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Application & methods

Find important genes
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Application & methods

Find important genes

LASSO (Tibshirani, 1996)

Prediction Analysis for Microarrays (Tibshirani et al., 2002)
t-test (Chun & Wen, 2010)

Variable selection via additive models (Antoniadis et al., 2012)
LARS (Efron et al., 2004)
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Application & methods (cont'd)

@ Consider (X1,Y1),...,(X,,Y,) with X; e R?and V; € R
@ samples are i.i.d

o Model: ¥; =4 X" 4+ 1.0

® £1,...,&p are i.i.d. and independent of X

o E[¢; | X;]=0

When d > n, standard LS estimator is not unique and will overfit data.
Therefore, some kind of regularization is needed.

= arggnin Y —XBlI3/n + Bl
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Some asymptotic theory for LASSO: Y = X3+ ¢ is correct

B = arg min 1Y = XBl5/n+ AlBlh
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Some asymptotic theory for LASSO: Y = X3+ ¢ is correct

B = arg min 1Y = XBl5/n+ AlBlh

@ Consistency prediction (Greenshtein & Ritov, 2004; Bartlett et al.,
2009): If

o X=X, = O(y/log(d)/n)
o[BIl = o((rn/logn)'/*)
o then (B —B)TSx(B—B) =op(l) as n — o
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Some asymptotic theory for LASSO: Y = X3+ ¢ is correct

B = arg min 1Y = XBl5/n+ AlBlh

@ Consistency prediction (Greenshtein & Ritov, 2004; Bartlett et al.,
2009): If
o X=X, = O(y/log(d)/n)

o |18l = o((n/logn)'/*)
o then (B —B)TSx(B—B) =op(l) as n — o

@ Consistency variable selection (Meinshausen & Biihimann, 2006)
o Let SV ={j:8;#0,j=1,...,d}
o if infjes [B;] > /(card(S) logd)/n and A = A, > O(4/log(d)/n)

@ Design matrix X is not ill posed and no strong linear dependence
within sub-matrices

o then P[S(\) = S] = lasd >n— oo
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Some asymptotic theory for LASSO: Y = X3+ ¢ is correct

B = arg min 1Y = XBl5/n+ AlBlh

@ Consistency prediction (Greenshtein & Ritov, 2004; Bartlett et al.,
2009): If
o X=X, = O(y/log(d)/n)

o [|Bllr = o((n/logn)'/*)

]

A is larger for variable selection than prediction

@ Cong
o Let SN ={j:8;#0,i=1,...,d}

o if infjes [B;] > /(card(S) logd)/n and A = A, > O(4/log(d)/n)

@ Design matrix X is not ill posed and no strong linear dependence
within sub-matrices

o then P[S(\) = S] = lasd >n— oo
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Parameter selection for variable selection

@ BIC, AIC, CV — no theoretical justification for variable selection
@ CV: LASSO often selects too many variables

@ A close to zero — LARS until end of regularization path

@ Other ways: stability selection, hypothesis testing
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Parameter selection for variable selection

BIC, AIC, CV — no theoretical justification for variable selection
CV: LASSO often selects too many variables

A close to zero — LARS until end of regularization path

Other ways: stability selection, hypothesis testing
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What can be theoretically supported?
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Parameter selection for variable selection

@ BIC, AIC, CV — no theoretical justification for variable selection
@ CV: LASSO often selects too many variables

@ A close to zero — LARS until end of regularization path

@ Other ways: stability selection, hypothesis testing

@ What can be theoretically supported?

Substantial relevant covariates (Biihimann & van de Geer, 2011)
Let

Sreleva.nt(C) _ {] . |/6]| >C,j=1,... ,d},

then for any fixed 0<C' < oo
P[S(\) D srlevant@)] 51, n — .

For C,, > O(card(S)+/log(d,)/n) and A, = O(+/log(d,)/n): with high

probability S(\,,)DSrelevant(C) _y §( )y ) Grelevant(C)
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Summary LASSO: Pros vs. Cons

o Easy to implement
o Fast algorithms available (Matlab/R)
@ Results are easy to interpret

o Solid theoretical foundations (if model is correct)

kris.debrabanter@esat.kuleuven.be Feature Selection July, 8 2013



Summary LASSO: Pros vs. Cons

Easy to implement
Fast algorithms available (Matlab/R)
Results are easy to interpret

Solid theoretical foundations (if model is correct)

Model based

Model restrictions are not necessarily met

(]

No theoretical results if model does not hold
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utline

9 Proposed methodology
@ Theoretical aspects
@ Formulation of the hypothesis test
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Theoretical aspects

o letY cRand X = (X1,...,Xg) € R?
o L*:= E{(Y — m(X))?} = miny E{(Y — £(X))?} be minimum MSE
o L* = E{Y?} - E{m(X)?}
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Theoretical aspects

o letY cRand X = (X1,...,Xg) € R?
o L*:= E{(Y — m(X))?} = miny E{(Y — £(X))?} be minimum MSE
o L* = E{Y?} - E{m(X)?}

* 1 = 2 1 =
=1 =1

@ Y; 1 is value of first nearest neighbor of X; from
Xl)' e )Xi—l)Xi—l—la s 7X’n
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Theoretical aspects (cont'd)

Theorem (Almost sure convergence & universal consistency)
Assume bounded Y, then

Ly — L* a.s.
Moreover, if E{Y?} < oo

1 n
= ZL: —L* a.s.
"=t
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Theoretical aspects (cont'd)

Theorem (Almost sure convergence & universal consistency)

Assume bounded Y, then
Ly — L* a.s.

Moreover, if E{Y?} < oo

1 n
= ZL: —L* a.s.
"=t

Theorem (Rate of convergence & consistency)

Assume X and Y bounded and the regression function m is Lipschitz continuous.
Further, assume that ties occur with probability zero. Then, for d > 2

E{|L; — L*|} < cxn™ Y2 4 con=2/4,
Further, if n — oo faster than d

E{|L;, — L*|} = 0p(1).

4
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Detection of inefficient features

@ Denote X(=%) = (X1, ..., X1, Xip1s .- Xaq)
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Detection of inefficient features

@ Denote X(=%) = (X1, ..., X1, Xip1s .- Xaq)

@ Corresponding minimum MSE

1 —e{y - EB{y | X(_k)}}2
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Detection of inefficient features

@ Denote X(=%) = (X1, ..., X1, Xip1s .- Xaq)

@ Corresponding minimum MSE

1 —e{y - EB{y | X(_k)}}2

@ Test (null) hypothesis:

Hy, : LR = L

‘Leaving out k-th component does not increase minimum MSE
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Detection of inefficient features

@ Denote X(=%) = (X1, ..., X1, Xip1s .- Xaq)

@ Corresponding minimum MSE

1 —e{y - EB{y | X(_k)}}2

@ Test (null) hypothesis:

Hy, : LCF = L*

‘Leaving out k-th component does not increase minimum MSE‘

@ Under Hy:

m(X) :=E{Y | X} = E{Y | X} = R (XR)) g,
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Detection of inefficient features (cont'd)

@ Data without k-th component:

DL = (X ), (XER, V)
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Detection of inefficient features (cont'd)

@ Data without k-th component:

DL = (X ), (XER, V)

o Estimate L*(=%) by

(k) . l f Y2 _ l En Y.y(_k)
L - Yon 4 - vl
1= 1=
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Detection of inefficient features (cont'd)

@ Data without k-th component:

DS = (XM v), L (X, V)
o Estimate L*(=%) by
1 < 1 < (—k)
A I e Y O
" ni4 Z N3 o

@ Test statistic:

1 < _
(—k) _ 7 _ v (k)
L L,= - ;_1 Yi(Yia =Y, )
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Detection of inefficient features (cont'd)

@ Data without k-th component:

DL = (X ), (XER, V)

@ Estimate L (=k) by
1 1 (—k)
[* k) . § :§r2 2 :]/'}r
Y ' E i E Tl
=1 =1

@ Test statistic:

1 < _
(—k) _ 7 _ v (k)
L L,= - ;_1 Yi(Yia =Y, )

o Accept Hy, if LS — L, is small
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Issue with the test statistic

° %Z?:l Yi(Yi1— Yz(l_k)) is small even when Hy, is not true
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Issue with the test statistic

° %Z?:l Yi(Yi1— }/Z(l_k)) is small even when Hy, is not true

@ Large probability that first N.N. of X; and Xg_k) are the same
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Issue with the test statistic

° %Z?:l Yi(Yi1— }/Z(l_k)) is small even when Hy, is not true

@ Large probability that first N.N. of X; and Xg_k) are the same
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Issue with the test statistic

° %Z?:l Yi(Yi1— }/Z(l_k)) is small even when Hy, is not true

@ Large probability that first N.N. of X; and Xg_k) are the same
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Issue with the test statistic

° %Z?:l Yi(Yi1— }/Z(l_k)) is small even when Hy, is not true

@ Large probability that first N.N. of X; and Xg_k) are the same
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Dimension Sample size

Modification of test statistic needed ‘
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Modification of test statistic

@ Modify test statistic such that

(Yz‘,thfl_k)) if Y“;AY( g

(Via V;T") =
L(Yi2, YT + (1 - L) (¥, Y5 Y)  otherwise,

with

[ 0 with probability 1/2,
1 1 with probability 1/2,
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Limit distribution of the test statistic

o Accept Hy, if LS — L, is small
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Limit distribution of the test statistic

o Accept Hy, if LS — L, is small

o But what is small? LC™® — L is r.v.
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Limit distribution of the test statistic

o Accept Hy, if LS — L, is small
o But what is small? L™ — L, is r.v.
@ In general, use CLT — not possible here
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Limit distribution of the test statistic

o Accept Hy, if LS — L, is small
o But what is small? L™ — L, is r.v.
@ In general, use CLT — not possible here

° L,(l_k) — L, is average of dependent r.v.
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Limit distribution of the test statistic

o Accept Hy, if LS — L, is small
o But what is small? L™ — L, is r.v.
@ In general, use CLT — not possible here

° L,(l_k) — L, is average of dependent r.v.

Definition (Exchangeable random variables)

A triangular array V;, ;,n =1,...,andi=1,...,n is called (row-wise)
exchangeable if for any fixed n and for any permutation p(1),...,p(n) of
1,...,n, the distributions of

(Vn,b ey Vn,n)

and
(Vn,p(1)7 000y Vn,p(n))

are equal.
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Limit distribution of the test statistic (cont'd)

Theorem (Blum et al. (1958), De Brabanter & Gyorfi (2012))
Let

o N YY) - B, - YY)
n,i —
V Var(Yi(¥is - v5P))

Then for
o E{V,1Vh2} =o(1/n)
® limy 00 E{V2,V;2,} = 1
o E{|V,1]?} = o(v/n),

it follows that

V(LS — L) -5 N(0,2L* E{Y?})
under H.
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Limit distribution of the test statistic (cont'd)

Theorem (Blum et al. (1958), De Brabanter & Gyorfi (2012))
Let

o N YY) - B, - YY)
n,i —
V Var(Yi(¥is - v5P))

Then for
o E{V,1Vh2} =o(1/n)
® limy 00 E{V2,V;2,} = 1
o E{|V,1]?} = o(v/n),

it follows that

V(LS — L) -5 N(0,2L* E{Y?})
under H.

ISmoothness of regression function and dimension do not count under !
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Empirical verification of the theorem

oY =" XD 4e ¢ =0and¢;=1fori=2,...,5
@ X uniform on [0,1]® and & ~ N(0,0.052).
@ Bootstrap (10,000 replications)
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Empirical verification of the theorem

oY =" XD 4e ¢ =0and¢;=1fori=2,...,5
@ X uniform on [0,1]® and & ~ N(0,0.052).
@ Bootstrap (10,000 replications)

-2 -1 %ata 1 2 3
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Outline

© Simulation
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Toy example

o YV =sin(nXW)cos(nX®) + & with ¢ ~ N(0,0.12).
@ X uniform on [0, 1]°

@ n = 1000
@ 1000 repetitions, significance level o = 0.05

July, 82013 20 /28
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Toy example

o YV =sin(nXW)cos(nX®) + & with ¢ ~ N(0,0.12).
@ X uniform on [0, 1]°

@ n = 1000

@ 1000 repetitions, significance level o = 0.05

90

[or]
o
T

Number of times selected (%)
N w S (o)) D ~
o o o o o o

=
o

0

Rest True Subset True Subset+1 ALL
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Bosting housing data

o Data set: n =506, d =13
@ Goal: predict median value of owner-occupied homes in USD
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Bosting housing data

o Data set: n =506, d =13
@ Goal: predict median value of owner-occupied homes in USD

Variable | description

1 per capita crime rate by town
proportion of residential land zoned for lots over 25,000 sq.ft
proportion of non-retail business acres per town
Charles River dummy variable
nitric oxides concentration
average number of rooms per dwelling
proportion of owner-occupied units built prior to 1940
weighted distances to five Boston employment centres
index of accessibility to radial highways
10 full-value property-tax rate per USD

O© 00 NO OB WN

11 pupil-teacher ratio by town
12 proportion of African-Americans by town
13 percentage of lower status of the population
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Boston housing data (cont'd)

@ Repeated over 500 times
@ Split random in training and test samples (80/20)
o MSEqu = 0.22 and MSEreduced =0.21
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Boston housing data (cont'd)

@ Repeated over 500 times
@ Split random in training and test samples (80/20)
o MSEqu = 0.22 and MSEreduced =0.21

Variable | description

per capita crime rate by town

proportion of residential land zoned for lots over 25,000 sq.ft
proportion of non-retail business acres per town
Charles River dummy variable

nitric oxides concentration

average number of rooms per dwelling

proportion of owner-occupied units built prior to 1940
weighted distances to five Boston employment centres
index of accessibility to radial highways

full-value property-tax rate per USD

pupil-teacher ratio by town

proportion of African-Americans by town

percentage of lower status of the population

==
HO@OO\IO\U‘I-DOOI\)I—‘

[EY
N

[ay
w
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boston housing data (cont'd)

4 4 4 4
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Outline

@ Conclusion
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Conclusion

o Feature selection technique is easy to implement
o Results are easy to interpret
o Solid theoretical foundations

o Model-free methodology
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Conclusion

Feature selection technique is easy to implement
Results are easy to interpret

Solid theoretical foundations

¢ © ¢ ¢

Model-free methodology

@ No theoretical result if d grows faster than n due to the model-free
character
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Thank you for your attention

Any questions...”?
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