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Structured low-rank approximation ↔ Optimization on Gr(d,m)

Structured low-rank approximation problem
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b c d e

c d e f


 ≈



â b̂ ĉ d̂

b̂ ĉ d̂ ê

ĉ d̂ ê f̂


 =



∗
∗
∗



[
∗ ∗ ∗ ∗

]}
r

(a, b, c, d, e, f) ≈ (â, b̂, ĉ, d̂, ê, f̂) ∈Mr

Data model with complexity r
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(a, b, c, d, e, f) ≈ (â, b̂, ĉ, d̂, ê, f̂) ∈Mr

Data model with complexity r

Structure of this talk:

1 2 3
Structured low-rank approximation ←→ Optimization on Gr(d,m)
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Structured low-rank approximation

Hankel matrices

Hm(p) :=




p(1) p(2) ··· p(T−m+1)

p(2) . .
.

p(T−m+2)
... . .

.
. .
. ...

p(m) p(m+1) ··· p(T )


 ,

p = [ p(1) p(2) ···p(T ) ]
univariate time series

Theorem. (Heinig, 1984) (evident if r = m− 1)

rankHm(p) ≤ r < m ⇐⇒ θ0p(t) + θ1p(t+ 1) + · · ·+ θrp(t+ r) = 0,
linear recurrence t = 1 : T − r
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p(2) . .
.
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. ...

p(m) p(m+1) ··· p(T )


 ,

p = [ p(1) p(2) ···p(T ) ]
univariate time series

Theorem. (Heinig, 1984) (evident if r = m− 1)

rankHm(p) ≤ r < m ⇐⇒ θ0p(t) + θ1p(t+ 1) + · · ·+ θrp(t+ r) = 0,

t = 1 : T − r

←→ p(t) =
d∑

k=1

Pk(t) · λ
t
k︸ ︷︷ ︸

polynomial · exponential
where

• λ1, . . . , λd — distinct roots of θ(z) =
r∑

j=0
θjz

j

• degPk(t) = (multiplicity of λk) - 1 (Pk = const if λk is simple)
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Structured low-rank approximation

Low-rank Hankel matrices: examples

p(t) =
∑d

k=1 Pk(t)λ
t
k ⇐⇒ θ0p(t) + · · ·+ θrp(t+ r) = 0

Real p: picture formula r
∑r

j=0 θjz
j

exponential cρt 1 (z − ρ)

damped sine cρt cos(ωt+ φ) 2
(z − ρeiω)·
(z − ρe−iω)

polynomial
3∑

k=0

ckt
k 4 (z − 1)4

Low-rank approximation
Hm(p) ≈ l.r. Hm(p̂)

↔

Sparse approximation with ∞ dictionary

p ≈
d∑

k=1

ckfk, fk(t) ∈
{
tαλt

}
α∈N,
λ∈C
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Structured low-rank approximation
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Structured low-rank approximation

Block-Hankel matrices

Hℓ+1(w) :=




w(1) w(2) ··· w(T−ℓ)

w(2) . .
.

w(T−ℓ+1)
... . .

.
. .
. ...

w(ℓ+1) w(ℓ+2) ··· w(T )


 ,

w = [ w(1) w(2) ···w(T ) ] ∈ Rq×T

q-variate time series

rankHℓ+1(w) ≤ (ℓ+ 1)q︸ ︷︷ ︸
number of rows

−p ⇐⇒ [R0 ··· Rℓ ]Hℓ+1(w) = 0, Rk ∈ R
p×q

m

R0w(t) + · · ·+Rℓw(t+ ℓ) = 0, t=1:T−ℓ
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q-variate time series

rankHℓ+1(w) ≤ (ℓ+ 1)q︸ ︷︷ ︸
number of rows

−p ⇐⇒ [R0 ··· Rℓ ]Hℓ+1(w) = 0, Rk ∈ R
p×q

m

R0w(t) + · · ·+Rℓw(t+ ℓ) = 0, t=1:T−ℓ

l (Willems, 1986)

G

u1

.

.

.
uq−p

y1

.

.

.
yp

w = Πcol(u, y) — trajectory of a dynamical
system with lag ≤ ℓ and ≤ q − p inputs

Low-rank approximation
Hm(w) ≈ l.r. Hm(ŵ)

↔
System identification from w

G — ?
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Structured low-rank approximation

Sylvester matrices

Two polynomials: a(z) =
∑m

k=0 akz
k and b(z) =

∑m
k=0 bkz

k

Sylvester matrix: S(a, b) :=




a0 b0
...

. . .
...

. . .
... a0

... b0

am
... bm

...

. . .
...

. . .
...

am bm



∈ R

2m×2m

Theorem. deg gcd(a, b) ≥ d ⇐⇒ rankS(a, b) ≤ 2m− d,

Low-rank approximation

S(a, b) ≈ l.r. S(â, b̂)
↔

Approximate common divisor problem(
a(z), b(z)

)
≈

(
p(z)h(z), q(z)h(z)

)
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Structured low-rank approximation

Other structures

• Multipolynomial Sylvester matrices
— approximate GCD of multiple polynomials

• Multivariate Sylvester-like matrices (Macaulay matrices)
— multivariate polynomials: approximate Gröbner bases, GCD

• Multilevel (nested) Hankel matrices
— processing of n-way arrays

image processing symmetric tensor decomposition
(MRI, textures) (ICA, nonlinear SYSID)
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Structured low-rank approximation

Structured low-rank approximation: formulation

Linear structure: linear map S : Rnp → R
m×n

Structured low-rank approximation: Given S , ‖ · ‖, p ∈ R
np , r < m

minimize
p̂∈Rnp

‖p− p̂‖ subject to rankS (p̂) ≤ r,
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Structured low-rank approximation

Structured low-rank approximation: formulation

Linear structure: linear map S : Rnp → R
m×n

Structured low-rank approximation: Given S , ‖ · ‖, p ∈ R
np , r < m

minimize
p̂∈Rnp

‖p− p̂‖ subject to rankS (p̂) ≤ r,

Weighted Euclidean semi-norm:

‖p‖2w =

np∑

k=1

wkp
2
k, wk ∈ [0; +∞]

• wk = +∞ ⇐⇒ constraint pk = p̂k — fixed values

• wk = 0 ⇐⇒ pk and p̂k do not matter — missing values
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Structured low-rank approximation

Weighted semi-norm: examples

1. fixed values


a0 b0

. .
. ... . .

. ...

a0
... b0

...
... am

... bm
... . .

. ... . .
.

am bm




flipped Sylvester matrix
l

Hankel matrices with fixed zeros

2. missing values

◦




p1,1 p1,2 ? p1,4
p2,1 p2,2 p2,3 p2,4
p3,1 p3,2 p3,3 ?
p4,1 ? p4,3 p4,4


 — approximate matrix completion

◦ System identification with missing data, in particular:[
Hℓ(u1) Hℓ(?)
Hℓ(y1) Hℓ(yref)

]
— data-driven control
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Structured low-rank approximation ←→ Optimization on Gr(d,m)

Reparameterization of the problem

minimize
p̂∈Rnp

‖p− p̂‖2w subject to rankS (p̂) ≤ r (SLRA)

rank constraint kernel form

rankS (p̂) ≤ r ⇐⇒ Rd

m

S (p)·

n

= 0,

a full row rank matrix

corank (at least)
d := m− r
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minimize
p̂∈Rnp

‖p− p̂‖2w subject to rankS (p̂) ≤ r (SLRA)

rank constraint kernel form

rankS (p̂) ≤ r ⇐⇒ Rd

m

S (p)·

n

= 0,

a full row rank matrix

corank (at least)
d := m− r

(SLRA) ⇐⇒ minimize
R∈Rd×m,rankR=d

f(R), outer
minimization

f(R) :=

(
min
p̂∈Rnp

‖p− p̂‖2w subject to RS (p̂) = 0

)
inner

minimization
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Structured low-rank approximation ←→ Optimization on Gr(d,m)

Inner minimization problem

f(R) :=

(
min
p̂∈Rnp

‖p− p̂‖2w subject to RS (p̂) = 0

)
, wk ∈ [0; +∞]

l see (Markovsky, Usevich, 2013)

min
x,u
‖x‖22 subject to A(R)x+B(R)u︸ ︷︷ ︸

missing
data

= s(R) generalized
least-norm problem

f(R) = s⊤B⊤
⊥

(
B⊥A(B⊥A)

⊤
)−1

B⊥s, where B⊥ :
rowspan(B⊥)=
(colspan(B))⊥

(Usevich, Markovsky, 2013): for S (p) ∈ R
m×n mosaic Hankel, wk > 0,

f , ∇f and Hessian can be evaluated in O(m2n) flops.

Also, f(R) = P (R)
Q(R)
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Structured low-rank approximation ←→ Optimization on Gr(d,m)

Outer minimization problem

f(R) :=
(

min
p̂∈Rnp

‖p− p̂‖2w subject to Rd

m

S (p) = 0,

full row rank

)
,

Note. f depends only on the row space of R:

rowspan(R1) = rowspan(R2)⇒ f(R1) = f(R2)

⇒ minimize
R∈Rd×m,rankR=d

f(R) ←→ minimize
L∈Gr(d,m)

f(L )

Grassmann manifold: Gr(d,m) := {d-dim. subspaces of Rm}
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Optimization on Gr(d,m)

Constrained minimization

minimize
L∈Gr(d,m)

f(L )— ?, Gr(d,m):={d-dim. subspaces of Rm}

d=1: Rm

Constrained minimization:

minimize
R∈Rd×m

f(R) subject to RR⊤ = I︸ ︷︷ ︸
orthonormal basis

For example, use penalty:

minimize
R∈Rd×m

f(R) + γ‖RR⊤ − I‖2F — exact
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Optimization on Gr(d,m)

Retraction-based methods

minimize
L∈Gr(d,m)

f(L )— ?,

d=1: Rm

(Absil, Mahoney, Sepulchre, 2008), and others ...

1. From xk ∈ Gr(d,m)
choose direction ξk in the tangent space

2. Set xk+1 = Rxk
(ξk) (retraction)

3. Go to step 1 (is stopping criteria not satisfied).

Optimization methods
on manidolds: gradient descent, trust-region, ...

15 of 22



Optimization on Gr(d,m)

Parametrizations with permutation matrices

For any full-rank R ∈ R
d×m there exist d lin. indep. columns:

⇓

For any L ∈ Gr(d,m) there exist X ∈ R
d×(m−d) and permutation Π

such that L = rowspan
(
[X Id]Π

)

Take the permutation matrix: Π =
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Parametrizations with permutation matrices

For any full-rank R ∈ R
d×m there exist d lin. indep. columns:

⇓

For any L ∈ Gr(d,m) there exist X ∈ R
d×(m−d) and permutation Π

such that L = rowspan
(
[X Id]Π

)

Take the permutation matrix: Π =
d=1, Rm

minimize
L∈Gr(d,m)

f(L )

⇐⇒ minimize
Π — perm.

min
X∈Rd×(m−d)

f
(
[X Id]Π

)
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Optimization on Gr(d,m)

Optimization with permutations

d=1, Rmminimize
Π — perm.︸ ︷︷ ︸

(m
d ) possibilities

min
X∈Rd×(m−d)

︸ ︷︷ ︸
unbounded

f ([X Id]Π)
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Optimization on Gr(d,m)

Optimization with permutations

d=1, Rmminimize
Π — perm.︸ ︷︷ ︸

(m
d ) possibilities

min
X∈[−1;1]d×(m−d)

︸ ︷︷ ︸
✭

✭
✭
✭✭❤

❤
❤
❤❤unbounded

f ([X Id]Π)

Theorem. (Knuth, 1985)
For any subspace L ∈ Gr(d,m) there
exists a representation [X Id]Π with |Xk,l| ≤ 1.

Easy to prove for d = 1: if R =
[
r1 · · · rm

]
,

then
R

maxk rk
= [ ∗

k

±1 ∗ ]
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Optimization on Gr(d,m)

Optimization with switching permutations

d=1, Rmminimize
Π — perm.︸ ︷︷ ︸

(m
d ) possibilities

min
X∈[−1;1]d×(m−d)

︸ ︷︷ ︸
✭

✭
✭
✭✭❤

❤
❤
❤❤unbounded

f ([X Id]Π)

Switching permutations:

1. Perform local
optimization of f ([X Id]Π) until convergence,
and unless |Xk,l| ≤ ∆ (where ∆ > 1)

2. If |Xk,l| > ∆, switch the
permutation, and go to step 1; otherwise stop.
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Optimization on Gr(d,m)

Comparison of the methods

10−3 10−2 10−1 100

102.4
102.6
102.8

time (sec.)

fm
in

fixed Π
switching Π

retraction-based
penalty method

Structured low-rank approximation for system identification: an
example from DAISY database, 6× 801 block-Hankel matrix with
2× 1 blocks (example #3 from the abstract).
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Optimization on Gr(d,m)

Conclusions

Retraction-based permutation-based

+++ more adapted to simple, any optimization
the local geometry method can be used

−−− complicated, every method no bounds on the
needs to be adapted/tuned number of switches
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Thank you!
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