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Gaussian Mixtures

Background. Gaussian Mixtures are ubiquitous in CVPR. For
instance, in CBIR, it is sometimes iteresting to model the image as a
pdf over the pixel colors and positions (see for instance [Goldberger et

al.,03] where a KL-divergence computation method is presented).
GMs often provide a model for the pdf associated to the image and
this is useful for segmentation. GMs [Wang et al.,08] and Dirac
Mixtures [Chen et al.,10] have been recently used for modeling shapes
2D and 3D shapes.
Therefore GMs estimation has been a recurrent topic in CVPR.
Traditional methods, associated to the EM algorithm have evolved
to incorporate IT elements like the MDL principle for model-order
selection [Figueiredo et al.,02] in parallel with the development of
Variational Bayes (VB) [Constantinopoulos and Likas,07]
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Uses of Gaussian Mixtures

Figure: Gaussian Mixtures for modeling images (top) and for color-based
segmentation (bottom)
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Variational Bayes

Problem Definition

Given N i.i.d. samples X = {~x1, . . . ,~xN} of a d-dimensional
random variable X , their associated hidden variables
Z = {~z1, . . . ,~zN} and the parameters Θ of the model, the Bayesian
posterior is given by [Watanabe et al.,09] :

p(Z ,Θ|X ) =
p(Θ)

∏N
n=1 p(~xn,~zn|Θ)∫

p(Θ)
∏N

n=1 p(~xn,~zn|Θ)dΘ
.

Since the integration w.r.t. Θ is analytically intractable, the
posterior is approximated by a factorized distribution
q(Z ,Θ) = q(Z )q(Θ) and the optimal approximation is the one that
minimizes the variational free energy.
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Variational Bayes (2)

Problem Definition (cont.)

The variational free energy is given by:

L(q) =

∫
q(Z ,Θ) log

q(Z ,Θ)

p(Z ,Θ|X )
dΘ− log

∫
p(Θ)

N∏
n=1

p(~xn|θ)dΘ ,

where the first term is the Kullback-Leibler divergence between the
approximation and the true posterior. As the second term is
independent of the approximation, the Variational Bayes (VB)
approach is reduced to minimize the latter divergence. Such
minimization is addressed in a EM-like process alternating the
updating of q(Θ) and the updating of q(Z ).
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Variational Bayes (3)

Problem Definition (cont.)

The EM-like process alternating the updating of q(Θ) and the
updating of q(Z ) is given by

q(Θ) ∝ p(Θ) exp

{
N∑

n=1

〈log p(~xn,~zn|Θ)〉q(Z)

}

q(Z ) ∝ exp

{
N∑

n=1

〈log p(~xn,~zn|Θ)〉q(Θ)

}
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Variational Bayes (4)

Gaussian Mixtures

When the posterior is a Gaussian Mixture:

p(X |Θ) =
K∑
i=1

πip(X |Θi ),

where 0 ≤ πi ≤ 1, i = 1, . . . ,K ,
∑K

i=1 πi = 1, Θi = {µi ,Σi}, we
have:

p(X ,Z |Θ) =
N∏

n=1

K∏
k=1

zn
kπkp(~xn|Θk). (1)

where z i = [zn
1 , . . . , z

n
K ] is a binary vector and zn

m = 1 and zn
p = 0, if

p 6= m, denote that ~xn has been generated by the kernel m.
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Variational Bayes (5)

Fixed and Free Components

I In [Constantinopoulos and Likas,07], it is assumed that a number
of K − s components fit the data well in their region of
influence (fixed components). Let α = {πk}sk=1 the coefficients
of the free components and β = {πk}Kk=s+1 the coefficients of
the fixed components. Obviously the sum of coefficients of β
and α must be the unit.

I Under the i.i.d. sampling assumption, the prior distribution of
Z given α and β can be modeled by a product of multinomials:

p(Z |α, β) =
∏N

n=1

∏s
k=1 πk

znk
∏K

k=s+1 πk
znk .
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Variational Bayes (5)

Fixed and Free Components (cont.)

I Moreover, assuming conjugate Dirichlet priors over the set of
mixing coefficients, we have that

p(β|α) =

(1−
∑s

k=1 πk)−K+s Γ(
∑K

k=s+1 γk)∏K
k=s+1 Γ(γk )

·
∏K

k=s+1

(
πk

1−
∑s

k=1 πk

)γk−1
.

I Then, considering fixed coefficients Θ is redefined as
Θ = {µ,Σ, β} and we have the following factorization:

q(Z ,Θ) = q(Z )q(µ)q(Σ)q(β) .
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Variational Bayes (6)

Resulting q(.) Densities

In [Constantinopoulos and Likas,07] , the optimization of the
variational free energy yields (being N (.) and W(.) are respectively
the Gaussian and Wishart densities):

q(Z ) =
∏N

n=1

∏s
k=1 rkn

znk
∏K

k=s+1 ρkn
znk

q(µ) =
∏K

k=1N (µk |mk ,Σk)

q(Σ) =
∏K

k=1W(Σk |νk ,Vk)

q(β) = (1−
∑s

k=1 πk)−K+s Γ(
∑K

k=s+1 γ̃k)∏K
k=s+1 Γ(γ̃k )

·
∏K

k=s+1

(
πk

1−
∑s

k=1 πk

)γ̃k−1
,

After the maximization of the free energy w.r.t. q(.), it proceeds to
update the coefficients in α which denote the free components.

10/30



Model Selection in VB

Kernel Splits

I In [Constantinopoulos and Likas,07] , the VBgmm method is used
for training an initial K = 2 model. Then, in the so called
VBgmmSplit, they proceed by sorting the obtained kernels and
then trying to split them recursively.

I Each splitting consists of:
I Removing the original component.
I Replacing it by two kernels with the same covariance matrix as

the original but with means placed in opposite directions along
the maximum variabiability direction (principal eigenvector):

±
√
λ~φ.

I If the original mixing coefficient is π the new coefficients are
π/2.
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Model Selection in VB (2)

Kernel Splits (cont)

I Independently of the split strategy, the critical point of
VBgmmSplit is the amount of splits needed until convergence.
At each iteration of the latter algorithm the K current exisiting
kernels are splited. Consider the case of any split is detected as
proper (non-zero π after running the VB update described in
the previous section, where each new kernel is considered as
free).

I Then, the number of components increases and then a new set
of splitting tests starts in the next iteration. This means that if
the algorithm stops (all splits failed) with K kernels, the
number of splits has been 1 + 2 + . . .+ K = K (K + 1)/2.
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Model Selection in VB (3)

EBVS Split

I We split only one kernel per iteration. In order to do so, we
implement a selection criterion based on measuring the entropy
of the kernels.

I If ones uses Leonenko’s estimator then there is no need of
extrapolation as in EGs, and asymptotic consistence is ensured.

I Then, at each iteration of the algorithm we select the worse, to
be split. If the split is proper we will have K + 1 kernels to feed
the VB optimization in the next iteration. Otherwise, there is
no need to add a new kernel and the process converges to K
kernels. The key question here is that the overall process is
linear (one split per iteration).
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Model Selection in VB (4)

Gaussian Deficiency

Attending to the 2nd Gibbs Theorem, Gaussian variables have the
maximum entropy among all the variables with equal variance. This
theoretical maximum entropy for a d-dimensional variable Y only
depends on the covariance Σ and is given by:

Hmax(Y ) =
1

2
log[(2πe)d |Σ|].

Therefore, the maximum entropy of the mixture is given by

Hmax(Y ) =
K∑

k=1

πkHmax(k).
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Model Selection in VB (5)

Gaussian Deficiency (cont.)

Instead of using the determinant of the scale matrix |Vk | in the
Wishart distribution to rank the kernels to be split, we compute the
Gaussianity Deficiency GDk of a given kernel as mixture as the
normalized difference between maximum and real entropy for that
kernel:

GDk =
Hmax(k)− Hreal(k)

Hmax(k)
= 1− Hreal(k)

Hmax(k)
.

where Hreal(k) is the real entropy of the data under the k−th
kernel. We have: 0 ≤ GDk ≤ 1 (0 iff Gaussian).
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Model Selection in VB (6)

Entropy Estimation

I As noted in our previous work [Peñalver et al., 09], the main
problem of this approach is the fact that entropy must be
estimated and this may be a very difficult task if data
dimensionality d is high (curse of dimensionality) if a bypass
entropy estimator.

I In our previous work we used Entropic Graphs [Hero and

Michel,02] followed by an extrapolation from Rényi entropy to
the Shannon one.

I However, if ones uses the recently proposed Leonenko’s
estimator [Leonenko et al, 08] then there is no need of
extrapolation, and asymptotic consistence is ensured.
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Model Selection in VB (7)

Entropy Estimation (cont.)

According to [Leonenko et al, 08], the estimation of H(X ), the
Shannon entropy, is

Ĥk,N(X ) = −ψ(k) + ψ(N) + log
Vd

2d
+

d

N

N∑
i=1

log εi (2)

where εi = 2||xi − xj || is twice the distance between the sample xi
and its k-NN xj ; Vd is the volume of the unit ball B(0, 1), defined as

Vd = π
d
2

Γ( d
2

+1)
, and ψ(·) is the well-known digamma function.
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EBVS: Fast BV

Figure: EBVS Results
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EBVS: Fast BV (2)

Figure: EBVS Results (more)

19/30



EBVS: Fast BV (3)

MD Experiments

I With this approach using Leonenko’s estimator, the
classification performance we obtain for the Wine data set (178
samples of 13 dimensions) is 86%.

I Altough experiments in higher dimensions can be performed,
when the number of samples is not high enough, the risk of
unbounded maxima of the likelihood function is higher, due to
singular covariance matrices.

I The entropy estimation method, however, performs very well
with thousands of dimensions.
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Classical BV

Classical q(.) Densities

Instead of differentiating between fixed and free kernels, we
incorporate the incremental kernel selection to the implicit model
selection VB method [Corduneau and Bishop,01], where:

q(Z ) =
∏N

n=1

∏K
k=1 pzik

ik

q(µ) =
∏K

k=1N (µk |mk ,Σk)

q(Σ) =
∏K

k=1W(Σk |νk ,Vk)

And the addressed factorization through the mean-field
approximation is:

q(Θ) = q(Z )q(µ)q(Σ)

21/30



Split Process

Split Constrains

The k∗ component must be decomposed into the kernels k1 and k2

with parameters Θk1 = (µk1 ,Σk1) and Θk2 = (µk2 ,Σk2). In
multivariate settings, the corresponding priors, the mean vectors and
the covariance matrices should satisfy the following split equations:

π∗ = π1 + π2,
π∗µ∗ = π1µ1 + π2µ2,

π∗(Σ∗ + µ∗µ
T
∗ ) = π1(Σ1 + µ1µ

T
1 ) + π2(Σ2 + µ2µ

T
2 ),

Clearly, the split move is an ill-posed problem because the number of
equations is less than the number of unknowns.
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Split Process (2)

Proposed Split

Here, the proposed split operation is a simplification of the one in
[Peñalver et al., 09]:

π1 = u1π∗, π2 = (1− u1)π∗,

µ1 = µ∗ − (
∑d

i=1 ui
2

√
λi∗V i

∗)
√

π2
π1
,

µ2 = µ∗ + (
∑d

i=1 ui
2

√
λi∗V i

∗)
√

π1
π2

,

Σ1 = Σ2 = Σ∗.

where V i
∗ is the i − th eigenvector of the eigenvector matrix of the

k∗ component, u1, (u1
2 , u

2
2 , . . . , u

d
2 )T are random variables calculated

as u1 ∼ β(2, 2), u1
2 ∼ β(1, 2d), uj

2 ∼ U(−1, 1) with j = 2, . . . , d .
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Split Process (3)

Figure: Split of a 2D kernel into two ones. Split in all directions
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Entropy-Based Incremental BV

Elements
I Considering the classical VB method with implicit model

selection.

I Introducing a split method which moves the kernels in all
directions proportionally to the amount of variability associated
to each direction.

I Retaining the Gaussian Deficiency kernel selection criterion
which yields a lineal computational cost with K .

I More importantly, in addition to improving the efficiency we
also improve the discriminability and performance with respect
to [Constantinopoulos and Likas,07] and [Figueiredo and Jain, 02].
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Entropy-Based Incremental BV (2)
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Figure: EBIBV Results (the overlap case)
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Entropy-Based Incremental BV (3)

Figure: EBIBV Results (Old Faithful)
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Conclusions and Future

Conclusions
I In the multi-dimensional case, efficient entropy estimators

become critical.

I In VB where model-order selection is implicit, it is possible to
reduce the complexity at least by one order of magnitude. It is
also possible to improve the accuracy of the results.

Future Work
I Improve the split rule regarding the covariance.

I Deal with the over-estimation of the Leonenko’s estimator
when a large number of dimensions is considered and very few
samples are available.
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