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Questions

• How can we make sense of the joint activity of many neurons 
encoding rich (naturalistic) stimuli at the single-spike level?

• Is the “code” independent? If not, what is the nature of the 
collective activity? Is it combinatorial? 

• How can we connect theoretical work on neural coding to 
new, high-dimensional data?

Overview
1. Start with data

2. Create inverse statistical physics models for the joint activity

3. Are the models good descriptions of the data?

4. Study the behavior of these models, and compare with 
predicted signatures in the data.
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Retina:

- planar tissue, easy experimental access, no 
feedback

- input: light, transduced by photoreceptors

- output: ganglion cell layer patterns of 
neural activity (spiking / silence)

- what is the mapping between 
stimuli and neural outputs?
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Retina:

- planar tissue, easy experimental access, no 
feedback

- input: light, transduced by photoreceptors

- output: ganglion cell layer patterns of 
neural activity (spiking / silence)

- what is the mapping between 
stimuli and neural outputs?

Retina as an encoding device

Population coding = one of the basic questions of 
sensory neuroscience, especially interesting with 

complex / naturalistic stimuli. 
Retina is uniquely suitable for probing this question.
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Wait, isn’t the retina just a camera?

1. Each retinal ganglion cell (RGC) effectively 
performs center-surround filtering of the light 
stimulus

2. We know how this is implemented 
anatomically

3. Theory tells us why center-surround filtering is 
efficient (= to decorrelate natural inputs)

4. We can build mathematical models that predict 
spikes given the stimulus for each cell

5. RGCs (or RGC subtypes) tile the visual space

⇒ We should know everything about how the retina 

represents stimulus information

⇒ Prediction: decorrelated spike trains

Nonlinear function - N

Firing rate – r

Stimulus

Linear filter - L
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State of one element of a network:
spike/silence from one neuron

expression level of one gene
choice of amino acid at one site in a protein

flight direction and speed of one bird in a flock

�n

{�n}State of the entire network

What do we want to know?

{�n}t � {�n}t+�t

P ({�n})

How do we get 
from one state to 

another?

Which states of the 
whole system are 

sampled in real life?

State space is too large to 
answer these (and other) 

questions “directly” by 
experiment. 

You can’t measure all the states, but you can measure averages, 
correlations, ... .  Build the minimally structured model that is consistent 
with these measurements.  “Minimally structured” = maximum entropy, 
and this connects the real data directly to statistical mechanics ideas (!).  

With modern electrode arrays one can 
record the activity of > 100 neurons at once.

D Amodei, O Marre & MJ Berry II, in preparation (2011).

Importantly, these are almost all the ganglion 
cells within the radius of connectivity.

Studying complete neural populations

• 252 electrode array, dense spacing, salamander retina

• able to record ~200-300 RGCs in a dense patch, overlapping RFs

• >90 % coverage

• This is (almost) a complete population encoding the stimuli in a small visual 
angle... A rare case in neuroscience!

O Marre et al, J Neurosci (2012)
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Watching the retinal output

One ellipse = the receptive field of one recorded cell. 
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The ellipse appears when the cell fires. 

Watching the retinal output
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Neural codebook, dictionary, and vocabulary
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Neural codebook, dictionary, and vocabulary

time

ne
ur

on
s

natural stimulus
P(s)

vocabulary
which codewords occur how often?
are some codewords “forbidden”?

are the codewords organized into clusters?
P(w) 

w = { σi }

Major problem: curse of dimensionality. For N neurons we 
have 2N possible firing patterns!
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Maxent models for the neural vocabulary, P({σi})
What is the overall structure of retinal codewords {σi}? Which population states 
are frequent, which ones are “forbidden”...? This is encoded in P({σi}) -- but how 

can we find this distribution from (finite) data? 
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We choose L functions of the state of the 
system of N neurons { σi }:

such that their average values can be estimated 
from recorded data

We look for a distribution that is as random as 
possible (max entropy), but matches the 

ensemble averages of f to their expectations in 
data

Independent neurons

Pairwise (Ising-like) models

K-spike models

K-pairwise models

Schneidman et al, Nature 440 (2006)
GT et al, arxiv.org:q-bio/0611072 (2006)

GT. et al, J Stat Mech P03011 (2013)

What is the overall structure of retinal codewords {σi}? Which population states 
are frequent, which ones are “forbidden”...? This is encoded in P({σi}) -- but how 

can we find this distribution from (finite) data? 

GT. et al, 
PLOS CB 10 (2014)
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What are maxent models (and what they are not)?

They ARE a description of a stationary probability distribution (of responses).

Interpretation-wise, they ARE NOT identical to equilibrium distributions (note the 
absence of T). The retina is “driven” by external stimulus.

The couplings ARE functional (which neurons tend to spike together), but NOT 
physiological (which neurons are wired together). The output distribution depends 
on the retina and on the input.

They DO NOT assume any dynamics (like Glauber etc); many dynamics could result 
in the same stationary distribution. Maxent models can be extended to dynamics.

Despite these caveats, one can learn a lot about the neural 
code by studying P({σi}).
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silent. Moreover, within the clusters corresponding to different total
numbers of spikes, the predictions and observations are strongly
anti-correlated.
We conclude that weak correlations among pairs of neurons

coexist with strong correlations in the states of the population as a
whole. One possible explanation is that there are specific multi-
neuron correlations, whether driven by the stimulus or intrinsic to
the network, which simply are not measured by looking at pairs
of cells. Searching for such higher-order effects presents many
challenges22–24. Another scenario is that small correlations among
very many pairs could add up to a strong effect on the network as a
whole. If correct, this would be an enormous simplification in our
description of the network dynamics.

Minimal consequences of pairwise correlations
To describe the network as a whole, we need to write down a

probability distribution for the 2N binary words corresponding to
patterns of spiking and silence in the population. The pairwise
correlations tell us something about this distribution, but there are
an infinite number of models that are consistent with a given set of
pairwise correlations. The difficulty thus is to find a distribution
that is consistent only with the measured correlations, and does
not implicitly assume the existence of unmeasured higher-order
interactions. As the entropy of a distribution measures the random-
ness or lack of interaction among different variables25, this minimally
structured distribution that we are looking for is the maximum
entropy distribution26 consistent with the measured properties of
individual cells and cell pairs27.
We recall that maximum entropy models have a close connection

to statistical mechanics: physical systems in thermal equilibrium are
described by the Boltzmann distribution, which has the maximum
possible entropy given the mean energy of the system26,28. Thus, any
maximum entropy probability distribution defines an energy func-
tion for the system we are studying, and we will see that the energy
function relevant for our problem is an Ising model. Ising models
have been discussed extensively as models for neural networks29,30,
but in these discussions the model arose from specific hypotheses

Figure 1 | Weak pairwise cross-correlations and the failure of the
independent approximation. a, A segment of the simultaneous responses of
40 retinal ganglion cells in the salamander to a natural movie clip. Each dot
represents the time of an action potential. b, Discretization of population
spike trains into a binary pattern is shown for the green boxed area in a.
Every string (bottom panel) describes the activity pattern of the cells at a
given time point. For clarity, 10 out of 40 cells are shown. c, Example cross-
correlogram between two neurons with strong correlations; the average
firing rate of one cell is plotted relative to the time at which the other cell
spikes. Inset shows the same cross-correlogram on an expanded time scale;
x-axis, time (ms); y-axis, spike rate (s21). d, Histogram of correlation
coefficients for all pairs of 40 cells from a. e, Probability distribution of
synchronous spiking events in the 40 cell population in response to a long
natural movie (red) approximates an exponential (dashed red). The
distribution of synchronous events for the same 40 cells after shuffling each
cell’s spike train to eliminate all correlations (blue), compared to the Poisson
distribution (dashed light blue). f, The rate of occurrence of each pattern
predicted if all cells are independent is plotted against the measured rate.
Each dot stands for one of the 210 ! 1,024 possible binary activity patterns
for 10 cells. Black line shows equality. Two examples of extreme mis-
estimation of the actual pattern rate by the independent model are
highlighted (see the text).

Figure 2 | A maximum entropy model including all pairwise interactions
gives an excellent approximation of the full network correlation
structure. a, Using the same group of 10 cells from Fig. 1, the rate of
occurrence of each firing pattern predicted from the maximum entropy
model P2 that takes into account all pairwise correlations is plotted against
the measured rate (red dots). The rates of commonly occurring patterns are
predicted with better than 10% accuracy, and scatter between predictions
and observations is confined largely to rare events for which the
measurement of rates is itself uncertain. For comparison, the independent
model P1 is also plotted (from Fig. 1f; grey dots). Black line shows equality.
b, Histogram of Jensen–Shannon divergences (see Methods) between the
actual probability distribution of activity patterns in 10-cell groups and the
models P1 (grey) and P2 (red); data from 250 groups. c, Fraction of full
network correlation in 10-cell groups that is captured by the maximum
entropy model of second order, I (2)/IN, plotted as a function of the full
network correlation, measured by the multi-information IN (red dots). The
multi-information values are multiplied by 1/Dt to give bin-independent
units. Every dot stands for one group of 10 cells. The 10-cell group featured
in a is shown as a light blue dot. For the same sets of 10 cells, the fraction of
information of full network correlation that is captured by the conditional
independence model, Icond–indep/IN, is shown in black (see the text).
d, Average values of I (2)/IN from 250 groups of 10 cells. Results are shown for
different movies (see Methods), for different species (see Methods), and for
cultured cortical networks; error bars show standard errors of the mean.
Similar results are obtained on changing N and Dt; see Supplementary
Information.

ARTICLES NATURE|Vol 440|20 April 2006
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Pairwise correlations between 
neurons σi are weak...

Schneidman et al (2006), 10 neurons
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represents the time of an action potential. b, Discretization of population
spike trains into a binary pattern is shown for the green boxed area in a.
Every string (bottom panel) describes the activity pattern of the cells at a
given time point. For clarity, 10 out of 40 cells are shown. c, Example cross-
correlogram between two neurons with strong correlations; the average
firing rate of one cell is plotted relative to the time at which the other cell
spikes. Inset shows the same cross-correlogram on an expanded time scale;
x-axis, time (ms); y-axis, spike rate (s21). d, Histogram of correlation
coefficients for all pairs of 40 cells from a. e, Probability distribution of
synchronous spiking events in the 40 cell population in response to a long
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distribution (dashed light blue). f, The rate of occurrence of each pattern
predicted if all cells are independent is plotted against the measured rate.
Each dot stands for one of the 210 ! 1,024 possible binary activity patterns
for 10 cells. Black line shows equality. Two examples of extreme mis-
estimation of the actual pattern rate by the independent model are
highlighted (see the text).

Figure 2 | A maximum entropy model including all pairwise interactions
gives an excellent approximation of the full network correlation
structure. a, Using the same group of 10 cells from Fig. 1, the rate of
occurrence of each firing pattern predicted from the maximum entropy
model P2 that takes into account all pairwise correlations is plotted against
the measured rate (red dots). The rates of commonly occurring patterns are
predicted with better than 10% accuracy, and scatter between predictions
and observations is confined largely to rare events for which the
measurement of rates is itself uncertain. For comparison, the independent
model P1 is also plotted (from Fig. 1f; grey dots). Black line shows equality.
b, Histogram of Jensen–Shannon divergences (see Methods) between the
actual probability distribution of activity patterns in 10-cell groups and the
models P1 (grey) and P2 (red); data from 250 groups. c, Fraction of full
network correlation in 10-cell groups that is captured by the maximum
entropy model of second order, I (2)/IN, plotted as a function of the full
network correlation, measured by the multi-information IN (red dots). The
multi-information values are multiplied by 1/Dt to give bin-independent
units. Every dot stands for one group of 10 cells. The 10-cell group featured
in a is shown as a light blue dot. For the same sets of 10 cells, the fraction of
information of full network correlation that is captured by the conditional
independence model, Icond–indep/IN, is shown in black (see the text).
d, Average values of I (2)/IN from 250 groups of 10 cells. Results are shown for
different movies (see Methods), for different species (see Methods), and for
cultured cortical networks; error bars show standard errors of the mean.
Similar results are obtained on changing N and Dt; see Supplementary
Information.
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...so perhaps they can be neglected?
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tion for the system we are studying, and we will see that the energy
function relevant for our problem is an Ising model. Ising models
have been discussed extensively as models for neural networks29,30,
but in these discussions the model arose from specific hypotheses

Figure 1 | Weak pairwise cross-correlations and the failure of the
independent approximation. a, A segment of the simultaneous responses of
40 retinal ganglion cells in the salamander to a natural movie clip. Each dot
represents the time of an action potential. b, Discretization of population
spike trains into a binary pattern is shown for the green boxed area in a.
Every string (bottom panel) describes the activity pattern of the cells at a
given time point. For clarity, 10 out of 40 cells are shown. c, Example cross-
correlogram between two neurons with strong correlations; the average
firing rate of one cell is plotted relative to the time at which the other cell
spikes. Inset shows the same cross-correlogram on an expanded time scale;
x-axis, time (ms); y-axis, spike rate (s21). d, Histogram of correlation
coefficients for all pairs of 40 cells from a. e, Probability distribution of
synchronous spiking events in the 40 cell population in response to a long
natural movie (red) approximates an exponential (dashed red). The
distribution of synchronous events for the same 40 cells after shuffling each
cell’s spike train to eliminate all correlations (blue), compared to the Poisson
distribution (dashed light blue). f, The rate of occurrence of each pattern
predicted if all cells are independent is plotted against the measured rate.
Each dot stands for one of the 210 ! 1,024 possible binary activity patterns
for 10 cells. Black line shows equality. Two examples of extreme mis-
estimation of the actual pattern rate by the independent model are
highlighted (see the text).

Figure 2 | A maximum entropy model including all pairwise interactions
gives an excellent approximation of the full network correlation
structure. a, Using the same group of 10 cells from Fig. 1, the rate of
occurrence of each firing pattern predicted from the maximum entropy
model P2 that takes into account all pairwise correlations is plotted against
the measured rate (red dots). The rates of commonly occurring patterns are
predicted with better than 10% accuracy, and scatter between predictions
and observations is confined largely to rare events for which the
measurement of rates is itself uncertain. For comparison, the independent
model P1 is also plotted (from Fig. 1f; grey dots). Black line shows equality.
b, Histogram of Jensen–Shannon divergences (see Methods) between the
actual probability distribution of activity patterns in 10-cell groups and the
models P1 (grey) and P2 (red); data from 250 groups. c, Fraction of full
network correlation in 10-cell groups that is captured by the maximum
entropy model of second order, I (2)/IN, plotted as a function of the full
network correlation, measured by the multi-information IN (red dots). The
multi-information values are multiplied by 1/Dt to give bin-independent
units. Every dot stands for one group of 10 cells. The 10-cell group featured
in a is shown as a light blue dot. For the same sets of 10 cells, the fraction of
information of full network correlation that is captured by the conditional
independence model, Icond–indep/IN, is shown in black (see the text).
d, Average values of I (2)/IN from 250 groups of 10 cells. Results are shown for
different movies (see Methods), for different species (see Methods), and for
cultured cortical networks; error bars show standard errors of the mean.
Similar results are obtained on changing N and Dt; see Supplementary
Information.
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silent. Moreover, within the clusters corresponding to different total
numbers of spikes, the predictions and observations are strongly
anti-correlated.
We conclude that weak correlations among pairs of neurons

coexist with strong correlations in the states of the population as a
whole. One possible explanation is that there are specific multi-
neuron correlations, whether driven by the stimulus or intrinsic to
the network, which simply are not measured by looking at pairs
of cells. Searching for such higher-order effects presents many
challenges22–24. Another scenario is that small correlations among
very many pairs could add up to a strong effect on the network as a
whole. If correct, this would be an enormous simplification in our
description of the network dynamics.

Minimal consequences of pairwise correlations
To describe the network as a whole, we need to write down a

probability distribution for the 2N binary words corresponding to
patterns of spiking and silence in the population. The pairwise
correlations tell us something about this distribution, but there are
an infinite number of models that are consistent with a given set of
pairwise correlations. The difficulty thus is to find a distribution
that is consistent only with the measured correlations, and does
not implicitly assume the existence of unmeasured higher-order
interactions. As the entropy of a distribution measures the random-
ness or lack of interaction among different variables25, this minimally
structured distribution that we are looking for is the maximum
entropy distribution26 consistent with the measured properties of
individual cells and cell pairs27.
We recall that maximum entropy models have a close connection

to statistical mechanics: physical systems in thermal equilibrium are
described by the Boltzmann distribution, which has the maximum
possible entropy given the mean energy of the system26,28. Thus, any
maximum entropy probability distribution defines an energy func-
tion for the system we are studying, and we will see that the energy
function relevant for our problem is an Ising model. Ising models
have been discussed extensively as models for neural networks29,30,
but in these discussions the model arose from specific hypotheses

Figure 1 | Weak pairwise cross-correlations and the failure of the
independent approximation. a, A segment of the simultaneous responses of
40 retinal ganglion cells in the salamander to a natural movie clip. Each dot
represents the time of an action potential. b, Discretization of population
spike trains into a binary pattern is shown for the green boxed area in a.
Every string (bottom panel) describes the activity pattern of the cells at a
given time point. For clarity, 10 out of 40 cells are shown. c, Example cross-
correlogram between two neurons with strong correlations; the average
firing rate of one cell is plotted relative to the time at which the other cell
spikes. Inset shows the same cross-correlogram on an expanded time scale;
x-axis, time (ms); y-axis, spike rate (s21). d, Histogram of correlation
coefficients for all pairs of 40 cells from a. e, Probability distribution of
synchronous spiking events in the 40 cell population in response to a long
natural movie (red) approximates an exponential (dashed red). The
distribution of synchronous events for the same 40 cells after shuffling each
cell’s spike train to eliminate all correlations (blue), compared to the Poisson
distribution (dashed light blue). f, The rate of occurrence of each pattern
predicted if all cells are independent is plotted against the measured rate.
Each dot stands for one of the 210 ! 1,024 possible binary activity patterns
for 10 cells. Black line shows equality. Two examples of extreme mis-
estimation of the actual pattern rate by the independent model are
highlighted (see the text).

Figure 2 | A maximum entropy model including all pairwise interactions
gives an excellent approximation of the full network correlation
structure. a, Using the same group of 10 cells from Fig. 1, the rate of
occurrence of each firing pattern predicted from the maximum entropy
model P2 that takes into account all pairwise correlations is plotted against
the measured rate (red dots). The rates of commonly occurring patterns are
predicted with better than 10% accuracy, and scatter between predictions
and observations is confined largely to rare events for which the
measurement of rates is itself uncertain. For comparison, the independent
model P1 is also plotted (from Fig. 1f; grey dots). Black line shows equality.
b, Histogram of Jensen–Shannon divergences (see Methods) between the
actual probability distribution of activity patterns in 10-cell groups and the
models P1 (grey) and P2 (red); data from 250 groups. c, Fraction of full
network correlation in 10-cell groups that is captured by the maximum
entropy model of second order, I (2)/IN, plotted as a function of the full
network correlation, measured by the multi-information IN (red dots). The
multi-information values are multiplied by 1/Dt to give bin-independent
units. Every dot stands for one group of 10 cells. The 10-cell group featured
in a is shown as a light blue dot. For the same sets of 10 cells, the fraction of
information of full network correlation that is captured by the conditional
independence model, Icond–indep/IN, is shown in black (see the text).
d, Average values of I (2)/IN from 250 groups of 10 cells. Results are shown for
different movies (see Methods), for different species (see Methods), and for
cultured cortical networks; error bars show standard errors of the mean.
Similar results are obtained on changing N and Dt; see Supplementary
Information.
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silent. Moreover, within the clusters corresponding to different total
numbers of spikes, the predictions and observations are strongly
anti-correlated.
We conclude that weak correlations among pairs of neurons

coexist with strong correlations in the states of the population as a
whole. One possible explanation is that there are specific multi-
neuron correlations, whether driven by the stimulus or intrinsic to
the network, which simply are not measured by looking at pairs
of cells. Searching for such higher-order effects presents many
challenges22–24. Another scenario is that small correlations among
very many pairs could add up to a strong effect on the network as a
whole. If correct, this would be an enormous simplification in our
description of the network dynamics.

Minimal consequences of pairwise correlations
To describe the network as a whole, we need to write down a

probability distribution for the 2N binary words corresponding to
patterns of spiking and silence in the population. The pairwise
correlations tell us something about this distribution, but there are
an infinite number of models that are consistent with a given set of
pairwise correlations. The difficulty thus is to find a distribution
that is consistent only with the measured correlations, and does
not implicitly assume the existence of unmeasured higher-order
interactions. As the entropy of a distribution measures the random-
ness or lack of interaction among different variables25, this minimally
structured distribution that we are looking for is the maximum
entropy distribution26 consistent with the measured properties of
individual cells and cell pairs27.
We recall that maximum entropy models have a close connection

to statistical mechanics: physical systems in thermal equilibrium are
described by the Boltzmann distribution, which has the maximum
possible entropy given the mean energy of the system26,28. Thus, any
maximum entropy probability distribution defines an energy func-
tion for the system we are studying, and we will see that the energy
function relevant for our problem is an Ising model. Ising models
have been discussed extensively as models for neural networks29,30,
but in these discussions the model arose from specific hypotheses

Figure 1 | Weak pairwise cross-correlations and the failure of the
independent approximation. a, A segment of the simultaneous responses of
40 retinal ganglion cells in the salamander to a natural movie clip. Each dot
represents the time of an action potential. b, Discretization of population
spike trains into a binary pattern is shown for the green boxed area in a.
Every string (bottom panel) describes the activity pattern of the cells at a
given time point. For clarity, 10 out of 40 cells are shown. c, Example cross-
correlogram between two neurons with strong correlations; the average
firing rate of one cell is plotted relative to the time at which the other cell
spikes. Inset shows the same cross-correlogram on an expanded time scale;
x-axis, time (ms); y-axis, spike rate (s21). d, Histogram of correlation
coefficients for all pairs of 40 cells from a. e, Probability distribution of
synchronous spiking events in the 40 cell population in response to a long
natural movie (red) approximates an exponential (dashed red). The
distribution of synchronous events for the same 40 cells after shuffling each
cell’s spike train to eliminate all correlations (blue), compared to the Poisson
distribution (dashed light blue). f, The rate of occurrence of each pattern
predicted if all cells are independent is plotted against the measured rate.
Each dot stands for one of the 210 ! 1,024 possible binary activity patterns
for 10 cells. Black line shows equality. Two examples of extreme mis-
estimation of the actual pattern rate by the independent model are
highlighted (see the text).

Figure 2 | A maximum entropy model including all pairwise interactions
gives an excellent approximation of the full network correlation
structure. a, Using the same group of 10 cells from Fig. 1, the rate of
occurrence of each firing pattern predicted from the maximum entropy
model P2 that takes into account all pairwise correlations is plotted against
the measured rate (red dots). The rates of commonly occurring patterns are
predicted with better than 10% accuracy, and scatter between predictions
and observations is confined largely to rare events for which the
measurement of rates is itself uncertain. For comparison, the independent
model P1 is also plotted (from Fig. 1f; grey dots). Black line shows equality.
b, Histogram of Jensen–Shannon divergences (see Methods) between the
actual probability distribution of activity patterns in 10-cell groups and the
models P1 (grey) and P2 (red); data from 250 groups. c, Fraction of full
network correlation in 10-cell groups that is captured by the maximum
entropy model of second order, I (2)/IN, plotted as a function of the full
network correlation, measured by the multi-information IN (red dots). The
multi-information values are multiplied by 1/Dt to give bin-independent
units. Every dot stands for one group of 10 cells. The 10-cell group featured
in a is shown as a light blue dot. For the same sets of 10 cells, the fraction of
information of full network correlation that is captured by the conditional
independence model, Icond–indep/IN, is shown in black (see the text).
d, Average values of I (2)/IN from 250 groups of 10 cells. Results are shown for
different movies (see Methods), for different species (see Methods), and for
cultured cortical networks; error bars show standard errors of the mean.
Similar results are obtained on changing N and Dt; see Supplementary
Information.
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silent. Moreover, within the clusters corresponding to different total
numbers of spikes, the predictions and observations are strongly
anti-correlated.
We conclude that weak correlations among pairs of neurons

coexist with strong correlations in the states of the population as a
whole. One possible explanation is that there are specific multi-
neuron correlations, whether driven by the stimulus or intrinsic to
the network, which simply are not measured by looking at pairs
of cells. Searching for such higher-order effects presents many
challenges22–24. Another scenario is that small correlations among
very many pairs could add up to a strong effect on the network as a
whole. If correct, this would be an enormous simplification in our
description of the network dynamics.

Minimal consequences of pairwise correlations
To describe the network as a whole, we need to write down a

probability distribution for the 2N binary words corresponding to
patterns of spiking and silence in the population. The pairwise
correlations tell us something about this distribution, but there are
an infinite number of models that are consistent with a given set of
pairwise correlations. The difficulty thus is to find a distribution
that is consistent only with the measured correlations, and does
not implicitly assume the existence of unmeasured higher-order
interactions. As the entropy of a distribution measures the random-
ness or lack of interaction among different variables25, this minimally
structured distribution that we are looking for is the maximum
entropy distribution26 consistent with the measured properties of
individual cells and cell pairs27.
We recall that maximum entropy models have a close connection

to statistical mechanics: physical systems in thermal equilibrium are
described by the Boltzmann distribution, which has the maximum
possible entropy given the mean energy of the system26,28. Thus, any
maximum entropy probability distribution defines an energy func-
tion for the system we are studying, and we will see that the energy
function relevant for our problem is an Ising model. Ising models
have been discussed extensively as models for neural networks29,30,
but in these discussions the model arose from specific hypotheses

Figure 1 | Weak pairwise cross-correlations and the failure of the
independent approximation. a, A segment of the simultaneous responses of
40 retinal ganglion cells in the salamander to a natural movie clip. Each dot
represents the time of an action potential. b, Discretization of population
spike trains into a binary pattern is shown for the green boxed area in a.
Every string (bottom panel) describes the activity pattern of the cells at a
given time point. For clarity, 10 out of 40 cells are shown. c, Example cross-
correlogram between two neurons with strong correlations; the average
firing rate of one cell is plotted relative to the time at which the other cell
spikes. Inset shows the same cross-correlogram on an expanded time scale;
x-axis, time (ms); y-axis, spike rate (s21). d, Histogram of correlation
coefficients for all pairs of 40 cells from a. e, Probability distribution of
synchronous spiking events in the 40 cell population in response to a long
natural movie (red) approximates an exponential (dashed red). The
distribution of synchronous events for the same 40 cells after shuffling each
cell’s spike train to eliminate all correlations (blue), compared to the Poisson
distribution (dashed light blue). f, The rate of occurrence of each pattern
predicted if all cells are independent is plotted against the measured rate.
Each dot stands for one of the 210 ! 1,024 possible binary activity patterns
for 10 cells. Black line shows equality. Two examples of extreme mis-
estimation of the actual pattern rate by the independent model are
highlighted (see the text).

Figure 2 | A maximum entropy model including all pairwise interactions
gives an excellent approximation of the full network correlation
structure. a, Using the same group of 10 cells from Fig. 1, the rate of
occurrence of each firing pattern predicted from the maximum entropy
model P2 that takes into account all pairwise correlations is plotted against
the measured rate (red dots). The rates of commonly occurring patterns are
predicted with better than 10% accuracy, and scatter between predictions
and observations is confined largely to rare events for which the
measurement of rates is itself uncertain. For comparison, the independent
model P1 is also plotted (from Fig. 1f; grey dots). Black line shows equality.
b, Histogram of Jensen–Shannon divergences (see Methods) between the
actual probability distribution of activity patterns in 10-cell groups and the
models P1 (grey) and P2 (red); data from 250 groups. c, Fraction of full
network correlation in 10-cell groups that is captured by the maximum
entropy model of second order, I (2)/IN, plotted as a function of the full
network correlation, measured by the multi-information IN (red dots). The
multi-information values are multiplied by 1/Dt to give bin-independent
units. Every dot stands for one group of 10 cells. The 10-cell group featured
in a is shown as a light blue dot. For the same sets of 10 cells, the fraction of
information of full network correlation that is captured by the conditional
independence model, Icond–indep/IN, is shown in black (see the text).
d, Average values of I (2)/IN from 250 groups of 10 cells. Results are shown for
different movies (see Methods), for different species (see Methods), and for
cultured cortical networks; error bars show standard errors of the mean.
Similar results are obtained on changing N and Dt; see Supplementary
Information.
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• K-pairwise models predict 3-point correlations without 
significant bias
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• The error in predicted 3-point correlations does not 
increase with system size (perhaps we are accounting 
for “hidden” nodes?)

• K-pairwise models predict 3-point correlations without 
significant bias
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• The energy landscape of the resulting 
models has many local minima (MS 
states)

• Stimuli could be encoded by the 
identity of the basin of attraction and 
not by the detailed micro-state

E
MS1

Basin of attraction 
Stable state

MS2

MS3
MS4

II: Energy landscape
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We can compute (or upper-bound) the entropy 
of the “vocabulary”.

III: Scaling of entropy
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We can compute (or upper-bound) the entropy 
of the “vocabulary”.

1. Run a series of MC samplings for Var E for T=0,...,1

•This entropy is an upper bound for the information transmission.
•Even at 120 neurons, we are not yet in the extensive regime 

(consistent with the expectation of ~200 neuron correlated patch 
as a basic coding unit in the salamander retina).

0 50 100
0.1

0.15

0.2

0.25

0.3

N

en
tro

py
 p

er
 n

eu
ro

n 
[b

its
]

S(1,2,K)/N
S(1)/N

101 102 10
10ï�

10ï�

100

101

102

103

N

 [b
its

]

S(1)

IN=S(1)ï6(1,2,K)

1 400 8001

1.5

2

L(
N

)

A B

3

II. Use Wang-Landau sampling.

III. P(0) = 1/Z by maxent constraint, P(0) can be sampled from data

III: Scaling of entropy

Wednesday, April 2, 14



• The population is redundant in a way that permits error correction

• The state of single neuron is predictable from the rest of the network even without 
knowing the stimulus

IV: Correlations and error correction
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• The population is redundant in a way that permits error correction

• The state of single neuron is predictable from the rest of the network even without 
knowing the stimulus

IV: Correlations and error correction

One can predict the 
firing rate of a chosen 

neuron 
with ~80% correlation 
from the state of other 

neurons.
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• Is the vocabulary distribution, P(σ), “special”?

• How would one check if the system is close to critical...

‣ long-range interactions among units?

‣ what is the order parameter and how to couple to it?

• Try TD signatures (e.g., diverging heat capacity)!

Thermodynamic behavior of the 
vocabulary P(σ)
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Signatures of criticality: density of states
compute the microcanonical entropy 

S(E) = log(# of microstates with energy ~E)...
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d2S/d2E = 0 ~ critical point
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FIG. 2: Entropy vs energy in maximum entropy models. We
choose N = 20, 40, · · · , 120 neurons out of the population
from which we record, and for each of these subnetworks
we construct maximum entropy models that match the mean
spike probabilities, pairwise correlations, and distributions of
simultaneous spiking. Long Wang–Landau [16] simulations
of these models then allow us to count the number of states
with energies less than E, and hence estimate the entropy
as in Appendix A. Networks of di↵erent sizes are placed on
the same axes by measuring entropy and energy per neuron.
Inset shows results for many subnetworks, and the main fig-
ure shows means and standard deviations across the di↵erent
groups of N neurons. Black points with error bars are an
extrapolation to infinite N (as in the inset to Fig 5), and the
dashed line is S = E.

E but by a whole range. Not only do we have d2S/dE2 =
0 on such a line, but all higher order derivatives also are
zero. Thus, the result in Fig 2 suggests that our models
for the joint activity of neurons in this system is poised
at a very special critical point. We have obtained the
same result even from much simpler models [12].

Quantitatively, Fig 2 is telling us that the tradeo↵ be-
tween the probability and numerosity of states in the net-
work takes a very special form. As noted above, we ex-
pect that states of lower probability (e.g., those in which
more cells spike rather than remaining silent) are more
numerous (because there are more ways to arrange K

spikes among N cells as K increases from very low val-
ues). But the usual result is that this tradeo↵—which
is precisely the tradeo↵ between energy and entropy in
thermodynamics—selects a set of “typical” states that all
have roughly the same probability. The statement that
S = E, which is the data in Fig 2 seem to approach, is the
statement that states which are ten times less probable
are exactly ten times more numerous, and so there is no
typical value of the probability. This near perfect balanc-
ing of probability and numerosity extends over a factor
of nearly ⇠ e

(0.2)N ⇠ 1010 in probability in networks of
N = 120 neurons.

We have noted that the balancing of probability and
numerosity is equivalent to the divergence of the spe-
cific heat in equilibrium thermodynamics. But the model

probability distribution in Eqs (3, 4) is mathematically
identical to the Boltzmann distribution for a system in
equilibrium at temperature kBT = 1. Thus we can use
this model to compute the specific heat in the usual way;
for details see Appendix B. Furthermore, we can change
the e↵ective temperature by considering a one parameter
family of models,

P ({�i};T ) = 1

Z(T )
exp


� 1

T

H({�i})
�
, (6)

with H({�i}) as before in Eq (4). The results are shown
in Fig 3.
The models that we have constructed for our network

exhibit a dramatic peak in heat capacity. As we look
at larger and larger subnetworks, the peak grows and
moves closer to T = 1, which is the model of the actual
network. Importantly, the heat capacity grows even when
we normalize by N , so that the specific heat, or heat
capacity per neuron, is growing with N , as expected at
a critical point.
Temperature and energy may seem like foreign con-

cepts in the context of real neurons, so the results of
Fig 3 require some interpretation. We have studied one
particular network, that is described by some set of pa-
rameters. What we would like to know is whether the pa-
rameters that describe the real network are in any sense
special. Changing temperature allows us to probe along
one axis in parameter space, and the fact that we observe
a peak in the specific heat means that the real network
in poised in parameter space very close to a maximum in
the variance of log(probability), which we can think of as
the dynamic range of “surprise” that can be represented
by the network.
The temperature is only one axis in parameter space,

and along this direction there are variations in both the
correlations among neurons and their mean spike rates.
As an alternative, we can consider a family of models in
which the strength of correlations changes but spike rates
are fixed. Such a family is given by a modification of Eq
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FIG. 3: Heat capacity in maximum entropy models. [More,
depending on details.]

Signatures of criticality: density of states
compute the microcanonical entropy 

S(E) = log(# of microstates with energy ~E)...

d2S/d2E = 0 ~ critical point

Use WL sampling to construct S/N vs E/N...
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E but by a whole range. Not only do we have d2S/dE2 =
0 on such a line, but all higher order derivatives also are
zero. Thus, the result in Fig 2 suggests that our models
for the joint activity of neurons in this system is poised
at a very special critical point. We have obtained the
same result even from much simpler models [12].

Quantitatively, Fig 2 is telling us that the tradeo↵ be-
tween the probability and numerosity of states in the net-
work takes a very special form. As noted above, we ex-
pect that states of lower probability (e.g., those in which
more cells spike rather than remaining silent) are more
numerous (because there are more ways to arrange K

spikes among N cells as K increases from very low val-
ues). But the usual result is that this tradeo↵—which
is precisely the tradeo↵ between energy and entropy in
thermodynamics—selects a set of “typical” states that all
have roughly the same probability. The statement that
S = E, which is the data in Fig 2 seem to approach, is the
statement that states which are ten times less probable
are exactly ten times more numerous, and so there is no
typical value of the probability. This near perfect balanc-
ing of probability and numerosity extends over a factor
of nearly ⇠ e
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numerosity is equivalent to the divergence of the spe-
cific heat in equilibrium thermodynamics. But the model

probability distribution in Eqs (3, 4) is mathematically
identical to the Boltzmann distribution for a system in
equilibrium at temperature kBT = 1. Thus we can use
this model to compute the specific heat in the usual way;
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exhibit a dramatic peak in heat capacity. As we look
at larger and larger subnetworks, the peak grows and
moves closer to T = 1, which is the model of the actual
network. Importantly, the heat capacity grows even when
we normalize by N , so that the specific heat, or heat
capacity per neuron, is growing with N , as expected at
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Temperature and energy may seem like foreign con-

cepts in the context of real neurons, so the results of
Fig 3 require some interpretation. We have studied one
particular network, that is described by some set of pa-
rameters. What we would like to know is whether the pa-
rameters that describe the real network are in any sense
special. Changing temperature allows us to probe along
one axis in parameter space, and the fact that we observe
a peak in the specific heat means that the real network
in poised in parameter space very close to a maximum in
the variance of log(probability), which we can think of as
the dynamic range of “surprise” that can be represented
by the network.
The temperature is only one axis in parameter space,

and along this direction there are variations in both the
correlations among neurons and their mean spike rates.
As an alternative, we can consider a family of models in
which the strength of correlations changes but spike rates
are fixed. Such a family is given by a modification of Eq
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Signatures of criticality: density of states
compute the microcanonical entropy 

S(E) = log(# of microstates with energy ~E)...

d2S/d2E = 0 ~ critical point

Use WL sampling to construct S/N vs E/N...

• as N increases, S/N = E/N to a good approximation
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FIG. 2: Entropy vs energy in maximum entropy models. We
choose N = 20, 40, · · · , 120 neurons out of the population
from which we record, and for each of these subnetworks
we construct maximum entropy models that match the mean
spike probabilities, pairwise correlations, and distributions of
simultaneous spiking. Long Wang–Landau [16] simulations
of these models then allow us to count the number of states
with energies less than E, and hence estimate the entropy
as in Appendix A. Networks of di↵erent sizes are placed on
the same axes by measuring entropy and energy per neuron.
Inset shows results for many subnetworks, and the main fig-
ure shows means and standard deviations across the di↵erent
groups of N neurons. Black points with error bars are an
extrapolation to infinite N (as in the inset to Fig 5), and the
dashed line is S = E.

E but by a whole range. Not only do we have d2S/dE2 =
0 on such a line, but all higher order derivatives also are
zero. Thus, the result in Fig 2 suggests that our models
for the joint activity of neurons in this system is poised
at a very special critical point. We have obtained the
same result even from much simpler models [12].

Quantitatively, Fig 2 is telling us that the tradeo↵ be-
tween the probability and numerosity of states in the net-
work takes a very special form. As noted above, we ex-
pect that states of lower probability (e.g., those in which
more cells spike rather than remaining silent) are more
numerous (because there are more ways to arrange K

spikes among N cells as K increases from very low val-
ues). But the usual result is that this tradeo↵—which
is precisely the tradeo↵ between energy and entropy in
thermodynamics—selects a set of “typical” states that all
have roughly the same probability. The statement that
S = E, which is the data in Fig 2 seem to approach, is the
statement that states which are ten times less probable
are exactly ten times more numerous, and so there is no
typical value of the probability. This near perfect balanc-
ing of probability and numerosity extends over a factor
of nearly ⇠ e

(0.2)N ⇠ 1010 in probability in networks of
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equilibrium at temperature kBT = 1. Thus we can use
this model to compute the specific heat in the usual way;
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the e↵ective temperature by considering a one parameter
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exp
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with H({�i}) as before in Eq (4). The results are shown
in Fig 3.
The models that we have constructed for our network

exhibit a dramatic peak in heat capacity. As we look
at larger and larger subnetworks, the peak grows and
moves closer to T = 1, which is the model of the actual
network. Importantly, the heat capacity grows even when
we normalize by N , so that the specific heat, or heat
capacity per neuron, is growing with N , as expected at
a critical point.
Temperature and energy may seem like foreign con-

cepts in the context of real neurons, so the results of
Fig 3 require some interpretation. We have studied one
particular network, that is described by some set of pa-
rameters. What we would like to know is whether the pa-
rameters that describe the real network are in any sense
special. Changing temperature allows us to probe along
one axis in parameter space, and the fact that we observe
a peak in the specific heat means that the real network
in poised in parameter space very close to a maximum in
the variance of log(probability), which we can think of as
the dynamic range of “surprise” that can be represented
by the network.
The temperature is only one axis in parameter space,

and along this direction there are variations in both the
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which the strength of correlations changes but spike rates
are fixed. Such a family is given by a modification of Eq
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FIG. 3: Heat capacity in maximum entropy models. [More,
depending on details.]

Signatures of criticality: density of states
compute the microcanonical entropy 

S(E) = log(# of microstates with energy ~E)...

d2S/d2E = 0 ~ critical point

Use WL sampling to construct S/N vs E/N...

• as N increases, S/N = E/N to a good approximation

Estimate directly from data by histogram 
counts...

Wednesday, April 2, 14



4

0 0.1 0.2 0.3 0.4
0

0.1

0.2

0.3

0.4

E/N

S/
N

20

40

60

80

100

120

0 E/N 1
0

S/N

0.5

FIG. 2: Entropy vs energy in maximum entropy models. We
choose N = 20, 40, · · · , 120 neurons out of the population
from which we record, and for each of these subnetworks
we construct maximum entropy models that match the mean
spike probabilities, pairwise correlations, and distributions of
simultaneous spiking. Long Wang–Landau [16] simulations
of these models then allow us to count the number of states
with energies less than E, and hence estimate the entropy
as in Appendix A. Networks of di↵erent sizes are placed on
the same axes by measuring entropy and energy per neuron.
Inset shows results for many subnetworks, and the main fig-
ure shows means and standard deviations across the di↵erent
groups of N neurons. Black points with error bars are an
extrapolation to infinite N (as in the inset to Fig 5), and the
dashed line is S = E.

E but by a whole range. Not only do we have d2S/dE2 =
0 on such a line, but all higher order derivatives also are
zero. Thus, the result in Fig 2 suggests that our models
for the joint activity of neurons in this system is poised
at a very special critical point. We have obtained the
same result even from much simpler models [12].

Quantitatively, Fig 2 is telling us that the tradeo↵ be-
tween the probability and numerosity of states in the net-
work takes a very special form. As noted above, we ex-
pect that states of lower probability (e.g., those in which
more cells spike rather than remaining silent) are more
numerous (because there are more ways to arrange K

spikes among N cells as K increases from very low val-
ues). But the usual result is that this tradeo↵—which
is precisely the tradeo↵ between energy and entropy in
thermodynamics—selects a set of “typical” states that all
have roughly the same probability. The statement that
S = E, which is the data in Fig 2 seem to approach, is the
statement that states which are ten times less probable
are exactly ten times more numerous, and so there is no
typical value of the probability. This near perfect balanc-
ing of probability and numerosity extends over a factor
of nearly ⇠ e

(0.2)N ⇠ 1010 in probability in networks of
N = 120 neurons.

We have noted that the balancing of probability and
numerosity is equivalent to the divergence of the spe-
cific heat in equilibrium thermodynamics. But the model

probability distribution in Eqs (3, 4) is mathematically
identical to the Boltzmann distribution for a system in
equilibrium at temperature kBT = 1. Thus we can use
this model to compute the specific heat in the usual way;
for details see Appendix B. Furthermore, we can change
the e↵ective temperature by considering a one parameter
family of models,

P ({�i};T ) = 1

Z(T )
exp


� 1

T

H({�i})
�
, (6)

with H({�i}) as before in Eq (4). The results are shown
in Fig 3.
The models that we have constructed for our network

exhibit a dramatic peak in heat capacity. As we look
at larger and larger subnetworks, the peak grows and
moves closer to T = 1, which is the model of the actual
network. Importantly, the heat capacity grows even when
we normalize by N , so that the specific heat, or heat
capacity per neuron, is growing with N , as expected at
a critical point.
Temperature and energy may seem like foreign con-

cepts in the context of real neurons, so the results of
Fig 3 require some interpretation. We have studied one
particular network, that is described by some set of pa-
rameters. What we would like to know is whether the pa-
rameters that describe the real network are in any sense
special. Changing temperature allows us to probe along
one axis in parameter space, and the fact that we observe
a peak in the specific heat means that the real network
in poised in parameter space very close to a maximum in
the variance of log(probability), which we can think of as
the dynamic range of “surprise” that can be represented
by the network.
The temperature is only one axis in parameter space,

and along this direction there are variations in both the
correlations among neurons and their mean spike rates.
As an alternative, we can consider a family of models in
which the strength of correlations changes but spike rates
are fixed. Such a family is given by a modification of Eq
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FIG. 3: Heat capacity in maximum entropy models. [More,
depending on details.]
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where changing ↵ changes the strength of correlations,
and we adjust all the h0

i(↵) to hold mean spike rates fixed
at their observed values. We see in Fig 4 that along
this direction in parameter space the di↵erence between
totally uncorrelated neurons and the real network is a
modest change in entropy, but there is a substantial peak
in the specific heat very close to ↵ = 1, the real network.
[Need fuller discussion of the ↵ ensembles.]

[Wrap this up.]

IV. COUNTING STATES DIRECTLY

Our best estimate of the entropy for the patterns of
activity we observe is S ⇠ 0.15 bits/neuron (Fig 4). With
N = 160 cells, this is a total entropy of S = 24bits, which
means that the patterns of activity are spread over 2S ⇠
1.67⇥ 107 possibilities. This is one hundred times larger
than the number of samples that we collect during our
⇠ 1 h experiment, so we naively expect that we should
never see the same state twice. In fact, if we choose two
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FIG. 4: Changing correlation strengths at fixed spike rates.
[Maybe we should focus on the (a) the distribution of
correlations—each normalized the same way?, (b) the entropy,
and (c) the specific heat. It would be great to have multiple
N , but I know this hard.]
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FIG. 5: Entropy vs. energy, computed directly from the
data using Eqs (A6, A10). Di↵erent colors show results for
di↵erent numbers of neurons; in each case we choose 1000
groups of size N at random, and points are shown as means
with standard deviations over groups. Inset shows extrap-
olations of the energy per neuron at fixed energy per neu-
ron, summarized as points with error bars in the main figure.
Dashed line is the best linear fit to the extrapolated points,
S/N = (0.974± 0.021)(E/N) + (�0.005± 0.003).

moments in time at random from the experiment, the
probability that we see the same exact pattern of spiking
and silence across all N = 160 neurons is Pc = 0.0442±
0.0014 [Do we want a figure that shows Pc vs N all the
way out to N = 160? Previous paper stops at N = 120.].
This coincidence probability is larger in smaller groups of
neurons, and this behavior of Pc(N) is perfectly captured
by the maximum entropy models, as discussed in Ref [13].
Importantly, the high probability of a coincidence is not
just the result of the network frequently remaining silent,
but rather reflects the structure of the entire distribution
over activity patterns.
The high probability of coincidences means that, de-

spite the enormous diversity of activity patterns, many
of these patterns occur frequently enough that we can es-
timate their probability simply by counting. [Maybe say
something quantitative about how many states occur 100
times, or something like that to indicate the scale of what
we can do?] If we can estimate the probability of each
state, we can count how many states have a particular
probability, and thus plot entropy vs energy as we have
done for the models in the previous Section. For small N
we can map the complete function S(E), while at large N
we can map only the behavior at small E, or (relatively)
large probability. The results are shown in Fig 5.
As emphasized above and in Appendix A, the plot of

entropy vs energy contains all of the thermodynamic be-
havior of a system, and this has a meaning for any proba-
bility distribution, even if we are not considering a system
at thermal equilibrium. Thus, Fig 5 is as close as we can
get to constructing the thermodynamics of this network,
without any model assumptions. Although we see less
and less of the plot at larger N , it does seem that the
part we can see is approaching a limit as N ! 1. We
can make this precise by noting that, at a fixed value
of S/N , the value of E/N extrapolates to a well defined

Signatures of criticality: density of states
compute the microcanonical entropy 

S(E) = log(# of microstates with energy ~E)...

d2S/d2E = 0 ~ critical point

Use WL sampling to construct S/N vs E/N...

• as N increases, S/N = E/N to a good approximation

Estimate directly from data by histogram 
counts...
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FIG. 2: Entropy vs energy in maximum entropy models. We
choose N = 20, 40, · · · , 120 neurons out of the population
from which we record, and for each of these subnetworks
we construct maximum entropy models that match the mean
spike probabilities, pairwise correlations, and distributions of
simultaneous spiking. Long Wang–Landau [16] simulations
of these models then allow us to count the number of states
with energies less than E, and hence estimate the entropy
as in Appendix A. Networks of di↵erent sizes are placed on
the same axes by measuring entropy and energy per neuron.
Inset shows results for many subnetworks, and the main fig-
ure shows means and standard deviations across the di↵erent
groups of N neurons. Black points with error bars are an
extrapolation to infinite N (as in the inset to Fig 5), and the
dashed line is S = E.

E but by a whole range. Not only do we have d2S/dE2 =
0 on such a line, but all higher order derivatives also are
zero. Thus, the result in Fig 2 suggests that our models
for the joint activity of neurons in this system is poised
at a very special critical point. We have obtained the
same result even from much simpler models [12].

Quantitatively, Fig 2 is telling us that the tradeo↵ be-
tween the probability and numerosity of states in the net-
work takes a very special form. As noted above, we ex-
pect that states of lower probability (e.g., those in which
more cells spike rather than remaining silent) are more
numerous (because there are more ways to arrange K

spikes among N cells as K increases from very low val-
ues). But the usual result is that this tradeo↵—which
is precisely the tradeo↵ between energy and entropy in
thermodynamics—selects a set of “typical” states that all
have roughly the same probability. The statement that
S = E, which is the data in Fig 2 seem to approach, is the
statement that states which are ten times less probable
are exactly ten times more numerous, and so there is no
typical value of the probability. This near perfect balanc-
ing of probability and numerosity extends over a factor
of nearly ⇠ e

(0.2)N ⇠ 1010 in probability in networks of
N = 120 neurons.

We have noted that the balancing of probability and
numerosity is equivalent to the divergence of the spe-
cific heat in equilibrium thermodynamics. But the model

probability distribution in Eqs (3, 4) is mathematically
identical to the Boltzmann distribution for a system in
equilibrium at temperature kBT = 1. Thus we can use
this model to compute the specific heat in the usual way;
for details see Appendix B. Furthermore, we can change
the e↵ective temperature by considering a one parameter
family of models,

P ({�i};T ) = 1

Z(T )
exp


� 1

T

H({�i})
�
, (6)

with H({�i}) as before in Eq (4). The results are shown
in Fig 3.
The models that we have constructed for our network

exhibit a dramatic peak in heat capacity. As we look
at larger and larger subnetworks, the peak grows and
moves closer to T = 1, which is the model of the actual
network. Importantly, the heat capacity grows even when
we normalize by N , so that the specific heat, or heat
capacity per neuron, is growing with N , as expected at
a critical point.
Temperature and energy may seem like foreign con-

cepts in the context of real neurons, so the results of
Fig 3 require some interpretation. We have studied one
particular network, that is described by some set of pa-
rameters. What we would like to know is whether the pa-
rameters that describe the real network are in any sense
special. Changing temperature allows us to probe along
one axis in parameter space, and the fact that we observe
a peak in the specific heat means that the real network
in poised in parameter space very close to a maximum in
the variance of log(probability), which we can think of as
the dynamic range of “surprise” that can be represented
by the network.
The temperature is only one axis in parameter space,

and along this direction there are variations in both the
correlations among neurons and their mean spike rates.
As an alternative, we can consider a family of models in
which the strength of correlations changes but spike rates
are fixed. Such a family is given by a modification of Eq
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FIG. 3: Heat capacity in maximum entropy models. [More,
depending on details.]
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where changing ↵ changes the strength of correlations,
and we adjust all the h0

i(↵) to hold mean spike rates fixed
at their observed values. We see in Fig 4 that along
this direction in parameter space the di↵erence between
totally uncorrelated neurons and the real network is a
modest change in entropy, but there is a substantial peak
in the specific heat very close to ↵ = 1, the real network.
[Need fuller discussion of the ↵ ensembles.]

[Wrap this up.]

IV. COUNTING STATES DIRECTLY

Our best estimate of the entropy for the patterns of
activity we observe is S ⇠ 0.15 bits/neuron (Fig 4). With
N = 160 cells, this is a total entropy of S = 24bits, which
means that the patterns of activity are spread over 2S ⇠
1.67⇥ 107 possibilities. This is one hundred times larger
than the number of samples that we collect during our
⇠ 1 h experiment, so we naively expect that we should
never see the same state twice. In fact, if we choose two
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FIG. 4: Changing correlation strengths at fixed spike rates.
[Maybe we should focus on the (a) the distribution of
correlations—each normalized the same way?, (b) the entropy,
and (c) the specific heat. It would be great to have multiple
N , but I know this hard.]
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FIG. 5: Entropy vs. energy, computed directly from the
data using Eqs (A6, A10). Di↵erent colors show results for
di↵erent numbers of neurons; in each case we choose 1000
groups of size N at random, and points are shown as means
with standard deviations over groups. Inset shows extrap-
olations of the energy per neuron at fixed energy per neu-
ron, summarized as points with error bars in the main figure.
Dashed line is the best linear fit to the extrapolated points,
S/N = (0.974± 0.021)(E/N) + (�0.005± 0.003).

moments in time at random from the experiment, the
probability that we see the same exact pattern of spiking
and silence across all N = 160 neurons is Pc = 0.0442±
0.0014 [Do we want a figure that shows Pc vs N all the
way out to N = 160? Previous paper stops at N = 120.].
This coincidence probability is larger in smaller groups of
neurons, and this behavior of Pc(N) is perfectly captured
by the maximum entropy models, as discussed in Ref [13].
Importantly, the high probability of a coincidence is not
just the result of the network frequently remaining silent,
but rather reflects the structure of the entire distribution
over activity patterns.
The high probability of coincidences means that, de-

spite the enormous diversity of activity patterns, many
of these patterns occur frequently enough that we can es-
timate their probability simply by counting. [Maybe say
something quantitative about how many states occur 100
times, or something like that to indicate the scale of what
we can do?] If we can estimate the probability of each
state, we can count how many states have a particular
probability, and thus plot entropy vs energy as we have
done for the models in the previous Section. For small N
we can map the complete function S(E), while at large N
we can map only the behavior at small E, or (relatively)
large probability. The results are shown in Fig 5.
As emphasized above and in Appendix A, the plot of

entropy vs energy contains all of the thermodynamic be-
havior of a system, and this has a meaning for any proba-
bility distribution, even if we are not considering a system
at thermal equilibrium. Thus, Fig 5 is as close as we can
get to constructing the thermodynamics of this network,
without any model assumptions. Although we see less
and less of the plot at larger N , it does seem that the
part we can see is approaching a limit as N ! 1. We
can make this precise by noting that, at a fixed value
of S/N , the value of E/N extrapolates to a well defined

Signatures of criticality: density of states
compute the microcanonical entropy 

S(E) = log(# of microstates with energy ~E)...

d2S/d2E = 0 ~ critical point

Use WL sampling to construct S/N vs E/N...

• as N increases, S/N = E/N to a good approximation

• the same behavior is observed when estimating S(E) directly from data

Estimate directly from data by histogram 
counts...
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FIG. 2: Entropy vs energy in maximum entropy models. We
choose N = 20, 40, · · · , 120 neurons out of the population
from which we record, and for each of these subnetworks
we construct maximum entropy models that match the mean
spike probabilities, pairwise correlations, and distributions of
simultaneous spiking. Long Wang–Landau [16] simulations
of these models then allow us to count the number of states
with energies less than E, and hence estimate the entropy
as in Appendix A. Networks of di↵erent sizes are placed on
the same axes by measuring entropy and energy per neuron.
Inset shows results for many subnetworks, and the main fig-
ure shows means and standard deviations across the di↵erent
groups of N neurons. Black points with error bars are an
extrapolation to infinite N (as in the inset to Fig 5), and the
dashed line is S = E.

E but by a whole range. Not only do we have d2S/dE2 =
0 on such a line, but all higher order derivatives also are
zero. Thus, the result in Fig 2 suggests that our models
for the joint activity of neurons in this system is poised
at a very special critical point. We have obtained the
same result even from much simpler models [12].

Quantitatively, Fig 2 is telling us that the tradeo↵ be-
tween the probability and numerosity of states in the net-
work takes a very special form. As noted above, we ex-
pect that states of lower probability (e.g., those in which
more cells spike rather than remaining silent) are more
numerous (because there are more ways to arrange K

spikes among N cells as K increases from very low val-
ues). But the usual result is that this tradeo↵—which
is precisely the tradeo↵ between energy and entropy in
thermodynamics—selects a set of “typical” states that all
have roughly the same probability. The statement that
S = E, which is the data in Fig 2 seem to approach, is the
statement that states which are ten times less probable
are exactly ten times more numerous, and so there is no
typical value of the probability. This near perfect balanc-
ing of probability and numerosity extends over a factor
of nearly ⇠ e

(0.2)N ⇠ 1010 in probability in networks of
N = 120 neurons.

We have noted that the balancing of probability and
numerosity is equivalent to the divergence of the spe-
cific heat in equilibrium thermodynamics. But the model

probability distribution in Eqs (3, 4) is mathematically
identical to the Boltzmann distribution for a system in
equilibrium at temperature kBT = 1. Thus we can use
this model to compute the specific heat in the usual way;
for details see Appendix B. Furthermore, we can change
the e↵ective temperature by considering a one parameter
family of models,

P ({�i};T ) = 1

Z(T )
exp


� 1

T

H({�i})
�
, (6)

with H({�i}) as before in Eq (4). The results are shown
in Fig 3.
The models that we have constructed for our network

exhibit a dramatic peak in heat capacity. As we look
at larger and larger subnetworks, the peak grows and
moves closer to T = 1, which is the model of the actual
network. Importantly, the heat capacity grows even when
we normalize by N , so that the specific heat, or heat
capacity per neuron, is growing with N , as expected at
a critical point.
Temperature and energy may seem like foreign con-

cepts in the context of real neurons, so the results of
Fig 3 require some interpretation. We have studied one
particular network, that is described by some set of pa-
rameters. What we would like to know is whether the pa-
rameters that describe the real network are in any sense
special. Changing temperature allows us to probe along
one axis in parameter space, and the fact that we observe
a peak in the specific heat means that the real network
in poised in parameter space very close to a maximum in
the variance of log(probability), which we can think of as
the dynamic range of “surprise” that can be represented
by the network.
The temperature is only one axis in parameter space,

and along this direction there are variations in both the
correlations among neurons and their mean spike rates.
As an alternative, we can consider a family of models in
which the strength of correlations changes but spike rates
are fixed. Such a family is given by a modification of Eq
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where changing ↵ changes the strength of correlations,
and we adjust all the h0

i(↵) to hold mean spike rates fixed
at their observed values. We see in Fig 4 that along
this direction in parameter space the di↵erence between
totally uncorrelated neurons and the real network is a
modest change in entropy, but there is a substantial peak
in the specific heat very close to ↵ = 1, the real network.
[Need fuller discussion of the ↵ ensembles.]

[Wrap this up.]

IV. COUNTING STATES DIRECTLY

Our best estimate of the entropy for the patterns of
activity we observe is S ⇠ 0.15 bits/neuron (Fig 4). With
N = 160 cells, this is a total entropy of S = 24bits, which
means that the patterns of activity are spread over 2S ⇠
1.67⇥ 107 possibilities. This is one hundred times larger
than the number of samples that we collect during our
⇠ 1 h experiment, so we naively expect that we should
never see the same state twice. In fact, if we choose two
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FIG. 4: Changing correlation strengths at fixed spike rates.
[Maybe we should focus on the (a) the distribution of
correlations—each normalized the same way?, (b) the entropy,
and (c) the specific heat. It would be great to have multiple
N , but I know this hard.]
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FIG. 5: Entropy vs. energy, computed directly from the
data using Eqs (A6, A10). Di↵erent colors show results for
di↵erent numbers of neurons; in each case we choose 1000
groups of size N at random, and points are shown as means
with standard deviations over groups. Inset shows extrap-
olations of the energy per neuron at fixed energy per neu-
ron, summarized as points with error bars in the main figure.
Dashed line is the best linear fit to the extrapolated points,
S/N = (0.974± 0.021)(E/N) + (�0.005± 0.003).

moments in time at random from the experiment, the
probability that we see the same exact pattern of spiking
and silence across all N = 160 neurons is Pc = 0.0442±
0.0014 [Do we want a figure that shows Pc vs N all the
way out to N = 160? Previous paper stops at N = 120.].
This coincidence probability is larger in smaller groups of
neurons, and this behavior of Pc(N) is perfectly captured
by the maximum entropy models, as discussed in Ref [13].
Importantly, the high probability of a coincidence is not
just the result of the network frequently remaining silent,
but rather reflects the structure of the entire distribution
over activity patterns.
The high probability of coincidences means that, de-

spite the enormous diversity of activity patterns, many
of these patterns occur frequently enough that we can es-
timate their probability simply by counting. [Maybe say
something quantitative about how many states occur 100
times, or something like that to indicate the scale of what
we can do?] If we can estimate the probability of each
state, we can count how many states have a particular
probability, and thus plot entropy vs energy as we have
done for the models in the previous Section. For small N
we can map the complete function S(E), while at large N
we can map only the behavior at small E, or (relatively)
large probability. The results are shown in Fig 5.
As emphasized above and in Appendix A, the plot of

entropy vs energy contains all of the thermodynamic be-
havior of a system, and this has a meaning for any proba-
bility distribution, even if we are not considering a system
at thermal equilibrium. Thus, Fig 5 is as close as we can
get to constructing the thermodynamics of this network,
without any model assumptions. Although we see less
and less of the plot at larger N , it does seem that the
part we can see is approaching a limit as N ! 1. We
can make this precise by noting that, at a fixed value
of S/N , the value of E/N extrapolates to a well defined

Signatures of criticality: density of states
compute the microcanonical entropy 

S(E) = log(# of microstates with energy ~E)...

d2S/d2E = 0 ~ critical point

Use WL sampling to construct S/N vs E/N...

• as N increases, S/N = E/N to a good approximation

• the same behavior is observed when estimating S(E) directly from data

• This suggests a peculiar critical behavior, where d2S/d2E = 0 for a whole range of E!

Estimate directly from data by histogram 
counts...
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FIG. 2: Entropy vs energy in maximum entropy models. We
choose N = 20, 40, · · · , 120 neurons out of the population
from which we record, and for each of these subnetworks
we construct maximum entropy models that match the mean
spike probabilities, pairwise correlations, and distributions of
simultaneous spiking. Long Wang–Landau [16] simulations
of these models then allow us to count the number of states
with energies less than E, and hence estimate the entropy
as in Appendix A. Networks of di↵erent sizes are placed on
the same axes by measuring entropy and energy per neuron.
Inset shows results for many subnetworks, and the main fig-
ure shows means and standard deviations across the di↵erent
groups of N neurons. Black points with error bars are an
extrapolation to infinite N (as in the inset to Fig 5), and the
dashed line is S = E.

E but by a whole range. Not only do we have d2S/dE2 =
0 on such a line, but all higher order derivatives also are
zero. Thus, the result in Fig 2 suggests that our models
for the joint activity of neurons in this system is poised
at a very special critical point. We have obtained the
same result even from much simpler models [12].

Quantitatively, Fig 2 is telling us that the tradeo↵ be-
tween the probability and numerosity of states in the net-
work takes a very special form. As noted above, we ex-
pect that states of lower probability (e.g., those in which
more cells spike rather than remaining silent) are more
numerous (because there are more ways to arrange K

spikes among N cells as K increases from very low val-
ues). But the usual result is that this tradeo↵—which
is precisely the tradeo↵ between energy and entropy in
thermodynamics—selects a set of “typical” states that all
have roughly the same probability. The statement that
S = E, which is the data in Fig 2 seem to approach, is the
statement that states which are ten times less probable
are exactly ten times more numerous, and so there is no
typical value of the probability. This near perfect balanc-
ing of probability and numerosity extends over a factor
of nearly ⇠ e

(0.2)N ⇠ 1010 in probability in networks of
N = 120 neurons.

We have noted that the balancing of probability and
numerosity is equivalent to the divergence of the spe-
cific heat in equilibrium thermodynamics. But the model

probability distribution in Eqs (3, 4) is mathematically
identical to the Boltzmann distribution for a system in
equilibrium at temperature kBT = 1. Thus we can use
this model to compute the specific heat in the usual way;
for details see Appendix B. Furthermore, we can change
the e↵ective temperature by considering a one parameter
family of models,

P ({�i};T ) = 1

Z(T )
exp


� 1

T

H({�i})
�
, (6)

with H({�i}) as before in Eq (4). The results are shown
in Fig 3.
The models that we have constructed for our network

exhibit a dramatic peak in heat capacity. As we look
at larger and larger subnetworks, the peak grows and
moves closer to T = 1, which is the model of the actual
network. Importantly, the heat capacity grows even when
we normalize by N , so that the specific heat, or heat
capacity per neuron, is growing with N , as expected at
a critical point.
Temperature and energy may seem like foreign con-

cepts in the context of real neurons, so the results of
Fig 3 require some interpretation. We have studied one
particular network, that is described by some set of pa-
rameters. What we would like to know is whether the pa-
rameters that describe the real network are in any sense
special. Changing temperature allows us to probe along
one axis in parameter space, and the fact that we observe
a peak in the specific heat means that the real network
in poised in parameter space very close to a maximum in
the variance of log(probability), which we can think of as
the dynamic range of “surprise” that can be represented
by the network.
The temperature is only one axis in parameter space,

and along this direction there are variations in both the
correlations among neurons and their mean spike rates.
As an alternative, we can consider a family of models in
which the strength of correlations changes but spike rates
are fixed. Such a family is given by a modification of Eq
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FIG. 3: Heat capacity in maximum entropy models. [More,
depending on details.]

5

(4),

P ({�i},↵) =
1

Z(↵)
exp [�H↵({�i})] (7)

H↵({�i}) = �
NX

i=1

h

0
i(↵)�i

�↵

2

41

2

NX

i,j=1

Jij�i�j � V (K)

3

5
, (8)

where changing ↵ changes the strength of correlations,
and we adjust all the h0

i(↵) to hold mean spike rates fixed
at their observed values. We see in Fig 4 that along
this direction in parameter space the di↵erence between
totally uncorrelated neurons and the real network is a
modest change in entropy, but there is a substantial peak
in the specific heat very close to ↵ = 1, the real network.
[Need fuller discussion of the ↵ ensembles.]

[Wrap this up.]

IV. COUNTING STATES DIRECTLY

Our best estimate of the entropy for the patterns of
activity we observe is S ⇠ 0.15 bits/neuron (Fig 4). With
N = 160 cells, this is a total entropy of S = 24bits, which
means that the patterns of activity are spread over 2S ⇠
1.67⇥ 107 possibilities. This is one hundred times larger
than the number of samples that we collect during our
⇠ 1 h experiment, so we naively expect that we should
never see the same state twice. In fact, if we choose two
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FIG. 4: Changing correlation strengths at fixed spike rates.
[Maybe we should focus on the (a) the distribution of
correlations—each normalized the same way?, (b) the entropy,
and (c) the specific heat. It would be great to have multiple
N , but I know this hard.]
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FIG. 5: Entropy vs. energy, computed directly from the
data using Eqs (A6, A10). Di↵erent colors show results for
di↵erent numbers of neurons; in each case we choose 1000
groups of size N at random, and points are shown as means
with standard deviations over groups. Inset shows extrap-
olations of the energy per neuron at fixed energy per neu-
ron, summarized as points with error bars in the main figure.
Dashed line is the best linear fit to the extrapolated points,
S/N = (0.974± 0.021)(E/N) + (�0.005± 0.003).

moments in time at random from the experiment, the
probability that we see the same exact pattern of spiking
and silence across all N = 160 neurons is Pc = 0.0442±
0.0014 [Do we want a figure that shows Pc vs N all the
way out to N = 160? Previous paper stops at N = 120.].
This coincidence probability is larger in smaller groups of
neurons, and this behavior of Pc(N) is perfectly captured
by the maximum entropy models, as discussed in Ref [13].
Importantly, the high probability of a coincidence is not
just the result of the network frequently remaining silent,
but rather reflects the structure of the entire distribution
over activity patterns.
The high probability of coincidences means that, de-

spite the enormous diversity of activity patterns, many
of these patterns occur frequently enough that we can es-
timate their probability simply by counting. [Maybe say
something quantitative about how many states occur 100
times, or something like that to indicate the scale of what
we can do?] If we can estimate the probability of each
state, we can count how many states have a particular
probability, and thus plot entropy vs energy as we have
done for the models in the previous Section. For small N
we can map the complete function S(E), while at large N
we can map only the behavior at small E, or (relatively)
large probability. The results are shown in Fig 5.
As emphasized above and in Appendix A, the plot of

entropy vs energy contains all of the thermodynamic be-
havior of a system, and this has a meaning for any proba-
bility distribution, even if we are not considering a system
at thermal equilibrium. Thus, Fig 5 is as close as we can
get to constructing the thermodynamics of this network,
without any model assumptions. Although we see less
and less of the plot at larger N , it does seem that the
part we can see is approaching a limit as N ! 1. We
can make this precise by noting that, at a fixed value
of S/N , the value of E/N extrapolates to a well defined

Signatures of criticality: density of states
compute the microcanonical entropy 

S(E) = log(# of microstates with energy ~E)...

d2S/d2E = 0 ~ critical point

Use WL sampling to construct S/N vs E/N...

• as N increases, S/N = E/N to a good approximation

• the same behavior is observed when estimating S(E) directly from data

• This suggests a peculiar critical behavior, where d2S/d2E = 0 for a whole range of E!

• Equivalent to Zipf law with -1 slope for the codewords.

Estimate directly from data by histogram 
counts...

Wednesday, April 2, 14



4

0 0.1 0.2 0.3 0.4
0

0.1

0.2

0.3

0.4

E/N

S/
N

20

40

60

80

100

120

0 E/N 1
0

S/N

0.5

FIG. 2: Entropy vs energy in maximum entropy models. We
choose N = 20, 40, · · · , 120 neurons out of the population
from which we record, and for each of these subnetworks
we construct maximum entropy models that match the mean
spike probabilities, pairwise correlations, and distributions of
simultaneous spiking. Long Wang–Landau [16] simulations
of these models then allow us to count the number of states
with energies less than E, and hence estimate the entropy
as in Appendix A. Networks of di↵erent sizes are placed on
the same axes by measuring entropy and energy per neuron.
Inset shows results for many subnetworks, and the main fig-
ure shows means and standard deviations across the di↵erent
groups of N neurons. Black points with error bars are an
extrapolation to infinite N (as in the inset to Fig 5), and the
dashed line is S = E.

E but by a whole range. Not only do we have d2S/dE2 =
0 on such a line, but all higher order derivatives also are
zero. Thus, the result in Fig 2 suggests that our models
for the joint activity of neurons in this system is poised
at a very special critical point. We have obtained the
same result even from much simpler models [12].

Quantitatively, Fig 2 is telling us that the tradeo↵ be-
tween the probability and numerosity of states in the net-
work takes a very special form. As noted above, we ex-
pect that states of lower probability (e.g., those in which
more cells spike rather than remaining silent) are more
numerous (because there are more ways to arrange K

spikes among N cells as K increases from very low val-
ues). But the usual result is that this tradeo↵—which
is precisely the tradeo↵ between energy and entropy in
thermodynamics—selects a set of “typical” states that all
have roughly the same probability. The statement that
S = E, which is the data in Fig 2 seem to approach, is the
statement that states which are ten times less probable
are exactly ten times more numerous, and so there is no
typical value of the probability. This near perfect balanc-
ing of probability and numerosity extends over a factor
of nearly ⇠ e

(0.2)N ⇠ 1010 in probability in networks of
N = 120 neurons.

We have noted that the balancing of probability and
numerosity is equivalent to the divergence of the spe-
cific heat in equilibrium thermodynamics. But the model

probability distribution in Eqs (3, 4) is mathematically
identical to the Boltzmann distribution for a system in
equilibrium at temperature kBT = 1. Thus we can use
this model to compute the specific heat in the usual way;
for details see Appendix B. Furthermore, we can change
the e↵ective temperature by considering a one parameter
family of models,

P ({�i};T ) = 1

Z(T )
exp


� 1

T

H({�i})
�
, (6)

with H({�i}) as before in Eq (4). The results are shown
in Fig 3.
The models that we have constructed for our network

exhibit a dramatic peak in heat capacity. As we look
at larger and larger subnetworks, the peak grows and
moves closer to T = 1, which is the model of the actual
network. Importantly, the heat capacity grows even when
we normalize by N , so that the specific heat, or heat
capacity per neuron, is growing with N , as expected at
a critical point.
Temperature and energy may seem like foreign con-

cepts in the context of real neurons, so the results of
Fig 3 require some interpretation. We have studied one
particular network, that is described by some set of pa-
rameters. What we would like to know is whether the pa-
rameters that describe the real network are in any sense
special. Changing temperature allows us to probe along
one axis in parameter space, and the fact that we observe
a peak in the specific heat means that the real network
in poised in parameter space very close to a maximum in
the variance of log(probability), which we can think of as
the dynamic range of “surprise” that can be represented
by the network.
The temperature is only one axis in parameter space,

and along this direction there are variations in both the
correlations among neurons and their mean spike rates.
As an alternative, we can consider a family of models in
which the strength of correlations changes but spike rates
are fixed. Such a family is given by a modification of Eq
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FIG. 3: Heat capacity in maximum entropy models. [More,
depending on details.]

Signatures of criticality: heat capacity
T rescales the reconstructed Hamiltonian to 

generate a family of distributions...

(T=1 is the original model inferred from data)
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FIG. 2: Entropy vs energy in maximum entropy models. We
choose N = 20, 40, · · · , 120 neurons out of the population
from which we record, and for each of these subnetworks
we construct maximum entropy models that match the mean
spike probabilities, pairwise correlations, and distributions of
simultaneous spiking. Long Wang–Landau [16] simulations
of these models then allow us to count the number of states
with energies less than E, and hence estimate the entropy
as in Appendix A. Networks of di↵erent sizes are placed on
the same axes by measuring entropy and energy per neuron.
Inset shows results for many subnetworks, and the main fig-
ure shows means and standard deviations across the di↵erent
groups of N neurons. Black points with error bars are an
extrapolation to infinite N (as in the inset to Fig 5), and the
dashed line is S = E.

E but by a whole range. Not only do we have d2S/dE2 =
0 on such a line, but all higher order derivatives also are
zero. Thus, the result in Fig 2 suggests that our models
for the joint activity of neurons in this system is poised
at a very special critical point. We have obtained the
same result even from much simpler models [12].

Quantitatively, Fig 2 is telling us that the tradeo↵ be-
tween the probability and numerosity of states in the net-
work takes a very special form. As noted above, we ex-
pect that states of lower probability (e.g., those in which
more cells spike rather than remaining silent) are more
numerous (because there are more ways to arrange K

spikes among N cells as K increases from very low val-
ues). But the usual result is that this tradeo↵—which
is precisely the tradeo↵ between energy and entropy in
thermodynamics—selects a set of “typical” states that all
have roughly the same probability. The statement that
S = E, which is the data in Fig 2 seem to approach, is the
statement that states which are ten times less probable
are exactly ten times more numerous, and so there is no
typical value of the probability. This near perfect balanc-
ing of probability and numerosity extends over a factor
of nearly ⇠ e

(0.2)N ⇠ 1010 in probability in networks of
N = 120 neurons.

We have noted that the balancing of probability and
numerosity is equivalent to the divergence of the spe-
cific heat in equilibrium thermodynamics. But the model

probability distribution in Eqs (3, 4) is mathematically
identical to the Boltzmann distribution for a system in
equilibrium at temperature kBT = 1. Thus we can use
this model to compute the specific heat in the usual way;
for details see Appendix B. Furthermore, we can change
the e↵ective temperature by considering a one parameter
family of models,

P ({�i};T ) = 1

Z(T )
exp


� 1

T

H({�i})
�
, (6)

with H({�i}) as before in Eq (4). The results are shown
in Fig 3.
The models that we have constructed for our network

exhibit a dramatic peak in heat capacity. As we look
at larger and larger subnetworks, the peak grows and
moves closer to T = 1, which is the model of the actual
network. Importantly, the heat capacity grows even when
we normalize by N , so that the specific heat, or heat
capacity per neuron, is growing with N , as expected at
a critical point.
Temperature and energy may seem like foreign con-

cepts in the context of real neurons, so the results of
Fig 3 require some interpretation. We have studied one
particular network, that is described by some set of pa-
rameters. What we would like to know is whether the pa-
rameters that describe the real network are in any sense
special. Changing temperature allows us to probe along
one axis in parameter space, and the fact that we observe
a peak in the specific heat means that the real network
in poised in parameter space very close to a maximum in
the variance of log(probability), which we can think of as
the dynamic range of “surprise” that can be represented
by the network.
The temperature is only one axis in parameter space,

and along this direction there are variations in both the
correlations among neurons and their mean spike rates.
As an alternative, we can consider a family of models in
which the strength of correlations changes but spike rates
are fixed. Such a family is given by a modification of Eq
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FIG. 3: Heat capacity in maximum entropy models. [More,
depending on details.]

Signatures of criticality: heat capacity
T rescales the reconstructed Hamiltonian to 

generate a family of distributions...

(T=1 is the original model inferred from data)

... for each distribution, we compute C(T)
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FIG. 2: Entropy vs energy in maximum entropy models. We
choose N = 20, 40, · · · , 120 neurons out of the population
from which we record, and for each of these subnetworks
we construct maximum entropy models that match the mean
spike probabilities, pairwise correlations, and distributions of
simultaneous spiking. Long Wang–Landau [16] simulations
of these models then allow us to count the number of states
with energies less than E, and hence estimate the entropy
as in Appendix A. Networks of di↵erent sizes are placed on
the same axes by measuring entropy and energy per neuron.
Inset shows results for many subnetworks, and the main fig-
ure shows means and standard deviations across the di↵erent
groups of N neurons. Black points with error bars are an
extrapolation to infinite N (as in the inset to Fig 5), and the
dashed line is S = E.

E but by a whole range. Not only do we have d2S/dE2 =
0 on such a line, but all higher order derivatives also are
zero. Thus, the result in Fig 2 suggests that our models
for the joint activity of neurons in this system is poised
at a very special critical point. We have obtained the
same result even from much simpler models [12].

Quantitatively, Fig 2 is telling us that the tradeo↵ be-
tween the probability and numerosity of states in the net-
work takes a very special form. As noted above, we ex-
pect that states of lower probability (e.g., those in which
more cells spike rather than remaining silent) are more
numerous (because there are more ways to arrange K

spikes among N cells as K increases from very low val-
ues). But the usual result is that this tradeo↵—which
is precisely the tradeo↵ between energy and entropy in
thermodynamics—selects a set of “typical” states that all
have roughly the same probability. The statement that
S = E, which is the data in Fig 2 seem to approach, is the
statement that states which are ten times less probable
are exactly ten times more numerous, and so there is no
typical value of the probability. This near perfect balanc-
ing of probability and numerosity extends over a factor
of nearly ⇠ e

(0.2)N ⇠ 1010 in probability in networks of
N = 120 neurons.

We have noted that the balancing of probability and
numerosity is equivalent to the divergence of the spe-
cific heat in equilibrium thermodynamics. But the model

probability distribution in Eqs (3, 4) is mathematically
identical to the Boltzmann distribution for a system in
equilibrium at temperature kBT = 1. Thus we can use
this model to compute the specific heat in the usual way;
for details see Appendix B. Furthermore, we can change
the e↵ective temperature by considering a one parameter
family of models,

P ({�i};T ) = 1

Z(T )
exp


� 1

T

H({�i})
�
, (6)

with H({�i}) as before in Eq (4). The results are shown
in Fig 3.
The models that we have constructed for our network

exhibit a dramatic peak in heat capacity. As we look
at larger and larger subnetworks, the peak grows and
moves closer to T = 1, which is the model of the actual
network. Importantly, the heat capacity grows even when
we normalize by N , so that the specific heat, or heat
capacity per neuron, is growing with N , as expected at
a critical point.
Temperature and energy may seem like foreign con-

cepts in the context of real neurons, so the results of
Fig 3 require some interpretation. We have studied one
particular network, that is described by some set of pa-
rameters. What we would like to know is whether the pa-
rameters that describe the real network are in any sense
special. Changing temperature allows us to probe along
one axis in parameter space, and the fact that we observe
a peak in the specific heat means that the real network
in poised in parameter space very close to a maximum in
the variance of log(probability), which we can think of as
the dynamic range of “surprise” that can be represented
by the network.
The temperature is only one axis in parameter space,

and along this direction there are variations in both the
correlations among neurons and their mean spike rates.
As an alternative, we can consider a family of models in
which the strength of correlations changes but spike rates
are fixed. Such a family is given by a modification of Eq
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FIG. 2: Entropy vs energy in maximum entropy models. We
choose N = 20, 40, · · · , 120 neurons out of the population
from which we record, and for each of these subnetworks
we construct maximum entropy models that match the mean
spike probabilities, pairwise correlations, and distributions of
simultaneous spiking. Long Wang–Landau [16] simulations
of these models then allow us to count the number of states
with energies less than E, and hence estimate the entropy
as in Appendix A. Networks of di↵erent sizes are placed on
the same axes by measuring entropy and energy per neuron.
Inset shows results for many subnetworks, and the main fig-
ure shows means and standard deviations across the di↵erent
groups of N neurons. Black points with error bars are an
extrapolation to infinite N (as in the inset to Fig 5), and the
dashed line is S = E.

E but by a whole range. Not only do we have d2S/dE2 =
0 on such a line, but all higher order derivatives also are
zero. Thus, the result in Fig 2 suggests that our models
for the joint activity of neurons in this system is poised
at a very special critical point. We have obtained the
same result even from much simpler models [12].

Quantitatively, Fig 2 is telling us that the tradeo↵ be-
tween the probability and numerosity of states in the net-
work takes a very special form. As noted above, we ex-
pect that states of lower probability (e.g., those in which
more cells spike rather than remaining silent) are more
numerous (because there are more ways to arrange K

spikes among N cells as K increases from very low val-
ues). But the usual result is that this tradeo↵—which
is precisely the tradeo↵ between energy and entropy in
thermodynamics—selects a set of “typical” states that all
have roughly the same probability. The statement that
S = E, which is the data in Fig 2 seem to approach, is the
statement that states which are ten times less probable
are exactly ten times more numerous, and so there is no
typical value of the probability. This near perfect balanc-
ing of probability and numerosity extends over a factor
of nearly ⇠ e

(0.2)N ⇠ 1010 in probability in networks of
N = 120 neurons.

We have noted that the balancing of probability and
numerosity is equivalent to the divergence of the spe-
cific heat in equilibrium thermodynamics. But the model

probability distribution in Eqs (3, 4) is mathematically
identical to the Boltzmann distribution for a system in
equilibrium at temperature kBT = 1. Thus we can use
this model to compute the specific heat in the usual way;
for details see Appendix B. Furthermore, we can change
the e↵ective temperature by considering a one parameter
family of models,

P ({�i};T ) = 1

Z(T )
exp


� 1

T

H({�i})
�
, (6)

with H({�i}) as before in Eq (4). The results are shown
in Fig 3.
The models that we have constructed for our network

exhibit a dramatic peak in heat capacity. As we look
at larger and larger subnetworks, the peak grows and
moves closer to T = 1, which is the model of the actual
network. Importantly, the heat capacity grows even when
we normalize by N , so that the specific heat, or heat
capacity per neuron, is growing with N , as expected at
a critical point.
Temperature and energy may seem like foreign con-

cepts in the context of real neurons, so the results of
Fig 3 require some interpretation. We have studied one
particular network, that is described by some set of pa-
rameters. What we would like to know is whether the pa-
rameters that describe the real network are in any sense
special. Changing temperature allows us to probe along
one axis in parameter space, and the fact that we observe
a peak in the specific heat means that the real network
in poised in parameter space very close to a maximum in
the variance of log(probability), which we can think of as
the dynamic range of “surprise” that can be represented
by the network.
The temperature is only one axis in parameter space,

and along this direction there are variations in both the
correlations among neurons and their mean spike rates.
As an alternative, we can consider a family of models in
which the strength of correlations changes but spike rates
are fixed. Such a family is given by a modification of Eq
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FIG. 2: Entropy vs energy in maximum entropy models. We
choose N = 20, 40, · · · , 120 neurons out of the population
from which we record, and for each of these subnetworks
we construct maximum entropy models that match the mean
spike probabilities, pairwise correlations, and distributions of
simultaneous spiking. Long Wang–Landau [16] simulations
of these models then allow us to count the number of states
with energies less than E, and hence estimate the entropy
as in Appendix A. Networks of di↵erent sizes are placed on
the same axes by measuring entropy and energy per neuron.
Inset shows results for many subnetworks, and the main fig-
ure shows means and standard deviations across the di↵erent
groups of N neurons. Black points with error bars are an
extrapolation to infinite N (as in the inset to Fig 5), and the
dashed line is S = E.

E but by a whole range. Not only do we have d2S/dE2 =
0 on such a line, but all higher order derivatives also are
zero. Thus, the result in Fig 2 suggests that our models
for the joint activity of neurons in this system is poised
at a very special critical point. We have obtained the
same result even from much simpler models [12].

Quantitatively, Fig 2 is telling us that the tradeo↵ be-
tween the probability and numerosity of states in the net-
work takes a very special form. As noted above, we ex-
pect that states of lower probability (e.g., those in which
more cells spike rather than remaining silent) are more
numerous (because there are more ways to arrange K

spikes among N cells as K increases from very low val-
ues). But the usual result is that this tradeo↵—which
is precisely the tradeo↵ between energy and entropy in
thermodynamics—selects a set of “typical” states that all
have roughly the same probability. The statement that
S = E, which is the data in Fig 2 seem to approach, is the
statement that states which are ten times less probable
are exactly ten times more numerous, and so there is no
typical value of the probability. This near perfect balanc-
ing of probability and numerosity extends over a factor
of nearly ⇠ e

(0.2)N ⇠ 1010 in probability in networks of
N = 120 neurons.

We have noted that the balancing of probability and
numerosity is equivalent to the divergence of the spe-
cific heat in equilibrium thermodynamics. But the model

probability distribution in Eqs (3, 4) is mathematically
identical to the Boltzmann distribution for a system in
equilibrium at temperature kBT = 1. Thus we can use
this model to compute the specific heat in the usual way;
for details see Appendix B. Furthermore, we can change
the e↵ective temperature by considering a one parameter
family of models,

P ({�i};T ) = 1

Z(T )
exp


� 1

T

H({�i})
�
, (6)

with H({�i}) as before in Eq (4). The results are shown
in Fig 3.
The models that we have constructed for our network

exhibit a dramatic peak in heat capacity. As we look
at larger and larger subnetworks, the peak grows and
moves closer to T = 1, which is the model of the actual
network. Importantly, the heat capacity grows even when
we normalize by N , so that the specific heat, or heat
capacity per neuron, is growing with N , as expected at
a critical point.
Temperature and energy may seem like foreign con-

cepts in the context of real neurons, so the results of
Fig 3 require some interpretation. We have studied one
particular network, that is described by some set of pa-
rameters. What we would like to know is whether the pa-
rameters that describe the real network are in any sense
special. Changing temperature allows us to probe along
one axis in parameter space, and the fact that we observe
a peak in the specific heat means that the real network
in poised in parameter space very close to a maximum in
the variance of log(probability), which we can think of as
the dynamic range of “surprise” that can be represented
by the network.
The temperature is only one axis in parameter space,

and along this direction there are variations in both the
correlations among neurons and their mean spike rates.
As an alternative, we can consider a family of models in
which the strength of correlations changes but spike rates
are fixed. Such a family is given by a modification of Eq
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FIG. 2: Entropy vs energy in maximum entropy models. We
choose N = 20, 40, · · · , 120 neurons out of the population
from which we record, and for each of these subnetworks
we construct maximum entropy models that match the mean
spike probabilities, pairwise correlations, and distributions of
simultaneous spiking. Long Wang–Landau [16] simulations
of these models then allow us to count the number of states
with energies less than E, and hence estimate the entropy
as in Appendix A. Networks of di↵erent sizes are placed on
the same axes by measuring entropy and energy per neuron.
Inset shows results for many subnetworks, and the main fig-
ure shows means and standard deviations across the di↵erent
groups of N neurons. Black points with error bars are an
extrapolation to infinite N (as in the inset to Fig 5), and the
dashed line is S = E.

E but by a whole range. Not only do we have d2S/dE2 =
0 on such a line, but all higher order derivatives also are
zero. Thus, the result in Fig 2 suggests that our models
for the joint activity of neurons in this system is poised
at a very special critical point. We have obtained the
same result even from much simpler models [12].

Quantitatively, Fig 2 is telling us that the tradeo↵ be-
tween the probability and numerosity of states in the net-
work takes a very special form. As noted above, we ex-
pect that states of lower probability (e.g., those in which
more cells spike rather than remaining silent) are more
numerous (because there are more ways to arrange K

spikes among N cells as K increases from very low val-
ues). But the usual result is that this tradeo↵—which
is precisely the tradeo↵ between energy and entropy in
thermodynamics—selects a set of “typical” states that all
have roughly the same probability. The statement that
S = E, which is the data in Fig 2 seem to approach, is the
statement that states which are ten times less probable
are exactly ten times more numerous, and so there is no
typical value of the probability. This near perfect balanc-
ing of probability and numerosity extends over a factor
of nearly ⇠ e

(0.2)N ⇠ 1010 in probability in networks of
N = 120 neurons.

We have noted that the balancing of probability and
numerosity is equivalent to the divergence of the spe-
cific heat in equilibrium thermodynamics. But the model

probability distribution in Eqs (3, 4) is mathematically
identical to the Boltzmann distribution for a system in
equilibrium at temperature kBT = 1. Thus we can use
this model to compute the specific heat in the usual way;
for details see Appendix B. Furthermore, we can change
the e↵ective temperature by considering a one parameter
family of models,

P ({�i};T ) = 1

Z(T )
exp


� 1

T

H({�i})
�
, (6)

with H({�i}) as before in Eq (4). The results are shown
in Fig 3.
The models that we have constructed for our network

exhibit a dramatic peak in heat capacity. As we look
at larger and larger subnetworks, the peak grows and
moves closer to T = 1, which is the model of the actual
network. Importantly, the heat capacity grows even when
we normalize by N , so that the specific heat, or heat
capacity per neuron, is growing with N , as expected at
a critical point.
Temperature and energy may seem like foreign con-

cepts in the context of real neurons, so the results of
Fig 3 require some interpretation. We have studied one
particular network, that is described by some set of pa-
rameters. What we would like to know is whether the pa-
rameters that describe the real network are in any sense
special. Changing temperature allows us to probe along
one axis in parameter space, and the fact that we observe
a peak in the specific heat means that the real network
in poised in parameter space very close to a maximum in
the variance of log(probability), which we can think of as
the dynamic range of “surprise” that can be represented
by the network.
The temperature is only one axis in parameter space,

and along this direction there are variations in both the
correlations among neurons and their mean spike rates.
As an alternative, we can consider a family of models in
which the strength of correlations changes but spike rates
are fixed. Such a family is given by a modification of Eq
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FIG. 2: Entropy vs energy in maximum entropy models. We
choose N = 20, 40, · · · , 120 neurons out of the population
from which we record, and for each of these subnetworks
we construct maximum entropy models that match the mean
spike probabilities, pairwise correlations, and distributions of
simultaneous spiking. Long Wang–Landau [16] simulations
of these models then allow us to count the number of states
with energies less than E, and hence estimate the entropy
as in Appendix A. Networks of di↵erent sizes are placed on
the same axes by measuring entropy and energy per neuron.
Inset shows results for many subnetworks, and the main fig-
ure shows means and standard deviations across the di↵erent
groups of N neurons. Black points with error bars are an
extrapolation to infinite N (as in the inset to Fig 5), and the
dashed line is S = E.

E but by a whole range. Not only do we have d2S/dE2 =
0 on such a line, but all higher order derivatives also are
zero. Thus, the result in Fig 2 suggests that our models
for the joint activity of neurons in this system is poised
at a very special critical point. We have obtained the
same result even from much simpler models [12].

Quantitatively, Fig 2 is telling us that the tradeo↵ be-
tween the probability and numerosity of states in the net-
work takes a very special form. As noted above, we ex-
pect that states of lower probability (e.g., those in which
more cells spike rather than remaining silent) are more
numerous (because there are more ways to arrange K

spikes among N cells as K increases from very low val-
ues). But the usual result is that this tradeo↵—which
is precisely the tradeo↵ between energy and entropy in
thermodynamics—selects a set of “typical” states that all
have roughly the same probability. The statement that
S = E, which is the data in Fig 2 seem to approach, is the
statement that states which are ten times less probable
are exactly ten times more numerous, and so there is no
typical value of the probability. This near perfect balanc-
ing of probability and numerosity extends over a factor
of nearly ⇠ e

(0.2)N ⇠ 1010 in probability in networks of
N = 120 neurons.

We have noted that the balancing of probability and
numerosity is equivalent to the divergence of the spe-
cific heat in equilibrium thermodynamics. But the model

probability distribution in Eqs (3, 4) is mathematically
identical to the Boltzmann distribution for a system in
equilibrium at temperature kBT = 1. Thus we can use
this model to compute the specific heat in the usual way;
for details see Appendix B. Furthermore, we can change
the e↵ective temperature by considering a one parameter
family of models,

P ({�i};T ) = 1

Z(T )
exp


� 1

T

H({�i})
�
, (6)

with H({�i}) as before in Eq (4). The results are shown
in Fig 3.
The models that we have constructed for our network

exhibit a dramatic peak in heat capacity. As we look
at larger and larger subnetworks, the peak grows and
moves closer to T = 1, which is the model of the actual
network. Importantly, the heat capacity grows even when
we normalize by N , so that the specific heat, or heat
capacity per neuron, is growing with N , as expected at
a critical point.
Temperature and energy may seem like foreign con-

cepts in the context of real neurons, so the results of
Fig 3 require some interpretation. We have studied one
particular network, that is described by some set of pa-
rameters. What we would like to know is whether the pa-
rameters that describe the real network are in any sense
special. Changing temperature allows us to probe along
one axis in parameter space, and the fact that we observe
a peak in the specific heat means that the real network
in poised in parameter space very close to a maximum in
the variance of log(probability), which we can think of as
the dynamic range of “surprise” that can be represented
by the network.
The temperature is only one axis in parameter space,

and along this direction there are variations in both the
correlations among neurons and their mean spike rates.
As an alternative, we can consider a family of models in
which the strength of correlations changes but spike rates
are fixed. Such a family is given by a modification of Eq
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FIG. 2: Entropy vs energy in maximum entropy models. We
choose N = 20, 40, · · · , 120 neurons out of the population
from which we record, and for each of these subnetworks
we construct maximum entropy models that match the mean
spike probabilities, pairwise correlations, and distributions of
simultaneous spiking. Long Wang–Landau [16] simulations
of these models then allow us to count the number of states
with energies less than E, and hence estimate the entropy
as in Appendix A. Networks of di↵erent sizes are placed on
the same axes by measuring entropy and energy per neuron.
Inset shows results for many subnetworks, and the main fig-
ure shows means and standard deviations across the di↵erent
groups of N neurons. Black points with error bars are an
extrapolation to infinite N (as in the inset to Fig 5), and the
dashed line is S = E.

E but by a whole range. Not only do we have d2S/dE2 =
0 on such a line, but all higher order derivatives also are
zero. Thus, the result in Fig 2 suggests that our models
for the joint activity of neurons in this system is poised
at a very special critical point. We have obtained the
same result even from much simpler models [12].

Quantitatively, Fig 2 is telling us that the tradeo↵ be-
tween the probability and numerosity of states in the net-
work takes a very special form. As noted above, we ex-
pect that states of lower probability (e.g., those in which
more cells spike rather than remaining silent) are more
numerous (because there are more ways to arrange K

spikes among N cells as K increases from very low val-
ues). But the usual result is that this tradeo↵—which
is precisely the tradeo↵ between energy and entropy in
thermodynamics—selects a set of “typical” states that all
have roughly the same probability. The statement that
S = E, which is the data in Fig 2 seem to approach, is the
statement that states which are ten times less probable
are exactly ten times more numerous, and so there is no
typical value of the probability. This near perfect balanc-
ing of probability and numerosity extends over a factor
of nearly ⇠ e

(0.2)N ⇠ 1010 in probability in networks of
N = 120 neurons.

We have noted that the balancing of probability and
numerosity is equivalent to the divergence of the spe-
cific heat in equilibrium thermodynamics. But the model

probability distribution in Eqs (3, 4) is mathematically
identical to the Boltzmann distribution for a system in
equilibrium at temperature kBT = 1. Thus we can use
this model to compute the specific heat in the usual way;
for details see Appendix B. Furthermore, we can change
the e↵ective temperature by considering a one parameter
family of models,

P ({�i};T ) = 1

Z(T )
exp


� 1

T

H({�i})
�
, (6)

with H({�i}) as before in Eq (4). The results are shown
in Fig 3.
The models that we have constructed for our network

exhibit a dramatic peak in heat capacity. As we look
at larger and larger subnetworks, the peak grows and
moves closer to T = 1, which is the model of the actual
network. Importantly, the heat capacity grows even when
we normalize by N , so that the specific heat, or heat
capacity per neuron, is growing with N , as expected at
a critical point.
Temperature and energy may seem like foreign con-

cepts in the context of real neurons, so the results of
Fig 3 require some interpretation. We have studied one
particular network, that is described by some set of pa-
rameters. What we would like to know is whether the pa-
rameters that describe the real network are in any sense
special. Changing temperature allows us to probe along
one axis in parameter space, and the fact that we observe
a peak in the specific heat means that the real network
in poised in parameter space very close to a maximum in
the variance of log(probability), which we can think of as
the dynamic range of “surprise” that can be represented
by the network.
The temperature is only one axis in parameter space,

and along this direction there are variations in both the
correlations among neurons and their mean spike rates.
As an alternative, we can consider a family of models in
which the strength of correlations changes but spike rates
are fixed. Such a family is given by a modification of Eq
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Signatures of criticality: heat capacity
T rescales the reconstructed Hamiltonian to 

generate a family of distributions...

(T=1 is the original model inferred from data)

... for each distribution, we compute C(T)

• as N increases, T* approaches 1

• C*/N grows linearly with N

• Emerging peak of C(T) is a signature 
of criticality
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where changing ↵ changes the strength of correlations,
and we adjust all the h0

i(↵) to hold mean spike rates fixed
at their observed values. We see in Fig 4 that along
this direction in parameter space the di↵erence between
totally uncorrelated neurons and the real network is a
modest change in entropy, but there is a substantial peak
in the specific heat very close to ↵ = 1, the real network.
[Need fuller discussion of the ↵ ensembles.]

[Wrap this up.]

IV. COUNTING STATES DIRECTLY

Our best estimate of the entropy for the patterns of
activity we observe is S ⇠ 0.15 bits/neuron (Fig 4). With
N = 160 cells, this is a total entropy of S = 24bits, which
means that the patterns of activity are spread over 2S ⇠
1.67⇥ 107 possibilities. This is one hundred times larger
than the number of samples that we collect during our
⇠ 1 h experiment, so we naively expect that we should
never see the same state twice. In fact, if we choose two
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FIG. 4: Changing correlation strengths at fixed spike rates.
[Maybe we should focus on the (a) the distribution of
correlations—each normalized the same way?, (b) the entropy,
and (c) the specific heat. It would be great to have multiple
N , but I know this hard.]
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with standard deviations over groups. Inset shows extrap-
olations of the energy per neuron at fixed energy per neu-
ron, summarized as points with error bars in the main figure.
Dashed line is the best linear fit to the extrapolated points,
S/N = (0.974± 0.021)(E/N) + (�0.005± 0.003).

moments in time at random from the experiment, the
probability that we see the same exact pattern of spiking
and silence across all N = 160 neurons is Pc = 0.0442±
0.0014 [Do we want a figure that shows Pc vs N all the
way out to N = 160? Previous paper stops at N = 120.].
This coincidence probability is larger in smaller groups of
neurons, and this behavior of Pc(N) is perfectly captured
by the maximum entropy models, as discussed in Ref [13].
Importantly, the high probability of a coincidence is not
just the result of the network frequently remaining silent,
but rather reflects the structure of the entire distribution
over activity patterns.
The high probability of coincidences means that, de-

spite the enormous diversity of activity patterns, many
of these patterns occur frequently enough that we can es-
timate their probability simply by counting. [Maybe say
something quantitative about how many states occur 100
times, or something like that to indicate the scale of what
we can do?] If we can estimate the probability of each
state, we can count how many states have a particular
probability, and thus plot entropy vs energy as we have
done for the models in the previous Section. For small N
we can map the complete function S(E), while at large N
we can map only the behavior at small E, or (relatively)
large probability. The results are shown in Fig 5.
As emphasized above and in Appendix A, the plot of

entropy vs energy contains all of the thermodynamic be-
havior of a system, and this has a meaning for any proba-
bility distribution, even if we are not considering a system
at thermal equilibrium. Thus, Fig 5 is as close as we can
get to constructing the thermodynamics of this network,
without any model assumptions. Although we see less
and less of the plot at larger N , it does seem that the
part we can see is approaching a limit as N ! 1. We
can make this precise by noting that, at a fixed value
of S/N , the value of E/N extrapolates to a well defined

(α = 1 is the original model inferred from data)
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where changing ↵ changes the strength of correlations,
and we adjust all the h0

i(↵) to hold mean spike rates fixed
at their observed values. We see in Fig 4 that along
this direction in parameter space the di↵erence between
totally uncorrelated neurons and the real network is a
modest change in entropy, but there is a substantial peak
in the specific heat very close to ↵ = 1, the real network.
[Need fuller discussion of the ↵ ensembles.]

[Wrap this up.]

IV. COUNTING STATES DIRECTLY

Our best estimate of the entropy for the patterns of
activity we observe is S ⇠ 0.15 bits/neuron (Fig 4). With
N = 160 cells, this is a total entropy of S = 24bits, which
means that the patterns of activity are spread over 2S ⇠
1.67⇥ 107 possibilities. This is one hundred times larger
than the number of samples that we collect during our
⇠ 1 h experiment, so we naively expect that we should
never see the same state twice. In fact, if we choose two
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and (c) the specific heat. It would be great to have multiple
N , but I know this hard.]
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moments in time at random from the experiment, the
probability that we see the same exact pattern of spiking
and silence across all N = 160 neurons is Pc = 0.0442±
0.0014 [Do we want a figure that shows Pc vs N all the
way out to N = 160? Previous paper stops at N = 120.].
This coincidence probability is larger in smaller groups of
neurons, and this behavior of Pc(N) is perfectly captured
by the maximum entropy models, as discussed in Ref [13].
Importantly, the high probability of a coincidence is not
just the result of the network frequently remaining silent,
but rather reflects the structure of the entire distribution
over activity patterns.
The high probability of coincidences means that, de-

spite the enormous diversity of activity patterns, many
of these patterns occur frequently enough that we can es-
timate their probability simply by counting. [Maybe say
something quantitative about how many states occur 100
times, or something like that to indicate the scale of what
we can do?] If we can estimate the probability of each
state, we can count how many states have a particular
probability, and thus plot entropy vs energy as we have
done for the models in the previous Section. For small N
we can map the complete function S(E), while at large N
we can map only the behavior at small E, or (relatively)
large probability. The results are shown in Fig 5.
As emphasized above and in Appendix A, the plot of

entropy vs energy contains all of the thermodynamic be-
havior of a system, and this has a meaning for any proba-
bility distribution, even if we are not considering a system
at thermal equilibrium. Thus, Fig 5 is as close as we can
get to constructing the thermodynamics of this network,
without any model assumptions. Although we see less
and less of the plot at larger N , it does seem that the
part we can see is approaching a limit as N ! 1. We
can make this precise by noting that, at a fixed value
of S/N , the value of E/N extrapolates to a well defined

Signatures of criticality: correlation scaling
α rescales the coupling terms (while maintaining <σ> fixed to data) 

to generate a family of distributions...
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where changing ↵ changes the strength of correlations,
and we adjust all the h0

i(↵) to hold mean spike rates fixed
at their observed values. We see in Fig 4 that along
this direction in parameter space the di↵erence between
totally uncorrelated neurons and the real network is a
modest change in entropy, but there is a substantial peak
in the specific heat very close to ↵ = 1, the real network.
[Need fuller discussion of the ↵ ensembles.]

[Wrap this up.]

IV. COUNTING STATES DIRECTLY

Our best estimate of the entropy for the patterns of
activity we observe is S ⇠ 0.15 bits/neuron (Fig 4). With
N = 160 cells, this is a total entropy of S = 24bits, which
means that the patterns of activity are spread over 2S ⇠
1.67⇥ 107 possibilities. This is one hundred times larger
than the number of samples that we collect during our
⇠ 1 h experiment, so we naively expect that we should
never see the same state twice. In fact, if we choose two
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and (c) the specific heat. It would be great to have multiple
N , but I know this hard.]
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moments in time at random from the experiment, the
probability that we see the same exact pattern of spiking
and silence across all N = 160 neurons is Pc = 0.0442±
0.0014 [Do we want a figure that shows Pc vs N all the
way out to N = 160? Previous paper stops at N = 120.].
This coincidence probability is larger in smaller groups of
neurons, and this behavior of Pc(N) is perfectly captured
by the maximum entropy models, as discussed in Ref [13].
Importantly, the high probability of a coincidence is not
just the result of the network frequently remaining silent,
but rather reflects the structure of the entire distribution
over activity patterns.
The high probability of coincidences means that, de-

spite the enormous diversity of activity patterns, many
of these patterns occur frequently enough that we can es-
timate their probability simply by counting. [Maybe say
something quantitative about how many states occur 100
times, or something like that to indicate the scale of what
we can do?] If we can estimate the probability of each
state, we can count how many states have a particular
probability, and thus plot entropy vs energy as we have
done for the models in the previous Section. For small N
we can map the complete function S(E), while at large N
we can map only the behavior at small E, or (relatively)
large probability. The results are shown in Fig 5.
As emphasized above and in Appendix A, the plot of

entropy vs energy contains all of the thermodynamic be-
havior of a system, and this has a meaning for any proba-
bility distribution, even if we are not considering a system
at thermal equilibrium. Thus, Fig 5 is as close as we can
get to constructing the thermodynamics of this network,
without any model assumptions. Although we see less
and less of the plot at larger N , it does seem that the
part we can see is approaching a limit as N ! 1. We
can make this precise by noting that, at a fixed value
of S/N , the value of E/N extrapolates to a well defined

(α = 1 is the original model inferred from data)
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where changing ↵ changes the strength of correlations,
and we adjust all the h0

i(↵) to hold mean spike rates fixed
at their observed values. We see in Fig 4 that along
this direction in parameter space the di↵erence between
totally uncorrelated neurons and the real network is a
modest change in entropy, but there is a substantial peak
in the specific heat very close to ↵ = 1, the real network.
[Need fuller discussion of the ↵ ensembles.]

[Wrap this up.]

IV. COUNTING STATES DIRECTLY

Our best estimate of the entropy for the patterns of
activity we observe is S ⇠ 0.15 bits/neuron (Fig 4). With
N = 160 cells, this is a total entropy of S = 24bits, which
means that the patterns of activity are spread over 2S ⇠
1.67⇥ 107 possibilities. This is one hundred times larger
than the number of samples that we collect during our
⇠ 1 h experiment, so we naively expect that we should
never see the same state twice. In fact, if we choose two
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and (c) the specific heat. It would be great to have multiple
N , but I know this hard.]
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moments in time at random from the experiment, the
probability that we see the same exact pattern of spiking
and silence across all N = 160 neurons is Pc = 0.0442±
0.0014 [Do we want a figure that shows Pc vs N all the
way out to N = 160? Previous paper stops at N = 120.].
This coincidence probability is larger in smaller groups of
neurons, and this behavior of Pc(N) is perfectly captured
by the maximum entropy models, as discussed in Ref [13].
Importantly, the high probability of a coincidence is not
just the result of the network frequently remaining silent,
but rather reflects the structure of the entire distribution
over activity patterns.
The high probability of coincidences means that, de-

spite the enormous diversity of activity patterns, many
of these patterns occur frequently enough that we can es-
timate their probability simply by counting. [Maybe say
something quantitative about how many states occur 100
times, or something like that to indicate the scale of what
we can do?] If we can estimate the probability of each
state, we can count how many states have a particular
probability, and thus plot entropy vs energy as we have
done for the models in the previous Section. For small N
we can map the complete function S(E), while at large N
we can map only the behavior at small E, or (relatively)
large probability. The results are shown in Fig 5.
As emphasized above and in Appendix A, the plot of

entropy vs energy contains all of the thermodynamic be-
havior of a system, and this has a meaning for any proba-
bility distribution, even if we are not considering a system
at thermal equilibrium. Thus, Fig 5 is as close as we can
get to constructing the thermodynamics of this network,
without any model assumptions. Although we see less
and less of the plot at larger N , it does seem that the
part we can see is approaching a limit as N ! 1. We
can make this precise by noting that, at a fixed value
of S/N , the value of E/N extrapolates to a well defined

Signatures of criticality: correlation scaling
α rescales the coupling terms (while maintaining <σ> fixed to data) 

to generate a family of distributions...

(α = 1 is the original model inferred from data)

Wednesday, April 2, 14



5

(4),

P ({�i},↵) =
1

Z(↵)
exp [�H↵({�i})] (7)

H↵({�i}) = �
NX

i=1

h

0
i(↵)�i

�↵

2

41

2

NX

i,j=1

Jij�i�j � V (K)

3

5
, (8)

where changing ↵ changes the strength of correlations,
and we adjust all the h0

i(↵) to hold mean spike rates fixed
at their observed values. We see in Fig 4 that along
this direction in parameter space the di↵erence between
totally uncorrelated neurons and the real network is a
modest change in entropy, but there is a substantial peak
in the specific heat very close to ↵ = 1, the real network.
[Need fuller discussion of the ↵ ensembles.]

[Wrap this up.]

IV. COUNTING STATES DIRECTLY

Our best estimate of the entropy for the patterns of
activity we observe is S ⇠ 0.15 bits/neuron (Fig 4). With
N = 160 cells, this is a total entropy of S = 24bits, which
means that the patterns of activity are spread over 2S ⇠
1.67⇥ 107 possibilities. This is one hundred times larger
than the number of samples that we collect during our
⇠ 1 h experiment, so we naively expect that we should
never see the same state twice. In fact, if we choose two
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[Maybe we should focus on the (a) the distribution of
correlations—each normalized the same way?, (b) the entropy,
and (c) the specific heat. It would be great to have multiple
N , but I know this hard.]
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with standard deviations over groups. Inset shows extrap-
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ron, summarized as points with error bars in the main figure.
Dashed line is the best linear fit to the extrapolated points,
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moments in time at random from the experiment, the
probability that we see the same exact pattern of spiking
and silence across all N = 160 neurons is Pc = 0.0442±
0.0014 [Do we want a figure that shows Pc vs N all the
way out to N = 160? Previous paper stops at N = 120.].
This coincidence probability is larger in smaller groups of
neurons, and this behavior of Pc(N) is perfectly captured
by the maximum entropy models, as discussed in Ref [13].
Importantly, the high probability of a coincidence is not
just the result of the network frequently remaining silent,
but rather reflects the structure of the entire distribution
over activity patterns.
The high probability of coincidences means that, de-

spite the enormous diversity of activity patterns, many
of these patterns occur frequently enough that we can es-
timate their probability simply by counting. [Maybe say
something quantitative about how many states occur 100
times, or something like that to indicate the scale of what
we can do?] If we can estimate the probability of each
state, we can count how many states have a particular
probability, and thus plot entropy vs energy as we have
done for the models in the previous Section. For small N
we can map the complete function S(E), while at large N
we can map only the behavior at small E, or (relatively)
large probability. The results are shown in Fig 5.
As emphasized above and in Appendix A, the plot of

entropy vs energy contains all of the thermodynamic be-
havior of a system, and this has a meaning for any proba-
bility distribution, even if we are not considering a system
at thermal equilibrium. Thus, Fig 5 is as close as we can
get to constructing the thermodynamics of this network,
without any model assumptions. Although we see less
and less of the plot at larger N , it does seem that the
part we can see is approaching a limit as N ! 1. We
can make this precise by noting that, at a fixed value
of S/N , the value of E/N extrapolates to a well defined

Signatures of criticality: correlation scaling
α rescales the coupling terms (while maintaining <σ> fixed to data) 

to generate a family of distributions...

• ensembles of codes with same mean 
rates but tunable correlations

• observed correlation strength is close 
to critical

(α = 1 is the original model inferred from data)
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1. For encoding a wide range of surprise quickly (cf. “usual” optimal codes).

2. A consequence of the need for long-timescale dynamics.

3. A side-effect of adaptation to maximize information transmission?

4. Learnability downstream?

Critical codes, why and what for?

We don’t know.

Maybe it is due to (over)fitting a maxent model?
Mastromatteo + Marsili

NO.

Maybe it is an “automatic” consequence of 
modeling a driven system?
Schwab + Nemenman + Mehta

MAYBE, BUT...

Maybe criticality has a functional significance....

Whatever the answer might be, this is the distribution of activity 
patterns seen by the circuit downstream of the retina (remember, these 

circuits don’t have direct access to the stimulus!)
Wednesday, April 2, 14



Conclusions

Wednesday, April 2, 14



• Inverse statistical mechanics using maximum entropy principle is a 
powerful tool to study the neural codeword vocabulary

Conclusions

Wednesday, April 2, 14



• Inverse statistical mechanics using maximum entropy principle is a 
powerful tool to study the neural codeword vocabulary

• Interesting coding properties: strongly collective behavior 
(despite small pairwise correlations), MS states, non-extensive entropy 
scaling, redundancy for error correction, high coincidence probability

Conclusions

Wednesday, April 2, 14



• Inverse statistical mechanics using maximum entropy principle is a 
powerful tool to study the neural codeword vocabulary

• Interesting coding properties: strongly collective behavior 
(despite small pairwise correlations), MS states, non-extensive entropy 
scaling, redundancy for error correction, high coincidence probability

• Signatures of criticality: S vs E curve, emerging peak in C(T) and 
C(α) at T, α = 1

Conclusions

Wednesday, April 2, 14



• Inverse statistical mechanics using maximum entropy principle is a 
powerful tool to study the neural codeword vocabulary

• Interesting coding properties: strongly collective behavior 
(despite small pairwise correlations), MS states, non-extensive entropy 
scaling, redundancy for error correction, high coincidence probability

• Signatures of criticality: S vs E curve, emerging peak in C(T) and 
C(α) at T, α = 1

• Is the system finely tuned (or adapting to) the critical 
point, or is this result somehow generic?

Conclusions
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