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Introduction

Projection learning (PL) is a promising way of 

regression. 

Another way of regression/classification is support 

vector machines (SVM). 

The goal is to learn a regression function f such as

y=f(x), x Rp, y {+1,-1}

from n data (xi,yi)
n
i=1. 



Comparison between

PL and SVM
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PL and SVM find the function f in the same sub-

space of RKHS, but their criteria are different.
Roughly speaking,
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Difficulty in comparison

To solve this problem and even speed up 

the computation, we will propose a 

localized PL (LPL) and compare PL and 

SVM.

PL and SVM have not been compared yet, 

mainly because PL needs much computation 

to compute the inverse of a huge matrix of 

size n × n. 



Objective

To compare the performance of PL with 

SVM using a localized PL and make 

clear the difference between them in 

some viewpoints. 



Reproducing Kernel

Hilbert Spaces (RKHS)

 For every x    D, K(x,x) is a function of x and 
indexed by x belonging to H.

 For every x    D and every f H,
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If a Hilbert space H has a reproducing kernel K,

it is called Reproducing Kernel Hilbert Spaces HK.

The  following reproducing properties hold:

~



SVM [Vapnik,1999]

SVM maximizes the margin and also minimizes 

the norm of the regression function.
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λ : constant (   0)

Pf : orthogonal 

projection of f into the 

complement of {1} in 
HK.
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The criterion in regression form (Wahba, 1990) is 

given by
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Projection Learning (PL)

[Ogawa,1995]
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It is impossible to reconstruct f from a limited 

number of training samples.

Projection learning constructs an approximate 

function f minimizing
^

orthogonal

projection
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Training data satisfy

Developing formula for PL(1)

Dataset:{(yi,xi)|i=1,…,n}

Furthermore, with the Schatten product     ,

.

This relation is rewritten by reproducing property as

AK,X is a linear operator that maps an element of HK

onto Rn (a sampling operator).



Developing formula for PL(2)

f is estimated by the Moore-Penrose 

generalized inverse as

explicitly as

GK,X : Gram matrix

^



Localized Projection Learning 

(LPL)

PL learns f from all samples, 

but LPL from k nearest 

neighbors of  a given 

testing sample. 
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Effect of localization

As training samples increase,

the approximation error (2nd term) 

decreases, but the noise error (3rd

term) increases.

LPL is expected to take a better 

compromise.

Criteria of PL and LPL under noise is shown as
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Comparison of time complexity

PL LPL SVM

Training O(pn2) O(pn log n) O(ptn)

Testing O(pn) O(p log n) O(pt)

p :#{dimension}

n :#{sample}

t :#{support vector}

LPL reduces the time complexity of PL largely  

in both training and testing phases.

LPL is faster than SVM because the number of 

support vectors is often proportional to n.

LPL can use approximate nearest neighbors 

with O(log n) for large dimensionality.



Experiment

 We will confirm if LPL is a better replacement 

of PL.

 We will compare LPL with SVM both in 

performance and time.

 We will use one synthetic dataset for time 

comparison and six real-life datasets for 

performance comparison.



Experimental condition

 All methods commonly use Gaussian kernel:

 LPL

 The number of nearest neighbors: k = log10 n +1

 Approximate parameter    =0.0 in ANN (exact 
nearest neighbor).

 SVM
 Soft margin parameter C = 1 in libSVM.

[0.01~100]



Datasets

Name #{samples} #{dimension}

Heart-statlog 270 13

Ionosphere 351 34

Sonar 208 60

Diabetes 768 8

Liver-disorders 345 6

spambase 4601 57

Synsethetic dataset

2-class 

2-dimmension

10000 samples

Real-life datasets (UCI machine learning repository)



Comparison of time

They behave as the theoretical order.

The number of support vectors is proportional to 

the number of samples.

Training time Testing time

PL O(pn2)
SVM O(ptn)

LPL O(pn log n)

PL O(pn)

SVM O(pt)

LPL O(p log n)



Recognition rate with optimal 

parameter 

LPL nearly keeps the same performance as PL.

SVM is superior to LPL in most case if     is chosen optimally.
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In case of different    ’s
SVMLPL

=0.1

=10

For large    , almost all training data contribute equally in PL 

and SVM, while LPL approaches to k-NN.

=10

=0.5
(optimal) (optimal)



Range of Gaussian kernel

If     is large, the affective area of Gaussian kernel is also wide.

=0.5 =10



LPL optimized by k 

diabetes (k=17)



Recognition rate with optimal 

parameter    and k

PL LPL(k) SVM(#SV)

heart 58.89 61.85(20) 61.85(169)

iono 79.14 79.71(13) 83.71(110)

sonar 77.88 77.88(1) 80.31 (160)

diabetes 67.72 68.50(17) 68.25 (362)

liver 58.62 61.82(7) 63.56 (230)

spambase 74.24 74.24(13) 75.65 (2223)

average 69.41 70.67 72.22

k [1:20]

[0.01:1000]



Conclusions

 We have proposed a localized projection 

learning (LPL) as a faster version of PL.

 In performance, SVM is a little better than 

LPL, but in parameter setting, LPL is 

advantageous. In speed, LPL is the fastest  

among three algorithms compared. 

 LPL is often better than PL in performance 

because selected k samples are better than a 

whole samples for learning.



Approximate nearest neighbors corrects k datas 

that distance from query is within a factor of (1+η) 

of distance between exact nearest neighbor.

We will use ANN, then time 

complexity is O(p log l) in 

search phase.

Approximate Nearest 

Neighbors

We don’t necessary need the exact k nearest 

neighbors because we don’t use directly recognition.

We can use approximate nearest neighbors.

NN point

query 

Approximate NN

r
r(1+η)



Comparison between 

LPL and k-NN

k=5k=log10 n +1

k=9 k=13



Decision boundary of SVM 

with    =10 and C=1000


