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Structure of this talk:

1 2 3
Structured low-rank approximation <+— Optimization on Gr(d, m)
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Structured low-rank approximation

Hankel matrices

p(1)  p(2) - p(T—m+1)
Hop(p) = | 7@ p(T—m+2) p = [p(1) p(2) -p(T)]
e : : " univariate time series
p(m) p(m+1) - p(T)
Theorem. (Heinig, 1984) (evident if r =m — 1)

rank 77, (p) <r <m <= Opp(t) +0ip(t+ 1)+ -+ 0,p(t+7) =0,

linear recurrence t=1:T—r
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p(1)  p(2) - p(T—m+1)
Hop(p) = | 7@ p(T—m+2) p = [p(1) p(2) -p(T)]
e : : " univariate time series
p(m) p(m+1) - p(T)
Theorem. (Heinig, 1984) (evident if r =m — 1)

rank 7, (p) <r<m <= Opp(t) + Oip(t+ 1)+ -+ 0pp(t+71) =0,
d t=1:T—r
> p(t) = kZ Pr(t) - X
-1

polynomial - exponential

|

where

® \i,...,A\q — distinct roots of 6(z) = 3 6,2

j=0
o deg Py (t) = (multiplicity of A\g) -1  (Px = const if i is simple)
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Structured low-rank approximation

Low-rank Hankel matrices: examples

p(t) =30 Pu(t)N, = Oop(t) + -+ 0,p(t +7) =0

Real p: picture formula | i 0;z
exponential ’/ cpt 1 (z —p)
. t (= — pei).
damped sine \/\/\/ cpt cos(wt + @) | 2 (2 — pe—i)
3
polynomial /\/ > etk 4 (z — 1)4
k=0
. Sparse approximation with oo dictionary
Low-rank approximation o d
Hm(p) = Lr. H5(D) pR Y cfk fult) € {taAt}aeN,
k=1 AeC
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Structured low-rank approximation
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Structured low-rank approximation

Block-Hankel matrices

w(l)  w(2) - w(T—4)
| owe w(T—0+1) w = [w(1) w2) ~w(T)] e R*XT
Hi(w) : ) : ’ g-variate time series
w(l41) w(l42) -~ w(T)

rank 77, 1(w) < ((+1)g —p <= [Ro ~ Re] 1 1(w) =0, Ry € RP*?
———

number of rows

(3
Row(t) + -+ Ryw(t + ) =0, t=1.7—¢
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Block-Hankel matrices

w(l)  w(2) - w(T—4)
| we w(T—0+1) w = [w(l) w2) ~w(T)] e RIXT
Hi(w) : ) : g-variate time series
w(l41) w(l42) -~ w(T)

rank 77, 1(w) < ((+1)g —p <= [Ro ~ Re] 1 1(w) =0, Ry € RP*?
———

number of rows

(3
Row(t) + -+ Ryw(t + ) =0, t=1.7—¢

T (Willems, 1986)

Uy Y1
E— — w = Il col(u,y) — trajectory of a dynamical
g p G Yp system with lag < ¢ and < ¢ — p inputs
— —

Low-rank approximation o System identification from w

T (W) = Lr. 5, (W) G—7
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Structured low-rank approximation

Sylvester matrices

Two polynomials: a(z) = 7%, arz® and b(2) = S_jL bi2”

ao

Sylvester matrix: S(a,b) :=

ao

bo

C b

am

bo c R2m X2m

b

Theorem. deggcd(a,b) > d <= rankS(a,b) <2m —d,

~

S(a,b) =~ Lr. S(a,b)

Low-rank approximation Approximate common divisor problem

(a(2),b(2))

~ (p(2)h(z),q(z)h(2))

e



Structured low-rank approximation

Other structures

e Multipolynomial Sylvester matrices
— approximate GCD of multiple polynomials

e Multivariate Sylvester-like matrices (Macaulay matrices)
— multivariate polynomials: approximate Grobner bases, GCD

e Multilevel (nested) Hankel matrices
— processing of n-way arrays

symmetric tensor decomposition
(ICA, nonlinear SYSID)

) a b z
= a’%+ b’%+ +z’%

image processing
(MRI, textures)

Afille ia /
CC-BY-SA-3.0




Structured low-rank approximation

Structured low-rank approximation: formulation

Linear structure: linear map %7 : R — R™*"

Structured low-rank approximation: Given .7, || - ||, p € R, r <m

minimize ||p — p|| subject to rank.”(p) <,
peR™




Structured low-rank approximation

Structured low-rank approximation: formulation

Linear structure: linear map %7 : R — R™*"

Structured low-rank approximation: Given .7, || - ||, p € R, r <m

minimize ||p — p|| subject to rank.”(p) <,
peR™

Weighted Euclidean semi-norm:
Tip

Ipll7, = > wipk,  wi € [05+00]
k=1

® W, = +00 <= constraint p; = p, — fixed values
e wp, =0 <= p and P, do not matter — missing values
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Structured low-rank approximation

Weighted semi-norm: examples

1. fixed values
B ao bo

flipped Sylvester matrix

ap bo i

am bm, Hankel matrices with fixed zeros

L am bm i

2. missing values

P11 P2 7 pia

o |P21 P22 D23 p%?74 — approximate matrix completion
b31 P32 P33 !

| P4,1 7 P43 Paa

o System identification with missing data, in particular:
H(ur) A7)
|\ (Y1) i (Yret)
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tructured low-rank approximation Optimization on

Reparameterization of the problem

miAni]énize |lp — p|?, subject to rank.(p) <r (SLRA)
peR™P
rank constraint kernel form

n

corank (at least)

m
rank (p) <r <— d' Z(p) |=0, di=m—r
\

a full row rank matrix
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miAni]énize |lp — p|?, subject to rank.(p) <r (SLRA)
peRr™

rank constraint kernel form
n

corank (at least)

m
rank (p) <r <— d' Z(p) |=0, di=m—r
\

a full row rank matrix

(SLRA) <~ minimize f(R), outer

RERIX™ rank R=d minimization

gy = (i Io I subjctto 17 5) =0) | 2L
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tructured low-rank approximation Optimization on

Inner minimization problem

f(R) = (Amlénp lp —plI2, subjectto R.Z(p) = O> , wy € [0;+0o0]
peER™

1 see (Markovsky, Usevich, 2013)

. 2 . _ generalized
min ||z||5 subject to A(R)z + B(R)u = s(R) least_norm problem
missing
data

rowspan(B )=

1
f(R) = STBI (BJ_A(BJ_A)T) B,s, where B : (colspan(B)) |

(Usevich, Markovsky, 2013): for .#(p) € R™*™ mosaic Hankel, wy > 0,
f, Vf and Hessian can be evaluated in O(m?n) flops.

Also, f(R) = 54
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tructured low-rank approximation Optimization on

Outer minimization problem

m

F(R) = (Amin lp— p|2 subjectto d| R || <) =0,),
peR™P \

full row rank

Note. f depends only on the row space of R:
rowspan(R;) = rowspan(Rz) = f(R1) = f(R2)

=  minimize  f(R) <—  minimize (%)
RERYX™ rank R=d 2€Gr(d,m)

Grassmann manifold:  Gr(d, m) := {d-dim. subspaces of R™}
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Optimization on

Constrained minimization

minimize f(%£)— 7, Gr(d,m):={d-dim. subspaces of R}
2e€Gr(d,m)

Sd=1: R™
Constrained minimization: ' :

minimize f(R) subjectto RR' =1
ReRdxm S——
orthonormal basis

For example, use penalty: 0 .

minimize f(R) + RR" — I||2 — exact
ninimize f(R) + 1] 13 —ex
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Optimization on

Retraction-based methods

N 2
Jinimize [(&£)— 1,
(Absil, Mahoney, Sepulchre, 2008), and others ...

1. From zj € Gr(d,m)
choose direction & in the tangent space

2. Set z441 = Ry, (&) (retraction)
3. Go to step 1 (is stopping criteria not satisfied).

Optimization methods
on manidolds: gradient descent, trust-region, ...
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Optimization on

Parametrizations with permutation matrices

For any full-rank R € R¥*™ there exist d lin. indep. columns: [ [[T]]]]
J

For any .2 € Gr(d, m) there exist X € R¥(m=) and permutation II
such that .2 = rowspan ([X I4]II)

Take the permutation matrix: [ [T = [ [[TI1]]
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Parametrizations with permutation matrices

For any full-rank R € R¥*™ there exist d lin. indep. columns: [ [[T]]]]
J

For any .2 € Gr(d, m) there exist X € R¥(m=) and permutation II
such that .2 = rowspan ([X I4]II)

Take the permutation matrix: [ [T = [ [[TI1]]

d=1, R™
e £
P 1) |
< minimize min  f([X I4II)

I — perm. XeRdX(mfd)




Optimization on

Optimization with permutations

e o
L A

~~

(") possibilities unbounded
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Optimization on

Optimization with permutations

minimize min X ;|11 _ m
II — perm. Xe[—1;1]dx(m=d) f ([ d] ) i d=1, R
— N —

(™) possibilities Thbourdad

Theorem. (Knuth, 1985)
For any subspace .Z € Gr(d, m) there
exists a representation [X I]IT with | X} ;| < 1.

Easy to prove ford =1: if R=[r1 -~ 1],
k
then =
maxy, 7' [« £1 ]
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Optimization on

Optimization with switching permutations

minimize min X I)II _ m
IT — perm. Xe[—1;1]dx (m—d) f([ d] ) - d=1, R
N— NI

(™) possibilities Thbourded

Switching permutations: — A

1. Perform local
optimization of f ([X I4]II) until convergence,
and unless | X} ;| < A (where A > 1)

2. If | Xj ) > A, switch the
permutation, and go to step 1; otherwise stop.
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Comparison of the methods

T T TZXTT] T T T 11117 T T TTTTTI]

e fixed II

102.8 -
£ . o6 | —a—  switching 11
E 10 —e— retraction-based
10%4 1

—=— penalty method

Ll

1073 102 107t 10°
time (sec.)

Structured low-rank approximation for system identification: an
example from DAISY database, 6 x 801 block-Hankel matrix with
2 x 1 blocks (example #3 from the abstract).
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Conclusions

Retraction-based permutation-based
t_, 1>
17
+++ more adapted to simple, any optimization
the local geometry method can be used
— — — | complicated, every method no bounds on the
needs to be adapted/tuned number of switches
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Thank you!
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