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What is Space-Variant Convolution?



Space-Invariant Convolution:

yi =
k−1∑
j=0

ajxi−j

I a is called space-invariant Point Spread Function (PSF).
I a does not depend on the location in y .

Space-Variant Convolution:

yi =
k−1∑
j=0

bijxi−j

I b is called space-variant Point Spread Function (PSF).
I b does depend on the location in image y .

For an observed image y :
I x is the true underlying image to be recovered.
I The PSF fully describes how x is transformed.
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Examples of Space-Variant Convolutions



Example: Camera Shake
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Example: Lens Abberations



Example: Lens Abberations



Example: Lens Abberations (true PSF)



Example: Lens Abberations (cartoon PSF)



Example: Air Turbulence (Exhaust Vent)



Assuming smoothness, how can we implement

Space-Variant Convolution efficiently?



Time-Invariant Convolution revisited

Fast convolution by Hadamard product in Fourier space:

y = a ∗ x = Ax = Z T
y F H Diag(FZaa)Fx︸ ︷︷ ︸

our matrix notation for 1D

I However: this is inefficient if x is long and a is short.
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HIGH-SPEED CONVOLUTION AND CORRELATION* 

Thomas G. Stockham, Jr. 

Massachusetts Institute of Technology, Project MAC 

Cambridge , Massachusetts 

INTRODUCTION 

Cooley and Tukeyl have disclosed a procedure 

for synthesizing and analyzing Fourier series for dis-

crete periodic complex functions. t For functions of 

period N, where N is a power of 2, computation 

times are proportional to N log2 N as expressed in 

Eq. (0). 

(0) 

where k ct is the constant of proportionality. For 

one realization for the IBM 7094, k ct has been 

measured at 60 JLsec. Normally the times required 

are proportional to N 2
• For N = 1000 speed-up 

factors in the order of 50 have been realized! Eq . 

. ( 1 b) synthesizes the Fourier series in question. The 

complex Fourier coefficients are given by the analy-

sis equation, Eq. (la). 

N-l 

F(k), = L: f(j)W-ik 

j=O 

N-l 

f(j) = ..!.. L: F(k) Wik 

N k=O 

(la) 

(lb) 

where w = e27fI
/

N
, the principal Nth root of unity. 

The functions f and F are said to form a discrete 

·Work reported herein was supported (in part) by Project 
MAC, an M.I.T. research program sponsored by the Advanced 
Research Projects Agency, Department of Defense, under Office 
of Naval Research Contract Number Nonr-4102(Ol). 

tTo be able to use this procedure the period must be a highly 
composite number. 
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periodic complex transform pair. Both functions 

are of period N since 

F(k) = F(k + 'cN) (2a) 

and 

f(j) = f(j + cN) (2b) 

TRANSFORM PRODUCTS 

Consider two functions g and h and their trans-

forms G and H. Let G and H be multiplied to form 

the function C according to Eq. (3), 

C(k) = G(k) x H(k) (3) 

and consider the inverse transform c(j). c(j) is 

given by Eq. (4) 

N-l 

c(j) = ..!.. L: g(J)h(j - J) 
N J=O 

N-l 

= ..!.. L: h(J)g(j - J) 
N J=O 

(4) 

as a sum of lagged products where the lags are per-

formed circularly. Those values that are shifted 

from one end of the summation interval are circu-

lated into the other. 

The time required to compute c(j) from either 

form of Eq. (4) is proportional to N 2
• If one com-

putes the transforms of g and h, performs the multi-

plication of Eq. (3), and then computes the inverse 

From the collection of the Computer History Museum (www.computerhistory.org)

In Proceedings of the April 26-28, 1966, Spring joint computer conference, pages 229-233. ACM, 1966.
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Time-Invariant Convolution revisited
Fast convolution by Hadamard product in Fourier space:

y = a ∗ x = Ax = Z T
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our matrix notation for 1D

I However: this is inefficient if x is long and a is short.

Stockham, 1966: Faster convolution by overlap-add:

I In our matrix notations:

y = Z T
y

p−1∑
r=0

DT
r F H Diag(FZaa)FZxCr x



From Time-Invariant to Time-Variant Convolution
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Abstract-A theory of short term spectral analysis, synthesis, and 

modification is presented with an attempt  at  pointing out certain 

practical and theoretical  questions. The methods discussed here are 

useful in designing filter banks when  the filter bank outputs are to be 

used for synthesis after multiplicative  modifications are  made to the 

spectrum. 

I N THIS paper,  some practical and theoretical questions are 

considered  concerning the analysis of  and  synthesis  from  a 

signal's short  term  spectrum.  The  short  term  spectrum, or 
time  spectrum, are those signals which result from  analyzing 

a single input signal with  a set of filters which are  selective 

over a range of  frequencies [ l ]  -[3]. In  the case of analysis by 

a  spectrum  analyzer, the filters are either spaced contiguously 

or  one filter is heterodyned over the  frequency range  of in- 

terest. For  many applications, this is quite  adequate. How- 

ever, when one is interested in both analysis and synthesis, a 

more  rigorous  approach is in order. 

In this paper, we shall restrict ourselves to the case of  uni- 

formly  spaced,  symmetric  bandpass filters. We are  also not 

concerned  with  bandwidth  reduction. In general, the  channel 

capacity in the  short  term spectral domain will be greater than 

that  of  the original signal. We will  be interested,  however, in 

being  able to  modify  the  short  term  spectrum in either  its 

phase or  amplitude content  without  introducing  undesired dis- 

tortion in the  synthesized signal. 

Previous filter bank  analysis-synthesis  techniques have been 

given by Flanagan and  Golden [ l ]  , Schafer  and  Rabiner [2], 

and  Portnoff [3].  Our approach differs in  several important 

ways. Previous approaches have  used contiguous filter banks 

in the analysis process. We shall show that  this results in an 

undersampled  spectrum and, as a result, synthesis  becomes 

very  sensitive to phase or delay modifications. We will then 

show that by using a  properly  sampled  overlapping filter set, 

we may avoid this sensitivity. By recognizing  the  need for a 

greater number  of filters, both  the analysis and synthesis pro- 

cedures are simplified. However, the number of  samples of 

data in the  short  term spectral domain that results per sample 

of input  data is greater than  one;  thus,  the relevance  of the 

present  method to bandwidth  reduction  remains unclear. 

A second  important  difference  between  our  approach  and 

that of others is during synthesis. All previous  authors [ l ]  - 
[3] have summed  the filter outputs  for  the synthesis; we 

synthesize in a way that is  similar to the  overlap  add  method 

[4] . As a result, our  method  does not require an interpolating 

filter prior to  the  add, and @us, there is a savings in the 

Manuscript received September 29, 1976;revised January 25,  1977. 
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amount of additional filtering. In  our  method,  only  a small 

number of adds  (four fo'r a Hamming window) per sample are 

required. 

The major  advantage  of  the  present  scheme is that  it allows 

arbitrary modifications of the  short  term  spectrum. These 

modifications  may be directly interpreted in the  time  domain 

as a.filter whose impulse response  is  given by  the  Fourier trans- 

form  of  the  modification.  The price paid for  allowing  modifi- 

cations  of  the  spectrum w i t b e  seen to be  an increase in  the 

number  of  frequency  channels  required.  A  modification  made 

prior to the  usual  method  of synthesis, namely, of adding  the 

filter outputs of a contiguous filter set,  does not satisfy the 

convolution rule. 

ANALYSIS OF SHORT TERM SPECTRA 

We have defined  the  short  term  spectra as  an output derived 

from  a  bank  of filters. At  each filter frequency, we require 

two filters which have the same magnitude  response but differ 

in  phase by 90". 

It is well known [2] , [3] that  a  filter bank  of  this  form  may 

be  realized by weighting the  input signal x(t)  by  a sliding 

low-pass filter impulse  response w ( t )  and  Fourier  transforming 

the result. Thus, we  have 

m 

X(f, t )  =/ w (t - 7) x (7) e i 2 n f ~  d7 (1) 

where X(f, t )  is the  short  term  frequency  spectrum, t is the 

time variable, w(t  - 7) is the shifted window, X ( T )  is the  input 

signal, and exp  (j27r.f~) is the complex  exponential. 

We define W(f) as the  Fourier  transform  of w(t ) :  

-m 

W ( f )  =Jm w(7) ej2nfT d7. (2) 

W(f) is assumed to be small for  frequencies above some  crit- 

ical frequency.  The  short  term  spectrum X(f, t )  is equivalent 

to frequency shifting the frequency  band  of x(t) centered at 

f down  to  zero  frequency  with  the  complex  exponential 

exp (j277ft) and  low-pass filtering the result with  the low-pass 

filter w(t).  The resulting X(f, t )  is a  complex  function  of  time 

(see Fig. 1 and [ l ]  -[3]). In the applications  considered  here, 

x ( t )  is to  be  a sampled  data signal x ( k )  and X(', t)  will  be 

found  by  replacing the Fourier  transform  by  a discrete Fourier 

transform  (DFT). 

An important question is relevant at  this  point,  namely,  how 

many  frequency  and  time  samples are required to fully repre- 

sent the  data X(f, t )  in a sampled  data  system.  This  question 

is  answered by  applying  the  Nyquist  theorem  twice. w ( t )  has 

two characteristic "lengths," one in the time  domain  and  one 

- m  

In our notation:

y = Z T
y

p−1∑
r=0

DT
r F H

︸ ︷︷ ︸
Synthesis

Diag(FZaa(r))︸ ︷︷ ︸
Modification

FZx Diag(w (r))Cr x︸ ︷︷ ︸
Analysis

I Stockham’s overlap-add is short-time Fourier transform
analysis and synthesis.

Differences:
I Filters a(0), . . . ,a(p−1) lead to time-variant filtering.
I Weights w (0), . . . ,w (p−1) smoothly fade segments in/out.
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over a range of  frequencies [ l ]  -[3]. In  the case of analysis by 

a  spectrum  analyzer, the filters are either spaced contiguously 

or  one filter is heterodyned over the  frequency range  of in- 

terest. For  many applications, this is quite  adequate. How- 

ever, when one is interested in both analysis and synthesis, a 

more  rigorous  approach is in order. 

In this paper, we shall restrict ourselves to the case of  uni- 

formly  spaced,  symmetric  bandpass filters. We are  also not 

concerned  with  bandwidth  reduction. In general, the  channel 

capacity in the  short  term spectral domain will be greater than 

that  of  the original signal. We will  be interested,  however, in 

being  able to  modify  the  short  term  spectrum in either  its 

phase or  amplitude content  without  introducing  undesired dis- 

tortion in the  synthesized signal. 

Previous filter bank  analysis-synthesis  techniques have been 

given by Flanagan and  Golden [ l ]  , Schafer  and  Rabiner [2], 

and  Portnoff [3].  Our approach differs in  several important 

ways. Previous approaches have  used contiguous filter banks 

in the analysis process. We shall show that  this results in an 

undersampled  spectrum and, as a result, synthesis  becomes 

very  sensitive to phase or delay modifications. We will then 

show that by using a  properly  sampled  overlapping filter set, 

we may avoid this sensitivity. By recognizing  the  need for a 

greater number  of filters, both  the analysis and synthesis pro- 

cedures are simplified. However, the number of  samples of 

data in the  short  term spectral domain that results per sample 

of input  data is greater than  one;  thus,  the relevance  of the 

present  method to bandwidth  reduction  remains unclear. 

A second  important  difference  between  our  approach  and 

that of others is during synthesis. All previous  authors [ l ]  - 
[3] have summed  the filter outputs  for  the synthesis; we 

synthesize in a way that is  similar to the  overlap  add  method 

[4] . As a result, our  method  does not require an interpolating 

filter prior to  the  add, and @us, there is a savings in the 
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amount of additional filtering. In  our  method,  only  a small 

number of adds  (four fo'r a Hamming window) per sample are 

required. 

The major  advantage  of  the  present  scheme is that  it allows 

arbitrary modifications of the  short  term  spectrum. These 

modifications  may be directly interpreted in the  time  domain 

as a.filter whose impulse response  is  given by  the  Fourier trans- 

form  of  the  modification.  The price paid for  allowing  modifi- 

cations  of  the  spectrum w i t b e  seen to be  an increase in  the 

number  of  frequency  channels  required.  A  modification  made 

prior to the  usual  method  of synthesis, namely, of adding  the 

filter outputs of a contiguous filter set,  does not satisfy the 

convolution rule. 

ANALYSIS OF SHORT TERM SPECTRA 

We have defined  the  short  term  spectra as  an output derived 

from  a  bank  of filters. At  each filter frequency, we require 

two filters which have the same magnitude  response but differ 

in  phase by 90". 

It is well known [2] , [3] that  a  filter bank  of  this  form  may 

be  realized by weighting the  input signal x(t)  by  a sliding 

low-pass filter impulse  response w ( t )  and  Fourier  transforming 

the result. Thus, we  have 

m 

X(f, t )  =/ w (t - 7) x (7) e i 2 n f ~  d7 (1) 

where X(f, t )  is the  short  term  frequency  spectrum, t is the 

time variable, w(t  - 7) is the shifted window, X ( T )  is the  input 

signal, and exp  (j27r.f~) is the complex  exponential. 

We define W(f) as the  Fourier  transform  of w(t ) :  

-m 

W ( f )  =Jm w(7) ej2nfT d7. (2) 

W(f) is assumed to be small for  frequencies above some  crit- 

ical frequency.  The  short  term  spectrum X(f, t )  is equivalent 

to frequency shifting the frequency  band  of x(t) centered at 

f down  to  zero  frequency  with  the  complex  exponential 

exp (j277ft) and  low-pass filtering the result with  the low-pass 

filter w(t).  The resulting X(f, t )  is a  complex  function  of  time 

(see Fig. 1 and [ l ]  -[3]). In the applications  considered  here, 

x ( t )  is to  be  a sampled  data signal x ( k )  and X(', t)  will  be 

found  by  replacing the Fourier  transform  by  a discrete Fourier 

transform  (DFT). 

An important question is relevant at  this  point,  namely,  how 

many  frequency  and  time  samples are required to fully repre- 

sent the  data X(f, t )  in a sampled  data  system.  This  question 

is  answered by  applying  the  Nyquist  theorem  twice. w ( t )  has 

two characteristic "lengths," one in the time  domain  and  one 

- m  

In our notation:

y = Z T
y

p−1∑
r=0

DT
r F H

︸ ︷︷ ︸
Synthesis

Diag(FZaa(r))︸ ︷︷ ︸
Modification

FZx Diag(w (r))Cr x︸ ︷︷ ︸
Analysis

I Stockham’s overlap-add is short-time Fourier transform
analysis and synthesis.

Differences:
I Filters a(0), . . . ,a(p−1) lead to time-variant filtering.

I Weights w (0), . . . ,w (p−1) smoothly fade segments in/out.
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DEFINITION

The ahort—apace Fourier transform (SSFT) ia

introduced aa a meana of deacrihing discrete multi-

dimensional signals of finite extent. It is an
adaptation of the short—time Fourier transform

developed for one—dimensional infinite—duration

signals such as speech. By reflectively extending
the finite signal segment, one can imagine an

infinite duration signal which is "continuous."

The proposed SSFT is the multidimensional general-

ization of the short—tine Fourier transform oper-

ating upon the resulting infinite duration signal.
Because boundary "discontinuities" are avoided, the

proposed SSFT provides a transform representation
free of extraneous spectral energy. An efficient
algorithm for computing the SSFT is described.

SSFT image coding, an important application of the

new transform method, provides localized spectral
information without the undesirable phenomenon of

"blocking effects."

INTRODUCTION

There are many applications in which one

wishes to obtain the spectrum of a discrete multi-

dimensional signal. The multidimensional discrete
Fourier transform (MDFT) has long been an impor-

tant tool in this area. In some situatione, such

as image processing, the multidimensional signals
are not at all stationary. Consequently, one

night wish to obtain a spectrum which reflects

localized signal characteristics. The most obvi-

ous method of obtaining such a representation is

to merely divide the signal into an arbitrary

number of sections and perform NDFT's on each sec-

tion. Unfortunately, by performing MDFT's over

finite signal sections, extraneous spectral energy
is often introduced to account for the abrupt

transitions which may occur across opposite bound-

aries of the signal. In image coding applications,
this problem is somewhat avoided by using the

discrete cosine transform (OCT) [5]. However, a
solution of more general application is to pass the

signal through a bank of bandpass filters and

periodically sample the outputs. For one—dimen-
sional infinite duration signals, this technique

is often referred to as "short—time Fourier analy-
sis." Allen and Rabiner [1], Portnoff [2], and
others [3][4] have described the theory of short—

time Fourier analysis in considerable detail. This
paper will explore the adaptation of this method to

multidimensional signals of finite extent.

4.8.1

For a one—dimensional, infinite duration
discrete signal, x(n), the short—time Fourier
transform has been defined as [2]

-j an
X(n,w) m!(m7(m -n)e

where w is a window function used for localization

of the signal. This definition can be generalized
in a direct manner to include multidimensional

functions of infinite extent. However, nearly all

practical multidimensional signals, and many one—
dimensional signals, are defined only over a finite

region. If one were to use the direct generaliza-

tion of the short—tine Fourier transform, for exam-

ple, by padding the signal with zeros outside of

its region of support, two problems would immedi-

ately arise. First, the non—zero portion of the
transform in the spatial direction may extend well

beyond the bounds of the input function. Second,
artificial discontinuities may be introduced at the

signal boundaries. Such discontinuities will
introduce extraneous information in the spectral

domain which may obscure the true spectral charac-

teristics of the signal.

To avoid both of these problems we define the

short—space Fourier transform in the following man-

ner. Let x(n) be an L—dimensional signal defined

over the region 0 <n. <N. for all i, 1< i < L.—
1 1 — —

Then

2N1—1 2N2—1 2NL_l T
- - -3mwX(n,w) = } x(m)w(n-m)s ——

m10 m20 o0
where (n) is the time aliaasd version of sons
infinite length window function w:

w(n) = w(n—2Nm)

n1—° ° m2_ct jp1_c

and (n) is the original signal function reflec-
tively extended in all L dimensions;
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y

y

space-invariant

−−−−−−→ space-variant

Hinman, 1984, in our notation (no change to Stockham):

y = Z T
y

p−1∑
r=0

DT
r F H Diag(FZaa)FZxCr x

I However: implement from right to left using 2D operations.
I Appropriately chosen filters and weightings lead to

space-variant convolution.
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Towards Space-Variant Convolution

time-invariant Allen, 1977−−−−−−→ time-variant

Hinman et al, 1984

y
y

space-invariant −−−−−−→ space-variant

Space-variant convolution in our notation:

y = Z T
y

p−1∑
r=0

DT
r F H Diag(FZaa(r))FZx Diag(w (r))Cr x

I However: implement from right to left using 2D operations.
I Appropriately chosen filters and weightings lead to

space-variant convolution.



Cartoon of our Space-Variant Convolution

y = Z T
y

p−1∑
r=0

DT
r F H Diag(FZaa(r))F Zx Diag(w (r))Cr︸ ︷︷ ︸

A

x

= Z T
y

p−1∑
r=0

DT
r F H Diag(FZx Diag(w (r))Cr x)FZaBr︸ ︷︷ ︸

X

a

Fast Matrix-Vector-Multiplications (MVMs):
I For A and X : implement from right to left.
I For AT and X T: implement from left to right.

[Illustration from Michael Hirsch.]
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Space-Variant Deconvolution (single image)

Non-Blind Deconvolution:
I Task: given observed image y and filters a(0), . . . ,a(p−1),

estimate true image x .

{y ,a(0), . . . ,a(p−1)} estimate−−−−−→ x

I Gradients require MVMs with A and AT.

Blind Deconvolution:
I Task: given only the observed image y , estimate true

image x and possibly filters a(0), . . . ,a(p−1).

y estimate−−−−−→ x

I Gradients require MVMs with A, AT, X , and X T.
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Properties of our Space-Variant Convolution

Runtime Complexity for MVMs with A, AT, X , and X T:
I For image size n, overlap o, and patch-size p, the run-time

is O(no log p).
I Not much slower than usual convolution, O(n log p).

Expressivity:
I Is the PSF piecewise constant?

Not if the patches overlap.
I Is the PSF piecewise linear?

Not if the window functions are nonlinear.
I Is the PSF differentiable along the image?

Yes, if the window functions are chosen carefully.
Limitation:

I True PSF must vary smoothly, otherwise we might get
artefacts.
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Not if the patches overlap.
I Is the PSF piecewise linear?

Not if the window functions are nonlinear.
I Is the PSF differentiable along the image?

Yes, if the window functions are chosen carefully.
Limitation:

I True PSF must vary smoothly, otherwise we might get
artefacts.



Approximation of Camera Shake

camera shake approximation y = Ax

with filters a =



Removing Air Turbulence (multiple frames)

Hirsch, Sra, Schölkopf, Harmeling, CVPR 2010



Removing Camera Shake (single frame)

shaken image



Removing Camera Shake (single frame)

Harmeling, Hirsch, Schölkopf, NIPS, 2010



Removing Camera Shake (single frame)

Cho and Lee, Siggraph Asia, 2009



Removing Lens Abberations (non-blind)

distorted image taken with single lens element



Removing Lens Abberations (non-blind)

our result (submitted)



Related Work to Space-Variant Convolution

Nagy et O’Leary, 1998:
I Space-variant deconv. with rect. and triang. windows.
I No X and X T, so only non-blind deconvolution.

Tai et al, 2009:
I Projective motion path, only for camera shake.
I No X and X T, so only non-blind deconvolution.

Whyte et al, 2010, and Gupta et al, 2010:
I Blind deconvolution for camera shake using homographies.
I Only for camera shake.

Joshi et al, 2010
I Blind deconvolution for camera shake using sensor data.
I Only for camera shake.



Summary

Efficient space-variant convolution:
I Based on overlap-add and short-space Fourier analysis

and synthesis.
I Can be written as MVM: y = Ax = Xa.
I MVMs with A, AT, X , X T in O(on log p) allow blind and

non-blind deconvolution.
Results on removing space-variant blurs:

I Camera Shake
I Lens Abberations
I Air Turbulence

Many more applications:
I Astronomy: atmospheric turbulence
I Microscopy: depth-varying blurs
I Biomedical imaging: e.g. non-rigid registration in MRI

Thanks for your attention!
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