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@ Introduction
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1/

Regression
yi = J (z:) + €
Predictor +—— Response Model
R R Multiple Regression, GLM
R4 R4 Multivariate Regression
L2 R Generalized Functional Linear Model
R? L2 Functional Response Model
L2 L2 Functional Regression Model
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Multiple response data

[ Multiple response data ]

Statistics Machine
learning
Multiple out- Learning vector-
put regression valued function
Cc&W Multi-task
procedure learning
[Breiman and Friedman(1997)] [Micchelli and Pontil(2005)]
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Ek
Functional Data Analysis (FDA) - FAQ -

@ What is functional data analysis ? goals ?
The study of curves, shapes or other high-dimensional objects.
[Ramsay and Silverman(2002), Ramsay and Silverman(2005)]
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Ek
Functional Data Analysis (FDA) - FAQ -

@ What is functional data ?
Represent a number of discrete observations about an individual in the
form of a function or curve.
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Ek
Functional Data Analysis (FDA) - FAQ -

@ Where to find such data ?
Meteorology / Finance / Biology / Chemometrics / Speech analyis /
Brain imaging
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Functional Data Analysis (FDA)

@ How to treat these data ?
3 schools: English - French - Stochastic
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Ek
Functional Data Analysis (FDA) - FAQ -

@ Multivariate data or Functional data ?
No answer 777 1l
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Summary of Motivations

@ Nonlinear functional methods
@ High dimensional data

Correlation between data

@ Time information - sequential tools -
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Functional RKHS

© Functional RKHS
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Functional RKHS IRV

Functional kernel

(xi(s),yi(t))iy € Go x Gy where G, : Q, — Rand G, : Q, — R

Definition
An L(G,)-valued kernel Kx(w,z) on G, is a function
K]:(., ) : gx X gx — ,C(gy),'

e Ky is Hermitian if Kr(w,z) = Kr(z,w)*,

e it is nonnegative on G, if for any {(w;,u;)i=1,..r} € Gz X Gy

> (K (wi, wy)ui, ug)g, >0

Y]
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Functional RKHS (1/4)

Definition
A Hilbert space F of functions from G, to G, is called a reproducing
kernel Hilbert space if there is a nonnegative L£(G,)-valued kernel

Kr(w,z) on G, such that:

@ the function z — Kr(w, z)g belongs to F for every choice of
we G, and g € G,

o forevery f € F,(f, Kr(w,.)9)F = (f(w), 9)g,

(reproducing property)
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Functional RKHS Y9

Functional RKHS (2/4)

Theorem

If a Hilbert space F of functions on G, admits a reproducing kernel, then

the reproducing kernel K r(w, z) is uniquely determined by the Hilbert
space F.

Proof:
(K'(w', )h, K(w,.)g) 7 = (K'(w',w)h, g)g (1)
<K,<w/?')h’7K(w7') )F = (K(w, )g,K'( W) F
= (K(w,w')g, h)g
= (9, K(w,w')"h)g
= (g, K(w',w)h)g (2)
(1) and (2) = Kr(w,z) = K (w, 2) O
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Functional RKHS ¥

Functional RKHS (3/4)

Theorem

A L(G,)-valued kernel Kr(w, z) on G is the reproducing kernel of some
Hilbert space F, if and only if it is positive definite.

Proof: Function-valued RKHS =- positive operator-valued kernel

n

2

i,j=1

—~

Kz (wi,wj), uj)g,

(KF(wi, . )ug, K]-'(w]v )uj>]-'

Gt
=

F(wi, g, ;1 Kr(wi, Jui)r

f(wz,)qu%_— Z 0 O

.

Il
irgsL
=
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Functional RKHS (4/4)

Proof: Function-valued RKHS <« positive operator-valued kernel

o Fo, Vf € Fo, f() = i Kr(wi, Jo

o (/(),9()) 5 = ?1 (K (wi, 7). B5)g,

e (Fo,{.,.)7) is a pre-Hilbert space

@ F the completion of Fy space via Cauchy sequences
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Functional RKHS A

Functional kernel construction

o L£(G)-valued kernel
Kr: GxG — L(G)

@ Operator
Th: ¢ — ¢
r — T;L : Tg?(t):h(t)x(t)
@ characterestic function
K]:: ng — g

z,y = h(z,y) = exp(c.(z —y)?)

May 13, 2010
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Regression function estimation

© Regression function estimation
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Regression function estimation 1/4

Representer theorem (1/2)

Theorem

The solution of the minimization problem

mlnz lyi — f (s ||gy + )‘HfH]-'

is achieved by a function of the form
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Representer theorem (2/2)

Proof:
D7) = tim PEETVZRD gy iy
i G(f) = If%
2 2
T@O Hf"—ThH:"_”fH]::2<f7h> — G/(f):2f

i Hi(f) = llyi — f(»%‘)“é

o = S @) = Th@)IE = g — S (@il

T—0 T

= =2(yi = f(@), Mxi))g = —2(Kx (i, )(yi = f(2:)), )7
= —2<K_7:(.’)3i,.)04i,h>]: — Hv,(f) = 2K}-(:vi,.)ai

(i), (i), and J(f*) = 0 — () = %ZKJT(% S
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Regression function estimation 3/4

Regression function estimation (1/2)
min 2 lyi = f(@)lIg, + Allf1I%

using the representer theorem

n n n
< min 21 lyi — Zl Kr(xi,x) 553, + Al Zl Kr(,x)8il%
ANES J= J=

using the reproducing property

n n n
< min Zl lyi — Zl Kr(wix)B5llg, + XN AKF(xi,25) 61 B))g,
T 1= J= %,
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Regression function estimation (2/2)

min 3 [lyi - ) Kr(xi,z;)0i(, + XN XAKF (2, x5)6i, Bj)g,
J= 2,]

i 1=1

Multiplication operator
= min ) llyi — ) ciiBillg, + A X(ciiBis Bj)g
i = j= 2,7

Discrete points

Bi i=11=1

2
= mny. 3 (Wg)_ _zlcixtéjmj(t;)) F A S e (th) B3 1)
J= %

Matrix formulation
= mﬁl:n trace((Y — CB)(Y — CB)T) + X trace(CBAT)

Matrix derivative
— (CH+MN)B=Y
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@ Experiments

[ BT ST AT [e M =10 T BT T W DT M B H oY XM R N onlinear functional regression: a functional May 13, 2010 20 / 24



1/2

Meteorological data

Temperature Precipitation

12

10 / (SN

Deg C
mm

0 50 100 150 200 250 300 350
Day

(€Y (b)
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Prediction results

Montreal

Log Precipitation

Day

Pr. Rupert

—+— RS estimate|
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Conclusion

© Conclusion
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Conclusion

Nonlinear functional regression

@ RKHS - operator sapces

Multiple functional regression

Operator-valued kernels

Regularization path algorithm
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Conclusion
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