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Random Graphs & Random Maps: 
Statistical Physics Approaches to 
Static and Dynamical Properties 



•  Random	  Graphs:	  Typical	  and	  Rare	  ProperGes	  
•  Random	  Graphs:	  Dynamical	  Processes	  and	  Replica	  Method	  
•  Random	  SpaGal	  Maps:	  Spin	  Glass	  Models	  for	  StaGc	  and	  

Dynamical	  ProperGes	  

•  Exercises:	  today	  and	  tomorrow	  

•  SoluGons,	  lecture	  notes	  &	  further	  readings:	  

	  
	  
•  Please	  let	  me	  know	  if	  you	  find	  mistakes	  in	  the	  notes	  …	  

hPp://www.lpt.ens.fr/~monasson/Netadis/index.html	  

Overview of lectures 



Today 





Trees	  on	  V	  ver*ces	  

Cayley	  theorem	  (1889)	  
	  
Nb.	  of	  trees	  =	  VV-‐2	  











Large	  devia*on	  func*on	  for	  nb	  of	  connected	  components	  
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Large	  devia*on	  func*on	  for	  nb	  of	  connected	  components	  
(Monte	  Carlo	  simula*ons)	  
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Exercise:	  



Yesterday:	  
	  
Random	  graphs:	   	  typical	  &	  rare	  properGes	  of	  structure	  

	   	   	   	   	  (nb,	  size,	  nature	  of	  components,	  cycles,	  …)	  
	  
Today	  	  
	  
InteracGng	  models	  on	  random	  graphs	  (phase	  transiGons)	  
with	  2	  approaches:	  	  
	  
•  Modeling	  of	  dynamical	  changes	  of	  a	  graph	  (cf.	  N.	  Wormald’s	  paper)	  
	  
	  
	  
	  
•  Replica	  method	  (spin	  glasses,	  RMT,	  …)	  



IllustraGon	  of	  general	  techniques	  on	  a	  parGcular	  case:	  
Random	  sets	  of	  Boolean	  equaGons	  with	  3	  variables	  each	  

	  	  
	   	   	  x1+x5+x7=0,	  x1+x2+x4=1,	  …,	  x5+x8+x11=0	  	  

	  
	  
Why?	  
	  
1.  CalculaGons	  can	  be	  done	  exactly	  and	  (rather)	  easily	  

2.  Paradigm	  of	  spin	  glass	  model	  on	  random	  (hyper)graphs	  

3.  InteresGng	  from	  a	  computaGonal	  point	  of	  view	  
	  	  	  	  	  	  	  (ApproximaGon	  theory)	  

















Exercise:	  	  	  	  



Monday:	  
	  
Random	  graphs:	   	  typical	  &	  rare	  properGes	  of	  structure	  

	   	   	   	   	  (nb,	  size,	  nature	  of	  components,	  cycles,	  …)	  
	  
Tuesday	  	  
	  
InteracGng	  models	  on	  random	  graphs	  (phase	  transiGons)	  
with	  2	  approaches:	  	  
•  Modeling	  of	  dynamical	  changes	  of	  a	  graph	  (cf.	  N.	  Wormald’s	  paper)	  
•  Replica	  method	  (spin	  glasses,	  RMT,	  …)	  
	  
	  
Today	  
	  
Random	  spaGal	  maps	  and	  spin	  glass	  models	  



Mul*dimensional	  scaling	  in	  sta*s*cs:	  

Set	  of	  towns	  i=1,…,N	  
Distance	  matrix	  dij	  
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o	  

o	  
o	  

o	   dij	  
j	  

i	  



Mul*dimensional	  scaling	  in	  sta*s*cs:	  

•  Extension	  to	  ‘qualitaGve’	  measures	  of	  distances	  (non	  classical	  scaling)	  

•  Many	  applicaGons	  in	  social	  sciences,	  biology,	  …	  

•  ConnecGons	  with:	  Dimensional	  reducGon	  (PCA),	  Network	  inference	  (Hopfield	  model)	  

•  Here,	  more	  abstract:	  2	  spaces	  

Physical	  space	  
Posi-on	  x(t) è	  	  	  	  Map	  	  	  Aij	  

Neural	  network	  
Couplings	  Jij	  	  	  	  è	  	  	  neural	  ac-vity	  	  si(t)	  



Storage of spatial maps  
in an attractor neural network model  

of the hippocampus  

Netadis	  Summer	  School	  on	  Complex	  Systems,	  Hillerod,	  September	  2013	  



Plan 

•  Biological	  facts	  and	  moGvaGons	  
•  Model	  and	  staGsGcal	  mechanics	  framework	  
•  Storage	  of	  environments	  (spaGal	  charts)	  
•  Dynamics	  within	  one	  chart	  
•  TransiGons	  between	  charts	  
•  Conclusion	  &	  PerspecGves	  



Representation of Space in the Brain 

Electrode	  recordings:	  O'Keefe	  &	  Dostrovsky	  (1971)	  	  
Cells	  in	  the	  Hippocampus	  respond	  to	  posiGon	  in	  space	  in	  a	  
specific	  way	  (called	  place	  cells)	  



Place 
cells 

Kazu	  Nakazawa,	  Thomas	  J.	  McHugh,	  MaPhew	  A.	  Wilson	  &	  Susumu	  Tonegawa	  
Nature	  Reviews	  Neuroscience	  5,	  361-‐372	  (May	  2004)	  



Where do place fields come from? 

Medio-‐enthorinal	  cortex	  è	  Hippocampus	  



Grid cells 

Trajectory	  of	  a	  rat	  through	  a	  square	  
environment	   is	   shown	   in	   black.	   Red	  
dots	   indicate	   loca-ons	   at	   which	   a	  
par-cular	  entorhinal	  grid	  cell	  fired.	  

Spa-al	   autocorrelogram	  
of	   the	  neuronal	  ac-vity	  of	  
the	   grid	   cell	   from	   the	   leN	  
figure.	  

Haning,	  Fyhn,	  Molden,	  Moser	  &	  Moser,	  Nature	  436,	  801-‐806	  (2005)	  

•  	  weighted	  sums	  of	  grid	  cell	  acGviGes	  may	  produce	  localized	  acGvity	  (place	  fields)	  
•  	  changes	  in	  weights	  results	  in	  ‘random’	  remappings	  



Teleportation (1) 

•  Rat	  in	  2	  different	  environments	  
	  
•  Place	  fields	  are	  specific	  to	  each	  environment	  
	  
•  PopulaGon	  vectors	  (average	  acGvity)	  specific	  	  
	  	  	  	  	  	  to	  each	  environment	  
	  
•  Sudden	  changes	  of	  environment?	  

Jezek,	  Henriksen,	  Treves,	  Moser	  &	  Moser,	  	  
Nature	  478,	  246	  (2011)	  



Teleportation (2) 

How	  are	  different	  environments	  ‘stored’	  in	  the	  hippocampus?	  
What	  is	  the	  dynamics	  of	  the	  neural	  acGvity	  within	  one	  environment?	  	  

	   	   	   	   	   	   	   	   	   	  	  In	  between	  two	  environments?	  



Model: one environment (1) 

Physical	  space	  	   Neural	  network	  	  

Neuron	  i	  

Neuron	  j	  

dij

Neuron	  =	  binary	  state,	  silent	  or	  acGve	  :	  	  

Jij
0

! i = 0,1



Model: one environment (2) 
Physical	  space	  	  

Neural	  network	  	  

•  we	  choose	  dc	  so	  that	  each	  neuron	  	  
	  	  	  	  	  is	  connected	  to	  wN	  other	  neurons	  
	  	  	  	  (w<<1,	  but	  long	  range	  interacGons)	  	  

•  InteracGon	  matrix	  invariant	  under	  	  
	  	  	  	  	  translaGons	  (not	  necessary)	  



Model: random remappings 

Example	  in	  	  
dimension	  D=1:	  

Hypothesis:	  place	  fields	  are	  randomly	  remapped	  onto	  neurons	  

New	  environment	  =	  random	  permutaGon	  π	  
BaPaglia,	  Treves	  (1998);	  
Tsodyks	  (1999);	  Hopfield	  (2010)	  



Model: statistical mechanics formulation 

InteracGon	  matrix	  for	  
L+1	  environments:	  

Probability	  of	  acGvity	  
configuraGon:	  

‘Energy’	  :	  
(=-‐log	  likelihood)	  

ParGGon	  
funcGon:	  

(inhibiGon)	  



Case of a single environment (1) 

TranslaGon-‐invariant	  and	  long-‐range	  interacGons:	  exactly	  solvable	  model	  	  
(J.L.	  Lebowitz	  and	  O.	  Penrose,	  Journal	  of	  MathemaGcal	  Physics	  7,	  98	  (1966))	  

Order	  parameter	  =	  
Coarse-‐grained	  acGvity:	  

(imposes	  global	  acGvity)	  

Single	  neuron	  	  
self-‐consistent	  
equaGons:	  

(Similar	  to	  rate	  model	  for	  neurons)	  



Case of a single environment (2) 

T=0	   Paramagne-c	  phase	  
Localized	  phase	  

True	  also	  in	  
D=2:	  

Tspinodal	  



Multi-environment case:  
averaging over remappings 

Free	  energy	  depends	  on	  realizaGon	  of	  random	  interacGons	  J	  	  
	   	   	   	   	   	   	   	   	   	   	  =	  permutaGons	  π1,	  π2,	  …,	  πL	  

Hypothesis:	  concentraGon	  when	  Nè∞	  

PDF	  

Free	  energy	  
density	  

ZJ (T )
n = df! µN ( f )e

N ("n! f ) = e
N ("n! fav+

n2

2
#+O(n3 ))+o(N )

Replica	  method:	  

Average	  free	  energy	   FluctuaGons	  



Multi-environment case:  
averaging over remappings 

Average	  over	  permutaGons	  is	  not	  immediate	  …	  but	  can	  be	  done	  when	  Nè∞	  
(some	  similarity	  with	  Itzykson-‐Zuber	  integral,	  but	  discrete	  group	  here)	  

where	  



Multi-environment case:  
order parameters 

Local	  density	  of	  acGvity	  
averaged	  over	  	  
environments:	  

Edwards-‐Anderson	  overlap	  
(measures	  spaGal	  heterogeneiGes	  	  
in	  the	  acGvity):	  



Phases and Transition Lines 

!(x) = f ,q = f 2

!(x) = f ,q > f 2
!(x) ! f ,q > f 2

[w=0.05,f=1,D=1]	  
=
L
N



Simulations and Dynamics 

Monte	  Carlo	  Dynamics:	  	  
	  
•  Pick	  up	  one	  silent	  (index	  i)	  and	  one	  acGve	  spin	  (index	  j)	  
•  Compute	  variaGon	  of	  energy	  when	  spins	  are	  swapped	  

•  Accept	  according	  to	  detailed	  balance,	  e.g.	  Metropolis	  



Simulations and Dynamics 

Observe:	  
•  StaGc	  properGes	  …	  
•  Stability	  and	  fluctuaGons	  of	  clump	  (=quasi-‐parGcle?)	  
•  MoGon	  of	  clump	  within	  one	  environment	  
•  TransiGons	  between	  environments	  



Check of equilibrium properties 

Local	  field	  acGng	  on	  spin	  i:	  

hi = Jij
0

j
! ! j + Jij

l

l, j
! ! j

μ(x)	  

Gaussian	  random	  	  
variable	  
of	  variance	  α	  r,	  
(r	  =	  conjugated	  	  
parameter	  to	  q)	  

(D=1,	  N=10000,	  T=0.004,	  α=0.01)	  



Dynamics within one environment (1) 

Trajectory	  of	  clump	  center	  in	  D=2	  
(N=45x45	  spins,	  α=0.001,	  T=0.004)	  

PosiGon	  of	  clump	  center	  in	  D=1	  as	  a	  
funcGon	  of	  Gme	  (MC	  rounds=	  t	  x	  20)	  
(N=2000	  spins,	  α=0.003,	  T=0.006)	  



From spin configuration dynamics to 
density dynamics (1) 

Flip	  spins	  i=Na	  and	  j=Nb:	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (0	  to	  1)	  	  	  	  	  	  (1	  to	  0)	  

Change	  in	  	  
free	  energy:	  



From spin configuration dynamics to 
density dynamics (2) 

Rate	  of	  flip:	  

Detailed	  balance:	  

Hence,	  convergence	  towards	  equilibrium	  in	  the	  density	  profile	  space	  …	  

ρ(x)	  	  	  	  è ρ*(x)	  +	  	  Δρ(x)	  



The clump is a quasi-particle … 

è	  RelaxaGon	  towards	  equilibrium	  density	  for	  all	  modes,	  with	  
thermalizaGon	  at	  ‘temperature’	  of	  the	  order	  of	  N-‐1	  except	  for	  zero	  
mode	  (translaGon	  of	  clump),	  which	  diffuses	  with	  

ρ*(x)	  

Δρ(x)	  

fr
ee
	  e
ne

rg
y	  

density	  
profile	  

Diffusion	  
tensor	  

S*ffness	  
tensor	  

where	  



…with weak fluctuations across environment 

CalculaGon	  of	  	  

(D=1,	  f=0.1,	  w=0.05,	  leN:	  T=0.005,	  right:	  T=0.007)	  



Dynamics within one environment (2) 

ZJ (T )
n = df! µN ( f )e

N ("n! f ) = e
N ("n! fav+

n2

2
#+O(n3 ))+o(N )

FluctuaGons	  

(!F 2 )1/2 = T " N

‘Free’	  diffusion	  

‘AcGvated’	  diffusion	  

We	  can	  go	  further	  …	  	  

Compute	  	  
Technically:	  two	  sets	  of	  n/2	  replicas,	  nè0	  

x	  

F	  

(!F(x)!F(y))1/2 = T "(x # y) N



Dynamics within one environment (3) 

Diffusion	  coefficient	  
(log.	  scale)	  

Chart-‐to-‐chart	  
fluctuaGons	  

[D=1,	  
N=1000,	  
T=0.006,	  
α=0.003,	  
10000	  rounds]	  

d ! 1
N
e" NG(!,T )We	  expect	  



Dynamics: transitions between environments 



Dynamics: transitions between environments 

•  Repeated	  transiGons	  allow	  us	  to	  determine	  effecGve	  barrier	  heights	  
	  	  	  	  	  and	  transiGon	  Gmes:	  

	  
•  TransiGons	  take	  place	  at	  preferred	  locaGons	  in	  space(s)	  

! ! eNb(1"2)



Conclusion & Perspectives 

…	  very	  robust	  to	  neural	  noise	  (temperature)	  !	  

Amit,	  Gu}reund,	  Sompolinsky	  (1984)	  

PM	  

SG	  

FM	  

vs.	  

Storage	  of	  an	  extensive	  number	  of	  spaGal	  charts	  in	  an	  aPractor	  
neural	  network…	  

H = ! J 0
! l (i),! l ( j )

" i" j
l
"

i< j
" H = ! !i

µ! j
µ

µ

"
#

$
%%

&

'
((" i" j

i< j
"



Conclusion & Perspectives 

Complete	  picture	  of	  the	  dynamics	  within	  and	  between	  charts?	  

CompeGGon	  between	  (acGvated)	  diffusion	  and	  transiGons	  …	  
Depends	  on	  N	  (or	  effecGve	  N)	  
How	  to	  enhance	  diffusion	  in	  disordered	  landscape?	  	  

	   	  (modula-on	  of	  ac-vity,	  orthogonaliza-on	  of	  maps,	  adapta-on,	  …)	  	  



Conclusion & Perspectives 

Complete	  picture	  of	  the	  dynamics	  within	  and	  between	  charts?	  

?	  



Conclusion & Perspectives 

Comparison/relaGonship	  with	  experiments:	  

•  	  quanGtaGve	  esGmates	  of	  parameters	  in	  the	  model?	  
•  	  specific	  locaGons	  for	  transiGons?	  
•  	  differences	  between	  D=1,2,3?	  
•  	  dynamical	  behavior	  of	  clump	  under	  external	  forcing	  (visual	  clues)?	  
•  	  extension	  to	  other	  spaces,	  context-‐dependent	  place	  fields?	  	  



To go further 
Some	  references:	  
	  
F.P.	  BaPaglia	  and	  A.	  Treves,	  Physical	  Review	  E	  58,	  7738	  (1998).	  
M.	  Tsodyks,	  Hippocampus	  9,	  481	  (1999).	  
J.J.	  Hopfield,	  Proceedings	  of	  the	  NaGonal	  Academy	  of	  Sciences	  	  

	   	   	   	   	   	   	   	   	   	   	   	   	   	  107,	  1648	  (2010).	  
	  
Our	  paper:	  	  	  	  	  	  R.M.,	  S.	  Rosay,	  Physical	  Review	  E	  87,	  062813	  (2013)	  

	   	   	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (equilibrium	  only)	  
and	  Synopsis	  in	  Physics,	  Knowing	  your	  Place,	  by	  D.	  Voss	  

	  	  (hPp://physics.aps.org/)	  
	  
	  
Experiments:	  A	  Sense	  of	  Where	  You	  Are,	  New	  York	  Times,	  	  

	   	   	   	   	   	   	   	   	   	   	   	   	   	  April	  30th,	  2013	  



Post-‐doc	  available	  at	  Ecole	  Normale	  Supérieure,	  Paris	  
	  
in	  collaboraGon	  with	  S.	  Cocco,	  M.	  Weigt	  and	  R.M.	  
StarGng	  date:	  Fall	  2014	  at	  the	  latest	  
	  
	  
«	  From	  sequences	  to	  structure:	  staGsGcal-‐physics	  methods	  to	  
infer	  co-‐evoluGonary	  constraints	  in	  proteins	  and	  RNAs	  »	  
	  
-‐  Sta-s-cal	  physics	  of	  disordered	  systems	  
-‐  Inverse	  problems	  
-‐  Applica-ons	  to	  genomics	  &	  homology	  detec-on	  
	  
See	  lectures	  by	  M.	  Weigt	  
	  


