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Motivation Maximum Mean Discrepancy

Maximum Mean Discrepancy

P,Q ∈M1
+(Rd ), probability measures on Rd .

F ⊂ RRd
, measurable.

fQ :=
∫

Rd f (x)dQ(x).

Definition (Maximum Mean Discrepancy [Gretton et al., 2008])

MMDF (Q,P) := sup
f∈F
|fQ − fP |. (1)

Examples

F := Cb(Rd )

F := {f : ||f ||∞ ≤ 1}
F := {1(−∞,t](·) : t ∈ Rd},
F := {ei〈ω,·〉 : ω ∈ Rd} ,
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Motivation Maximum Mean Discrepancy

Unit-ball in RHKS

k : Rd × Rd → R+, sym. p.d., supx ,x ′ k(x , x ′) = Ck <∞.

H s.t. 〈k(x , ·), k(x ′, ·)〉H = k(x , x ′), || · ||H =
√
〈·, ·〉H.

kQ(·) :=
∫

k(x , ·)dQ(x),∈ H.
kQ,P :=

∫ ∫
k(x ′, x)dQ(x)dP(x ′),∈ R.

Proposition ([Song et al., 2008])

For any P,Q ∈M1
+(Rd ), F = {f : ||f ||H ≤ 1},

MMDF (Q,P) = ||kQ − kP ||H.

Corollary

MMD2
F (Q,P) = kQ,Q − 2kQ,P + kP,P . (2)
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Motivation Reproducing Kernel Moment Matching

Reproducing KMM Mixture Model

S := (x1, . . . , xn) ∼ Dn, Dn := 1
n
∑n

i=1 δxi .
Θmult := {θ ∈ Rl : θ>1 = 1, θ � 0}.
Mixture Qθ =

∑l
i=1 θiQi , θ ∈ Θmult , Qi(Rd ) = 1.

R(i , j) := kQi ,Qj , L(i) := kQi ,Dn .

Corollary (KMM [Song et al., 2008])

Minimisation of ||kQθ − kDn ||2H with reg. λ||θ||2, becomes QP

θmin := arg min
θ∈Θmult

1
2
θ>(R + λI)θ − Lθ (3)

Question
What PAC-Bayesian statistical guarantees do we have for θmin?
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First Order PAC-Bayes Bound PAC-Bayes Bound for 2nd Order U-Statistics

U-Statistic PAC-Bayes Bound

S = (x1, . . . , xn) ∼ Dn.
({h}) measurable, h : Rd × Rd → R, a ≤ h(x , x ′) ≤ b.
ŪS(h) := 1

n(n−1)

∑n
i 6=j

h(xi ,xj )−a
b−a with mean Ū(h).

kl(q||p) := q ln q
p + (1− q) ln(1− q)1−q

1−p .
ΦC(q,p) := ln 1

1−[1−e−C ]p − C · q, C ∈ R.

Corollary

For any π ∈M1
+({h}), with probability ≥ 1− δ over the draw of S, for

any ρ ∈M1
+({h})

kl
(
Eh∼ρŪS(h))

∣∣∣∣∣∣Eh∼ρŪ(h)
)
≤ 1
bn/2c

[
KL(ρ||π) + ln

ξ(bn/2c)
δ

]
, (4)

ΦC

(
Eh∼ρŪS(h)),Eh∼ρŪ(h)

)
≤ 1
bn/2c

[
KL(ρ||π) + ln

1
δ

]
. (5)
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Eh∼ρŪS(h))

∣∣∣∣∣∣Eh∼ρŪ(h)
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First Order PAC-Bayes Bound PAC-Bayes Bound for 2nd Order U-Statistics

Proof: iid blocks

h̄(·) = h(·)−a
b−a .

Permutations σ on {1, . . . ,n}.
B̄S,σ(h) := 1

bn/2c
∑

i=1 h̄(Xσ(i),Xσ(bn/2c+i)).
D : [0,1]× [0,1]→ R convex on [0,1]2.

Theorem

For any π ∈M1
+({h}), with probability ≥ 1− δ over the draw of S, for

any ρ ∈M1
+({h})

D
(
Eh∼ρŪS(h)),Eh∼ρŪ(h)

)
≤ 1
bn/2c

[
KL(ρ||π) + ln

LD
δ

]
, (6)

where LD = Eh∼PESebn/2c
[
D
(

Eh∼ρŪS(h)),Eh∼ρŪ(h)
)]

, and (by Jensen’s)

LD ≤
1

m!

∑
σ

Eh∼PESebn/2c
[
D
(

B̄S,σ(h),ESB̄S,σ(h)
)]
. (7)
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First Order PAC-Bayes Bound PAC-Bayes Bound for 2nd Order U-Statistics

Proof: Bounded to Bernoulli

[Maurer, 2004].

X = (X1, . . . ,Xn) iid, Xi ∈ [0,1]; X ′ = (X ′1, . . . ,X
′
n) iid, X ′i ∈ {0,1},

EX ′ = EX . Then φ : [0,1]n → R convex, then

Eφ(X ) ≤ Eφ(X ′). (8)

Proposition

For LD ≤ 1
m!

∑
σ Eh∼PESebn/2c

[
D
(

B̄S,σ(h),ESB̄S,σ(h)
)]

, S = (x1, . . . , xn),

Lkl ≤ ξ(bn/2c) (9)
LΦC ≤ 1, ∀C ∈ R+ (10)

where ξ(m) = O(
√

m).
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First Order PAC-Bayes Bound Do we have a U-statistic?

Is ||kQθ̂
− kDn||2H a U-statistic?

Answer
No. But almost...

V (θ) := 1
n
∑n

k=1 ||kQθ − k(xk , ·)||2H (bias term).

kl1/2(q||p) := kl
(1

2q + 1
2 ||

1
2p + 1

2

)
.

NB: Qθ =
∑l

i=1 θiQi .

Theorem
For any RKHS H with kernel k, F = {f : ||f ||H ≤ 1}, any
π ∈M1

+(Θmult ), with probability ≥ 1− δ over the draw of S, for any
ρ̂ ∈M1

+(Θmult ) with mean θ̂ ∈ Θmult :

kl1/2

(
n||kQ

θ̂
− kDn ||2H − V (θ̂)

2Ck (n − 1)

∣∣∣∣∣
∣∣∣∣∣ ||kQ

θ̂
− kD||2H

2Ck

)
≤

2KL(ρ̂||π) + ln ξ(bn/2c)
δ

bn/2c
.
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First Order PAC-Bayes Bound Do we have a U-statistic?

Is ||kQθ̂
− kDn||2H a U-statistic?

Proof.
h(θ,θ′)(x , x ′) := 〈kQθ − k(x , ·), kQθ′ − k(x ′, ·)〉H ≤ 2Ck .

For any ρ2, π2 ∈M1
+(Θ2

mult ), with probability ≥ 1− δ

kl
(
E(θ,θ′)∼ρ2ŪS

(
h(θ,θ′)

)∣∣∣∣∣∣E(θ,θ′)∼ρ2ESŪS
(
h(θ,θ′)

))
≤ 2KL(ρ||π)

bn/2c
+ c (11)

where c =
ln ξ(bn/2c)

δ
bn/2c and KL(ρ2||π2) = 2KL(ρ||π). Then

E(θ,θ′)∼ρ2

n(n − 1)

n∑
i 6=j

〈kQθ − k(xi , ·), kQθ′ − k(xj , ·)〉H =
n||kQ

θ̂
− kDn ||2H − V (θ̂)

(n − 1)

E(θ,θ′)∼ρ2

n(n − 1)

n∑
i 6=j

ES〈kQθ − k(xi , ·), kQθ′ − k(xj , ·)〉H = ||kQ
θ̂
− kD||2H.
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Close Choosing KL

Choosing KL(ρ̂||π) for ρ̂, π ∈M1
+(Θmult)

Question
What are suitable choices for ρ and π such that KL(ρ̂||π) is
manageable?

kl1/2

(
n||kQ

θ̂
− kDn ||2H − V (θ̂)

2Ck (n − 1)

∣∣∣∣∣
∣∣∣∣∣ ||kQ

θ̂
− kD||2H

2Ck

)
≤

2KL(ρ̂||π) + ln ξ(bn/2c)
δ

bn/2c
.

Example (Dirichlet)

ρ̂, π ∈ Dir(Θmult ) with respective means θ̂ and uninformative 1/l . Then

KLDir (ρ̂||π) =
l∑

i=1

log
Γ(θ̂i)

Γ(1/l)
+

l∑
i=1

[θ̂i − 1/l][Ψ(θ̂i)−Ψ(1/l)], (12)

where Γ and Ψ are the Gamma and Digamma functions.
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KLDir (ρ̂||π) =
l∑

i=1

log
Γ(θ̂i)

Γ(1/l)
+

l∑
i=1

[θ̂i − 1/l][Ψ(θ̂i)−Ψ(1/l)], (12)

where Γ and Ψ are the Gamma and Digamma functions.
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Close Choosing KL

Log-Normal Projection

τ : Θmult → Rl , θ 7→ (ln( θ1
g(θ) ), . . . , ln( θl

g(θ) ))>, g(θ) = (θ1 · · · θl)
1/l .

Definition (Log-Normal Density)

Any ρ ∈ LN(Θmult ) with mean µ ∈ Θmult and variance 1/λ,

dρ(θ)

dθ
= |∇θτ |

(2π
λ

)−(l−1)/2
exp

(
− λ

2
||τ(θ)− τ(µ)||2

)
. (13)

Example (Log-Normal KL)

ρ̂, π ∈ LN(Θmult ) with respective means θ̂ and 1/l , and variance 1/λ,

KLLN(ρ̂||π) =
λ

2
||τ(θ̂)||2. (14)
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Close Conclusion

Conclusion

Summary:
Derived a simple PAC-Bayes upper bound on the Maximum Mean
Discrepancy between the input distribution and a mixture-based
approximation.
Given a class of prior and posterior with simple KL divergences.

Future work:
Find projections τ : Θmult → Rl and distributions ρ̂ and π that
provide efficient KL(ρ̂||π) for optimisation.

Examine bounding ln ES exp
(
λ
[
||kQ

θ̂
− kD||2H − ||kQ

θ̂
− kDn ||2H

])
.
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