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Robust Kernel Density Estimation

X1, · · ·Xn
iid∼ f in Rd

f̄ nσ :=
1

n

n∑
1

kσ (·,Xi )[
Φσ : Rd → Hσ
Φσ (x) := kσ (·, x)

]
=

1

n

n∑
1

Φσ (Xi )

= arg min
g∈Hσ

n∑
1

‖Φσ (Xi )− g‖2
Hσ

Replacing the squared loss with a robust loss ρ yields a Robust
Kernel Density Estimator (Kim and Scott 2012)

f nσ := arg min
g∈Hσ

n∑
1

ρ
(
‖Φσ (Xi )− g‖Hσ

)
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Theorem

Given certain properties on ρ:

Theorem

Let f ∈ L2
(
Rd
)
. If nσd →∞ and σ → 0 as n→∞ then

‖f nσ − f ‖1
p→ 0.

Example Losses

ρ (t) =
√
t2 + 1− 1

ρ (t) = t arctan (t)

ρ (t) = t − log (1 + t)

  t

ρ(t)
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Proof Strategy

Traditional bias-variance decompositon presents challenges

No closed form expression for f nσ or its infinite-sample
counterpart
Hσ gets larger as n→∞ since σ → 0

Alternate approach based on IRWLS algorithm

Rn
σ : Hσ → Hσ

Rn
σ (g) :=

∑
wi (g) kσ (·,Xi )

wi (g) :=
ϕ(‖Φσ(Xi )−g‖Hσ )∑n
1 ϕ(‖Φσ(Xj )−g‖Hσ

)

ϕ (t) := ρ′(t)
t

(Rn
σ)k (g)→ f nσ as k →∞
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Proof Sketch

Rn
σ (0) = f̄ nσ (the traditional KDE)

Rσ (f nσ ) = f nσ

∥∥f nσ − f̄ nσ
∥∥
Hσ

= ‖Rn
σ (f nσ )− Rn

σ (0)‖Hσ

≤ Cσd/2 ‖f nσ − 0‖Hσ
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