviation of 20

experiments on USPST 3vs8 for different algorithms.

Method Mean Accuracy Std

KSVM (rules only) 79.42% 0.28%
NKC/PKC (rules only) 77.38% 0.35%

BOX (rules only) 80.72% 0.35%
SVM 89.78% 5.35%

SKSVM 87.87% 5.03%
KSVM 89.57% 5.70%

NKC/PKC 90.72% 4.46%
BOX 92.55% 4.43%

and labeled points matching. In NKC and PKC, we
provided 100 additional training points that fall in
the knowledge regions, by adding random noise to
the pair of Fig. 7, and its accuracy is strictly related
to the quality of the sampling. This example shows
clearly that the critical choice of sampling a box of
dimension 256, which is bypassed by adopting the
proposed BOX kernel.

4.4 Text categorization

We used a data collection of approximately 20000
newsgroup documents, partitioned (nearly) evenly
across 20 different newsgroups. We selected the “by-
date” collection4 in which posts are sorted with re-
spect to the post date and that comes already divided
in training and test sets (11169 and 7505 documents,
respectively). The data is preprocessed to remove
newsgroup-identifying information, and then repre-
sented by means of the popular bag-of-word ap-
proach. Stop-words were removed and stemming was
performed using the Porter’s algorithm5, leading to a
vocabulary of 44989 words. A linear kernel has been
selected, as frequently suggested for this category of
problems [19].

We selected a small sets of words strongly related
to the main topic of each newsgroup. This basic
type of supervision can be easily provided by simply
looking at the newsgroup name (or at its manifest)
and it requires neither a deep insight on the con-
sidered topics nor reading the posts of the news-
group itself. Some newsgroups shares similar topics
(comp.*, rec.sport.*, talk.politics.*, rec.*, talk.religion.*-
alt.*-soc.*) and some of the listed words are shared
among them. See TABLE 5 for the full lists. Given
listk = {word1, word2, . . . , wordn(k)}, k = 1, . . . , 20,
that is the list of the n(k) words that are related to
the k-th newsgroup, the simplest form of box rule that
one can think is “if a word from the k-th list is found
in the current document, then it belongs to class k”.
More formally, for k = 1, . . . , 20 we have

count(wordi) ≥ 1⇒ k−th newsgroup, (12)
wordi ∈ listk, i = 1, . . . , n(k)

4. http://people.csail.mit.edu/jrennie/20Newsgroups/
5. http://tartarus.org/∼martin/PorterStemmer/

GRAYLEVEL <160 in red region

From Gaussian (plain kernel)



Athens, ECML2011

Linear (plain kernel)

IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE 4

directly carried out without making any assumption
on the sign consistency of f(·).

Theorem 2.5: Let L > 0 be, let g(·, ·) be the Green
function of L. Let V (yκ, ·) be a convex loss function.
Then Rm[·] admits the unique weak minimum that
can be represented by

f� =
�

κ∈IN�t

αjβ(Xκ, x), (9)

where ακ := −V �
f (yκ, mXκ(f�))yκ/λ.

Proof: See Appendix A.

The results given so far concern the representation of
f�. They show that the variational problem formu-
lated by equation (1) in the Sobolev infinite dimen-
sional space F admit a representation in term of the
plain and derived box kernels by means of a finite
number of parameters. For each of the representer
theorems we can re-write equation (1) in terms of the
involved parameters ακ and αk,h. The way this can be
done is shown, as an examples, for the representation
given by Theorem 2.5.

Theorem 2.6: When the hypotheses of Theorem 2.5
hold true then Rm[f�] = Rm(α), where

Rm(α) =
�

i∈IN�t

V (yi,
�

j∈IN�t

αjK(Xj ,Xi)) +

λ
�

i,j∈IN�t

αiαjK(Xi,Xj),

where

K(Xi,Xj) :=
�

X

�

X
g(x, ζ)cXi(ζ)cXj (x)dζdx. (10)

Proof: See Appendix A

This theorem opens the doors to finding the solu-
tion of the infinite-dimensional problem stated by (1)
within the classic framework of finite-dimensional
optimization. The same scheme can be followed for
Theorems 2.2, 2.3, and 2.4. In the last case, we need
to replace K(·, ·) with

Kh(Xi,Xj) =
1

νiνj

�

X

�

X
g(x, ζ)g(ζ, xh)cXi(ζ)cXj (x)dζdx.

(11)
Depending on the choice of the plain kernel the
computation might be more involved.

3 BOX KERNELS

The functions β(·, ·) and γ(·, ·), at the basis of the
representer theorems, can be given an interpreta-
tion in terms functions to express similarities when
the associated K(·, ·) (equation (10)) is considered2.
We start noting that K(Xi, {xj}) = β(Xi, xj) and

2. Of course, a similar function can be associated with function
γ(·, ·).

K({xi} , {xj}) = g(xi, xj). In addition, the following
proposition holds true.

Proposition 3.1: If g(·, ·) is a (plain) kernel then
K(·, ·) is a (box) kernel and Kh(·, ·) is a (box) asym-
metric kernel.

Proof: See the Appendix B.
Because of this result, function K(·, ·) is referred to as a
box kernel. Its definition by equation (10) clearly shows
that box kernels are the outcome of plain kernels and
of any pair of sets Xi,Xj , that may degenerate to
points. The asymmetry of Kh(·, ·) can immediately
be seen when the sets degenerate to points, since
we get Kh(xi, xj) = g(xi, xj) · g(xi, xh). Of course,
it is the relative position of xh (the point which is
associated with respect to xi andxj), which originates
the asymmetry, and this holds in general also for sets.
Notice that box kernels arise as introduced so far
arise from plain kernels, which are associated with a
regularization operator. Interestingly, one can define
box kernels even beginning from kernels that do not
derive from any regularization operator, like linear
and polynomial kernels. This can be seen following
arguments used in the proof of Proposition 3.1. If
g(x, ζ) =< φ(x), φ(ζ) > then we can always con-
struct K(Xi,Xj) =< Φ(Xi),Φ(Xj)) > where Φ(Z) =�
X g(x, ζ)cZ(ζ)dζ, being Z ∈ 2X . Although in a dif-

ferent context in which sets are assumed to be finite,
this link between plain and set (box) kernel has been
pointed out in the literature. In particular, in [14], a
discrete form of K(·, ·) is proposed which is based on
convolutional kernels [15].

However, it is worth mentioning, that while this
construction holds for any kernel, the conclusions on
optimality of Section 2 are restricted to kernels de-
riving from a regularization operator. Box kernels for
some popular plain kernels are given in the following
proposition.

Proposition 3.2: Box kernel of:
� Gaussian kernel: g(x, y) = exp(−�x− y�2 σ−2/2)

β(Xj , x)∝
d�

i=1

�√
2πσ

�

2

�
erfc

xi − bi
j√

2σ
− erfc

xi − ai
j√

2σ

�

K(Xh,Xk)∝
d�

i=1

�
Ψ(bi

h, bi
k)−Ψ(ai

h, bi
k)−Ψ(bi

h, ai
k) + Ψ(ai

h, ai
k)

�

where Ψ(a, b) := a−b√
2σ

erfc( a−b√
2σ

)− 1√
π
e−

(a−b)2

2σ2

� Linear kernel: g(x, y) = x�y,

β(Xj , x) =
1
2
x�(aj + bj) :=

1
2
x�ϑ(1)

β,j

K(Xh,Xκ) =
1
4
(ah + bh) · (aκ + bκ) =

1
4
ϑ(1)
K;h,κ

� Polynomial kernel of degree 2, g(x, y) = (x�y + 1)2.
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Fig. 8. Incremental number of labeled training ex-
amples. Each figure shows the accuracy of a linear
classifier with a box kernel (BOX1 and BOX2) and
without it (SVM) on the test split of the 20 newsgroups
data. The result from 20 to 1000 training documents
is shown. (in log scale). BOX1 refers to the rules of
Eq. 13, whereas BOX2 refers to the ones of Eq. 13.
(a) using tf only; (b) using tf − idf .

the more general variational formulation, is likely to

be the most distinguishing feature of the proposed

approach. Interestingly, the algorithmic issues that

hold for kernel machines still apply, which makes

it easy the actual experimentation of the approach.

The given set of experiments show that the proposed

solution is equivalent to or compares favorably with

the state-of-the art in this field, overcoming several

issues of the related algorithms. Finally, it is worth

mentioning that the proposed approach of carving

new kernels from the specific problem might open the

doors to other solutions for different forms of prior

knowledge.

APPENDIX
A - Theorem proofs

The following result is useful for the representing

theorems.

Lemma A.1: If L > 0then KerL = {0}
Proof: If, by contradiction, KerL �= {0}, then we

could always find f �= 0 : Lf = 0, which yields

< f,Lf >= 0, that is inconsistent with L > 0.

Theorem 2.1

Proof: Any weak extreme f�
of R[·] satisfies the

Euler-Lagrange equation

Lf(x) = − 1
λ

�

κ∈IN�t

V �
f (yκ, f(x)) · p(x) · cXκ(x).

This comes straightforwardly from Euler-Lagrange

equations of variational calculus ([20], pag. 16)
8
. Now

from Lemma A.1 the hypothesis L > 0 leads us

to conclude that KerL = {0}. Moreover, we can

easily check that < f, Lf > is convex, and that the

additional hypothesis L > 0 implies strict convexity.

When pairing it with the hypothesis that V (yκ, ·) is

convex we conclude that R[·] is strictly convex and,

therefore, f�
is the unique minimum. Finally, since

KerL = {0}, we can invert L, from which the thesis

follows.

Theorem 2.2

Proof: For any ζκ ∈ X, κ ∈ IN �t we have

min
ζκ∈X

[V �
f (yκ, f�(·)) p(·)] ≤ V �

f (yκ, f�(ζκ)) p(ζκ)

≤ max
ζκ∈X

[V �
f (yκ, f�(·)) p(·)].

From the continuity of p(·) we know that

V �
f (yκ, f�(·)) p(·) is continuous and, therefore,

there exist ζκ ∈ X, κ ∈ IN �t such that

β(Xκ, x) · V �
f

�
yκ, f�(ζκ)

�
p(ζκ)

=
�

X
g(x, ζ)V �

f (yκ, f�(ζ)) · p(ζ) · cXκ(ζ)dζ.

From Theorem 2.1 we have

− 1
λ

�

κ∈N�t

V �
f

�
yκ, f�(ζκ)

�
p(ζκ) · β(Xκ, x) = f�(x),

and, finally, we end up in equation (3), when choosing

ακ according to (2).

Theorem 2.3

Proof: V (yκ, f(x)) = max {0, 1− yκf(x)} does not

meet the underlining hypothesis of Theorem 2.1,

which requires V ∈ C1({−1, 1} × IR, IR+). However,

we can construct a sequence of loss functions meeting

this continuity property that converge to max(0, 1 −
yκf(x)). Let us consider the mollifier

µ�(z) :=
�

Z� · exp
�
1− �2/(�2 − z2

�
if |z| < �

0 if |z| ≥ �,

and the corresponding sequence arising when setting

� := 1/h, h ∈ IN . Now, let us introduce the sequence

8. Notice that we only need to ask V ∈ C1({−1, 1} × IR, IR+)
and that the more strict requirement on the continuity of the second

partial derivatives of the Lagrangian is met by < f, Lf >.
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TABLE 5
The lists of words that were considered as related to the 20 categories of the 20 newsgroups data.

Newsgroup Words
comp.graphics graphic, pixel, jpeg, bitmap, resize

comp.os.ms-windows.misc mswindows, microsoft, autoexec, explorer, notepad
comp.sys.ibm.pc.hardware pentium, pc

comp.sys.mac.hardware mac, apple, finder, powerpc, macintosh
comp.windows.x kde, linux, xfree, xwindow

comp.* ram, harddisk, keyboard, hardware, bios, monitor,
resolution, cdrom

rec.autos car, window
rec.motorcycles motorcycle, handlebar

rec.* wheel, speed, fuel, seat, drive, suspension, mile
rec.sport.baseball baseball, bat, inning, pitcher, catcher
rec.sport.hockey hockey, puck, stick, skate, ice

rec.sport.* player, score, result, winner, sport
sci.crypt aes, crypt, cryptography, rsa, cipher

sci.electronics electronic, circuit, led, measurement
sci.med health, heal, medic, bacteria, virus, cancer, flu, disease
sci.space space, star, planet, nasa, apollo

misc.forsale sale, sell, auction, dollar, shipment, delivery, buy,
money, free, vendor

talk.politics.misc democrat, republican
talk.politics.guns gun, firearm, weapon

talk.politics.mideast mideast, israel, palestine
talk.politics.* politic, candidate, president, washington, pentagon,

economy, polling, enemy
talk.religion.misc baptist, hindu, islam, muslim, mosque

alt.atheism atheism, godless, atheist
soc.religion.christian christian, church, bible, chapel, devil

talk.religion.*-alt.*-soc.* god, pray, spirit

where count(wordi) is the number of occurrences of
wordi in the current document. Notice that these
rules are intended to be very generic and, given a
document, multiple decisions could be formulated by
simply applying them (i.e. they could corresponds
to overlapping space regions). Moreover, they do not
necessarily fit for all the documents of the collection.
However, when they are plugged in a kernel machine
by means of the box kernel, their role is to introduce a
bias in the decision of the classifier. Such decision will
be refined by learning from the labeled documents.
In other words, the box kernel allows us to include in
the trained classifier a generic prior knowledge on this
task together with the specific knowledge that comes
from the labeled examples.

On the opposite, the most constraining form of box
rules that we can formulate is such that “if all the
words form the k-th list are found on the current
document and none of the words belonging to the
remaining lists are present, then it belongs to class
k”. For k = 1, . . . , 20 we have




n(k)�

i=1

(count(wordi) ≥ 1)

n(z)�

j=1

(count(wordj) = 0)



⇒ k−th newsgroup (13)

wordi ∈ listk, wordj ∈ listz, z �= k.

These rules are significantly more specific than the
previous ones, and they corresponds to smaller box

regions6. If they are directly applied to the document
corpus, just a tiny subset of documents are expected
to fulfill them. Differently, if they are modeled with a
box kernel, they still allow the classifier to generalize
its decision. We restrict our attention to the cases of
Eq. 13 and Eq. 13, but we notice that a large number
of possible combinations of words or rules can be
thought in between them.

In order to evaluate the impact of the data repre-
sentation on the box rules, we considered both the
term-frequency (tf ) as well as the term-frequency-
inverse-document-frequency (tf-idf ), that are the most
popular form of representation of the bag-of-words
scheme in information retrieval. In the former, a spe-
cific term wordi in a document docj is represented by
its frequency tf(wordi, docj). In the latter, the inverse
document frequency idf(wordi) is also considered to
give more emphasis to the words that are rare in the
corpus D, leading to

idf(wordi) = log
|D|

|{r : wordi ∈ docr}|
tf−idf(wordi, docj) = tf(wordi, docj)× idf(wordi).

(14)

In this case, the right hand side of the inequality of

6. The words that are shared among different newsgroups were
discarded in this case.

http://people.csail.mit.edu/jrennie/20Newsgroups/

remarkable improvement with a few examples

http://people.csail.mit.edu/jrennie/20Newsgroups/
http://people.csail.mit.edu/jrennie/20Newsgroups/
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Asset allocation

propositional logic descriptions, which incorporates the traditional learning from supervised examples. In
Section 9 and 10 we show theoretical results for the case of linear bilateral and non-negativity constraints,
respectively, while Section 11 discusses the case of functions in convex polytopes. In Section 13 we
show how the infinite-dimensional problems formulated in the variational framework collapse to finite
dimensions and give some fundamental algorithmic issues to attack the problem. Experimental results
are reported in Section 16, and, finally, in Section 17 some conclusions are drawn. Two appendixes are
also included concerning the basic results on constrained variational calculus and on pseudo-differential
operators that are used in the paper.

15 Learning in the primal form

16 Experimental results

In order to assess the theoretical results given in Section 9, we consider a vector f(x) of p = 3 functions,
f(x) = [f1(x), f2(x), f3(x)]�, that are known to fulfill the relationship expressed by the following system
Af(x) = b of q = 2 linear bilateral constraints,

�
f1(x) + f2(x) = 2
f1(x)− 3f2(x) + 5f3(x) = 7

A =

�
1 1 0
1 −3 5

�
b =

�
2
7

�
(66)

where p > q. We artificially generated three monodimensional clusters of 50 labeled points each, ran-
domly sampling three Gaussian distributions with different means and variances, as depicted in Figure 11.
Data from the same cluster share the same label. Labels are given by a supervisor and they are supposed
to be perfectly coherent with the bilateral constraints. In detail, if we consider the three clusters ordered
from left to right, then the label vector yk ∈ IR3 associated to f(xk) (i.e. the three element of yk are
the targets of f1(xk), f2(xk), and f3(xk), respectively) is yk = [2, 0, 1]� when xk belongs to cluster 1, it
is yk = [3.25,−1.25, 0]� if x is a point of cluster 2, and yk = [0.75, 1.25, 2]� when xk is from the last
cluster. We selected as Green function a Gaussian kernel g(a, b) = exp −�a−b�2

2σ2 of width σ = 1, and we
set λ = 10−2. The functions that are learned with an without enforcing the convex constraints are reported
in the first three graphs of Figure 11. In the fourth graph we show the L1 norm of the vector of residuals of
the linear system of Eq. 66, i.e. �b − Af (x)�1. When relying on labeled data only, the functions learn to
model the relationships given by the constraints only on the regions of the space where labeled points are
distributed. Nevertheless, the label fitting may not be perfect due to the smoothness requirement. When
constraints are introduced, we can appreciate that the residual is zero on the entire input space. This means
that the proposed solution not only allows the functions to model the prior knowledge introduced by the
constraints in regions where labeled data is missing, but it also leads to a perfect fulfillment of the convex
constraints on labeled points.

In Figure 12 we report the results of the application of our procedure when the supervision is noisy. The
given labels are shifted by introducing Gaussian noise with zero mean and a standard deviation equal to 0.1.

53

portfolio-like constraints

pattern from the market

Perfect representation of the solution of the Euler-Lagrange equations!
soft-constraints on points, hard-linear constraints

Hard constraints!
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8 Learning with convex constraints

5 Experimental Results

In order to assess the given theoretical results, we start considering the case of
linear bilateral constraints. Let f(x) = [f1(x), f2(x), f3(x)]� be and consider the
bilateral constraints based on matrices

A =
�

1 1 0
1 −3 5

�
b =

�
2
7

�
. (14)

We artificially generated three mono-dimensional clusters of 50 labeled points
each, randomly sampling three Gaussian distributions with different means and
variances. Data from the same cluster share the same label. Labels are given by
a supervisor and they are supposed to be perfectly coherent with the bilateral
constraints (see Fig. 1 (top row)4). We selected a Gaussian kernel of width σ = 1,
and we set λ = 10−2. The functions that are learned with an without enforcing
the convex constraints are reported in the first three graphs of Fig. 1 (top row).
In the fourth graph we show the L1 norm of the vector of residuals of the linear
system defined in Eq. 14, i.e. �b−Af(x)�1. When relying on labeled data only,
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Fig. 1. The regression functions f1(x), f2(x), f3(x) on an artificial dataset of 150 la-
beled samples (drawn from 3 Gaussian distributions) with and without enforcing the
constraints of Eq. 14 (only one third of the samples are plotted per distribution, for
better readability). The top row refers to a scenario where labels are coherent with the
given constraints, while in the bottom row labels are noisy. The L1 norm of the vector
of residuals of the linear system of Eq. 14 is also reported (last graph of each row).

4 If we consider the means of the clusters ordered from smaller to larger values, then the
label associated to f(x) is (2, 0, 1) when x belongs to cluster 1, it is (3.25,−1.25, 0)
if x is a point of cluster 2, and (0.75, 1.25, 2) when x is from the last cluster.

Look at the residual ...
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Perceptual and logic constraints ...

?

Back to kernels (soft-constraints)
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The effect of forcing logic constraints
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Figure 1: Benchmark 1: classification accuracy for different labeled and unla-
beled datasets when using or not using the constraints in training.

5.2 Benchmark 2: 7 classes, 4 clauses

This experiment aims at measuring the effectiveness of the two-stage learning
process to optimized the cost function. In particular, it consists of a multi-
class classification task with 7 different classes (A,B, C, D, E, F,G), which are
known (a-priori) to be according to a hierarchy defined by the following clauses:
a ∧ b ⇒ c, d ∧ e ⇒ f , c ∧ f ⇒ g and a ∨ b ∨ c ∨ d ∨ e ∨ f ∨ g. The patterns for
each class lay in the following rectangles:

A {(x, y) : 0 ≤ x ≤ 2, 0 ≤ y ≤ 2}
B {(x, y) : 1 ≤ x ≤ 3, 0 ≤ y ≤ 2}
C {(x, y) : 1 ≤ x ≤ 2, 0 ≤ y ≤ 2}
D {(x, y) : 0 ≤ x ≤ 2, 0 ≤ y ≤ 1}
E {(x, y) : 1 ≤ x ≤ 3, 0 ≤ y ≤ 1}
F {(x, y) : 1 ≤ x ≤ 2, 0 ≤ y ≤ 1}
G {(x, y) : 1 ≤ x ≤ 2, 0 ≤ y ≤ 1}

During different runs of the experiment, the training set size has been increased
from 14 to 203 examples. Similarly, the unsupervised data has varied 0 and
140 patterns. In order to factor out the sampling noise, the accuracy numbers
have been averaged over 20 different samples of the supervised, unsupervised
and test patterns.

In a first set of experiments, the kernel machine weights are optimized using
the full cost function (including the constraint portion: λv > 0), since the first
iteration of the learning process. In a second set of experiments, the constraints
are instead introduced at a later stage as described in section 4. Figure 4
compares the classification accuracy obtained in the two sets of experiments.
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Two-stages ...
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Figure 4: Benchmark 2: the effect of the two-stage training process.

are: ¬a ∨ ¬g and ¬b ∨ ¬g. Another set of 17 clauses models the complete in-
clusion of the area covered by one class within the areas covered by the union
of a set of other classes, e.g.: g ⇒ c ∨ d (the union of C and D contains G),
g ⇒ c ∨ e, a⇒ f ∨ h ∨ l and b ⇒ f ∨ h ∨ l. Finally, the close-world assumption
clause was added to state that each pattern must belong to at least one class:
a ∨ b ∨ c ∨ d ∨ e ∨ f ∨ g ∨ h ∨ i ∨ l ∨m. The overall set of logic rules is therefore
composed by 45 elements.

In our experimental setting, the patterns for each class are assumed to be
uniformly distributed on a rectangle, as shown in table 2.

Figure 6 reports the obtained results, averaged over 10 different runs. The
introduction of the constraints is beneficial with an improvement in the classi-
fication accuracy between 2% and 5%. This experiment also shows how impor-
tant is the unsupervised data in the learning process: using more unsupervised
patterns during training significantly increases the classification accuracy.

5.5 Benchmark 5: 3 classes, 2 clauses

This experiment aims at analyzing the effects on the classification accuracy due
to the use of the logic constraints, when varying the dimension of the feature
space. In particular, it consists of a multi-class classification task with 3 different
classes (A,B, C), which are known (a-priori) to be arranged according to a
hierarchy defined by the clauses a ∧ b ⇒ c and a ∨ b ∨ c. The patterns for each
class lay in a hyper-rectangle in IRn, where the dimensionality n was varied
in {3, 7, 10}. Given an uniform sampling over the hyper-rectangles, a higher
dimensional input space corresponds to sparser training data for a fixed number
of labeled patterns. This is an effect of the well known curse-of-dimensionality,
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- don’t use all the info at once! 
  “easy-first” policy to select constraints?

- What if constraints are not available?

Developmental Agents

reformulation based on information-theoretic 
principles for feature generation, constraint selection 
and generation

Do you want know more?

visit https://sites.google.com/site/
semanticbasedregularization/

A s/w simulator will be released soon for public 
use. Drop me an e-mail (marco@dii.unisi.it) if 
you want to try it!

https://sites.google.com/site/semanticbasedregularization/
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