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We construct a convex regularizer for 
structure learning of Gauss-Markov random 
fields that encourages scale-free structures
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Formulate a submodular 
function on the edge set 
of the network
Relax to a convex non-
differentiable regularizer
Optimize regularized 
objective using proximal 
methods (ADMM)
Proximal operator has 
interesting structure, we 
give an efficient 
optimization method for 
computing it.
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The concavity restriction we impose on h is the key ingredient that allows us to use submodularity
to enforce a prior for scale-free networks; any prior favouring long tailed degree distributions must
place a lower weight on new edges joining highly connected nodes than on those joining other nodes.
As far as we are aware, this is a novel way of mathematically modelling the ‘preferential attachment’
rule [4] that gives rise to scale-free networks: through non-decreasing submodular functions on the
degree distribution.

Let X denote a symmetric matrix of edge weights. A natural convex relaxation of F would be
the convex envelope of F (Supp(X)) under some restricted domain. For tractable h, we have by
construction that F satisfies the conditions of Proposition 1 in [2], so that the convex envelope
of F (Supp(X)) on the L1 ball is precisely the Lovász extension evaluated on |X|. The Lovász
extension for our function is easy to determine as it is a sum of “functions of cardinality” which are
considered in [2]. Below is the result from [2] adapted to our problem.
Proposition 2. Let X

i,(j) be the weight of the jth edge connected to i, under a decreasing ordering
by absolute value (i.e |X

i,(0)| � |X
i,(1)| � ... � |X

i,(n�1)|). The notation (i) maps from sorted
order to the natural ordering, with the diagonal not included. Then the convex envelope of F for
tractable h over the L1 norm unit ball is:

⌦(X) =

nX

i=0

n�1X

k=0

(h(k + 1)� h(k)) |X
i,(k)|.

This function is piece-wise linear and convex.

The form of ⌦ is quite intuitive. It behaves like a L1 norm with an additional weight on each edge
that depends on how the edge ranks with respect to the other edges of its neighbouring nodes.

3 Optimization

We are interested in using ⌦ as a prior, for optimizations of the form
minimize

X

f(X) = g(X) + ↵⌦(X),

for convex functions g and prior strength parameters ↵ 2 R+, over symmetric X . We will focus
on the simplest structure learning problem that occurs in graphical model training, that of Gaussian
models. In which case we have

g(X) = hX,Ci � log detX,

where C is the observed covariance matrix of our data. The support of X will then be the set
of edges in the undirected graphical model together with the node precisions. This function is a
rescaling of the maximum likelihood objective. In order for the resulting X to define a normalizable
distribution, X must be restricted to the cone of positive definite matrices. This is not a problem
in practice as g(X) is infinite on the boundary of the PSD cone, and hence the constraint can be
handled by restricting optimization steps to the interior of the cone. In fact X can be shown to be
in a strictly smaller cone, X⇤ ⌫ aI , for a derivable from C [15]. This restricted domain is useful
as g(X) has Lipschitz continuous gradients over X ⌫ aI but not over all positive definite matrices
[18].

There are a number of possible algorithms that can be applied for optimizing a convex non-
differentiable objective such as f . Bach [2] suggests two approaches to optimizing functions in-
volving submodular relaxation priors; a subgradient approach and a proximal approach.

Subgradient methods are the simplest class of methods for optimizing non-smooth convex functions.
They provide a good baseline for comparison with other methods. For our objective, a subgradient
is simple to evaluate at any point, due to the piecewise continuous nature of ⌦(X). Unfortunately
(primal) subgradient methods for our problem will not return sparse solutions except in the limit of
convergence. They will instead give intermediate values that oscillate around their limiting values.

An alternative is the use of proximal methods [2]. Proximal methods exhibit superior convergence
in comparison to subgradient methods, and produce sparse solutions. Proximal methods rely on
solving a simpler optimization problem, known as the proximal operator at each iteration:

argmin

X


↵⌦(X) +

1

2

kX � Zk22
�
,
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h degree weight function

X Symmetric edge weight matrix
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by absolute value
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Our regularizer

L1 regularizerGene network 
reconstructions
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