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Introduction

• Variable selection plays a very important role in most (if not all) learning tasks 
to improve the accuracy and readability of learned models

• A usual approach to linearize the search for an optimal subset of input 
variables is to previously construct a ranking

• Most ranker variables fall in one of these categories:

• wrappers

• filters

• In this work we present a filter called SPE-ranker:

• Simplified Polynomial Expansion to deal with nonlinear problems

• Correlation-based ranking criterion

• Gram-Schmidt orthogonalization to detect redundancy
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Some state-of-the-art rankers: SVM wrappers

• [Rakotomamonjy, 2003]: orders the list of variables according to the influence 
of the variations of their weights

• [Degroeve et al., 2002]: variables are ordered with respect to the loss in 
predictive performance when they are removed

• [Weston et al., 2001] (R2W2): expressing the kernel as
the authors propose to find σ by minimizing the expected error bound using 
gradient descent

where R is the radius of a sphere containing the examples and M is the margin

where the predicted output is given by sign(f(x)), K is known as the kernel
function and it is usually defined as the scalar product between the images of
two inputs in a Hilbert space; in symbols, K(v, v′) = 〈φ(v), φ(v′)〉. Therefore,

f(x) = 〈w, φ(x)〉 + b (2)

where w =
∑n

i=1 αiyiφ(xi,·) is the vector of weights of the input variables
describing the example. In particular, when φ(v) = v, K is named linear
kernel and f(x) is a linear separator.

The first input variable ranker that we are going to describe briefly was pro-
posed by Rakotomamonjy (2003); for the sake of simplicity we will name it in
the rest of the paper as RM (for Rakotomamonjy’s Method). Its ranking cri-
terion orders the list of variables according to the influence of the variations
of their weights; in fact, it is an extension to the nonlinear case of the widely
used RFE (Guyon et al., 2002). This method removes in each iteration the
variable with the lowest ranking value, computed as:

RRM(i) = |∇i‖w‖2| =

∣∣∣∣∣∣

∑

k,j

αkαjykyj
∂K(s · xk,·, s · xj,·)

∂si

∣∣∣∣∣∣
, i = 1, . . . ,m (3)

where s is a scaling factor used to simplify the computation of partial deriva-
tives of the kernel. Once a variable is removed the ranking is recomputed
applying the same method, that is, training again an SVM with the remain-
ing input variables. The order in which variables are removed constitutes the
final ranking given by the algorithm.

Degroeve et al. (2002) developed another SVM wrapper that was successfully
used for splice site prediction of DNA sequences. We will name their method as
DM. This method uses a ranking criterion such that variables are ordered with
respect to the loss in predictive performance when they are removed. Moreover,
the authors approximate the generalization performance when removing the
i-th variable by the accuracy on the training set while setting the value of that
variable, in every instance, to its mean value. The ranking criterion for this
method can be expresed as

RDM(i) =
∑

k

yk ·
∑

j

αjyjK(x(i)
j,· , x

(i)
k,·), i = 1, . . . ,m (4)

where x(i)
l,· denotes the vector xl,· where the value for the i-th component was

replaced by its mean value computed in the training set. Notice that a higher
value of RDM(i), that is, a higher accuracy on the training set when removing
the i-th variable, means a lower relevance of that variable. Therefore, we will
remove the variable yielding the highest ranking value, as opposite to the RM
ranking method described previously.
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the original input variables1; the expansion is a
heuristic approach used to extend the low complex-
ity and good performance of linear rankers to general
nonlinear problems. The second stage is an itera-
tive process based on Gram-Schmidt orthogonaliza-
tion whose aim is to detect and remove redundant
variables. In fact, this procedure can be considered
a kind of stepwise regression, and has been used to
rank variables in (Chen et al., 1989; Stoppiglia et al.,
2003; Guyon et al., 2003). The consideration of re-
dundant entries is important since it is known that
redundancy affects the speed and accuracy of learn-
ing algorithms (Yu and Liu, 2004).

The paper is organized as follows: the next sec-
tion briefly describes several state-of-the-art ranking
methods, including wrappers and filters; the third
section is devoted to describe our filter approach in
detail; and finally we report a comparison between
our approach and other ranking methods based on
the experimental results obtained on a large variety
of artificially generated data sets where will show that
the achievements of SPE-ranker are equal or better
than those reached by more complex state-of-the-art
methods.

2 Some state-of-the-art rankers

In the following we briefly describe some state-of-the-
art methods for variable ranking that belong to one
of this categories: wrappers or filters. Although most
of them are part of more complex selection methods
we will only focus on the rankings they produce. The
only selection that we will consider is the ability of
some algorithms, including SPE-ranker, to eliminate
redundant variables.

2.1 The wrapper approach

The first input variable ranker that we are going
to describe briefly was proposed by Rakotomamonjy
(2003); for the sake of simplicity we will name it in

1Following (Guyon and Elisseeff, 2003) in this paper we
will refer to the raw input variables as variables and we will
call features to those descriptors constructed from the original
input variables.
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(1)

where s is a scaling factor used to simplify the com-
putation of partial derivatives of the kernel. Once
a variable is removed the ranking is recomputed ap-
plying the same method, that is, training again an
SVM with the remaining input variables. The order
in which variables are removed constitutes the final
ranking given by the algorithm.

Degroeve et al. (2002) developed another SVM
wrapper that was successfully used for splice site
prediction of DNA sequences. We will name their
method as DM. This method uses a ranking crite-
rion such that variables are ordered with respect to
the loss in predictive performance when they are re-
moved. Moreover, the authors approximate the gen-
eralization performance when removing the i-th vari-
able by the accuracy on the training set while setting
the value of that variable, in every instance, to its
mean value. The ranking criterion for this method
can be expresed as

RDM(i) =
X

k

yk ·
X

j

αjyjK(x(i)
j,· , x

(i)
k,·), i = 1, . . . , m (2)

where x(i)
l,· denotes the vector xl,· where the value for

the i-th component was replaced by its mean value
computed in the training set. Notice that a higher
value of RDM(i), that is, a higher accuracy on the
training set when removing the i-th variable, means a
lower relevance of that variable. Therefore, we will re-
move the variable yielding the highest ranking value,
as opposite to the RM ranking method described pre-
viously.

Another SVM-based ranking method was proposed
by Weston et al. (2001). This method obtains the
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ranking by scaling the input variables by a real val-
ued vector σ, where larger values of σi indicate more
useful features. The idea is to find σ taking into ac-
count that the kernel can be expressed as:

Kσ(x,x′) = K(x ∗ σ,x′ ∗ σ) (3)

This can be achieved by minimizing the bound of the
expectation of the error probability, which is

EPerr ≤
1
n

E

{
R2

M2

}
=

1
2
E{R2W 2(α0)} (4)

if the training data of size n belong to a sphere of
size R and are separable with margin M . The au-
thors propose to find σ by minimizing bound (4) us-
ing gradient descent.

2.2 The filter approach

The rest of the methods that we are going to sum-
marize in this section are filters. For the sake of sim-
plicity, in the rest of the paper we will denote column
vectors with just one subindex, that is, xj will mean
x·,j . Additionally, y stands for the target output;
that is, the vector whose component yi is the output
of the i-th example.

The first filter that we are going to mention is used
in (Stoppiglia et al., 2003) together with a method for
selecting subsets of variables based on the ranking
position of a random feature. For the purpose of our
comparative study we are only going to focus on the
ranking mechanism which, in fact, heavily inspired
the approach presented in this paper. The ranking
procedure proposed by Stoppiglia et al. is based on
an embedded redundancy elimination mechanism as
follows:

• Select the variable that best explains the target
output y. Such variable will be the one whose
corresponding column vector, xi, in the training
data set forms the smallest angle with y; there-
fore, the ranking criterion can be expressed in
terms of the square cosine of such angle as

RSM(i)=cos2(xi, y)=
〈xi, y〉2

‖xi‖2‖y‖2
, i = 1, . . . , m (5)

Therefore, the variable selected will be the one
that maximizes RSM.

• Using the Gram-Schmidt orthogonalization,
project the column vectors of the remaining in-
put variables and the target output onto the
space spanned by the column vectors selected
up to this step.

• With the projected data repeat the process start-
ing at the first step until an stopping criterion is
met. Orthogonalization is used to discard the
part of the target concept already explained by
previously selected variables, so the variable se-
lected in the next iteration will be the most rel-
evant with respect to what is not yet explained.

The use of Gram-Schmidt orthogonalization can
also be found in (Guyon et al., 2003), where the au-
thors propose and compare several feature selection
methods. One of the most promising, which we will
refer to as GSReliefK, coincides with SM, but instead
of equation 5, it uses a variant of the ranking criterion
of the popular Relief algorithm (Kira and Rendell,
1992) with Gram-Schmidt orthogonalization.

The original Relief criterion proposed by Kira and
Rendell is to compute a score for each input variable,
depending on how well such variable separates neigh-
boring examples. The idea is to find for each example
of the training set the nearest example of the same
class (a hit example) and the nearest example of the
opposite class (a miss example); the score assigned to
each input variable xi is then computed as the ratio
between the average over all examples of the distance
to the nearest miss and the average distance to the
nearest hit, projected on xi. However, this idea is ex-
tended in (Guyon et al., 2003) using the averages of
the distances to the k nearest hits and misses. That
is what we denote in this paper as ReliefK.

An interesting approach that also deals with re-
dundancy explicitly is found in (Yu and Liu, 2004),
where the authors present FCBF, a filter consisting in
two separate stages: the first one is a relevance anal-
ysis, aimed at ordering the input variables depending
on a relevance score, which is computed as the sym-
metric uncertainty with respect to the target output.
This ranking criterion can be expressed as

SU(xi,xj) = 2
[

IG(xi|xj)
H(xi) + H(xj)

]
(6)
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Some state-of-the-art rankers: filters

• [Stoppiglia et al., 2003]:

• Select the variable that best explains the target output

• Using the Gram-Schmidt orthogonalization, project the column vectors of 
the remaining input variables and the target output onto the space spanned 
by the column vectors previously selected

• Orthogonalization is used to discard the part of the target concept already 
explained by previously selected variables, so the variable selected in the 
next iteration will be the most relevant with respect to what is not yet 
explained

Another SVM-based ranking method was proposed by Weston et al. (2001).
This method obtains the ranking by scaling the input variables by a real valued
vector σ, where larger values of σi indicate more useful features. The idea is
to find σ taking into account that the kernel can be expressed as:

Kσ(x, x′) = K(x ∗ σ, x′ ∗ σ) (5)

This can be achieved by minimizing the bound of the expectation of the error
probability, which is

EPerr ≤
1

n
E

{
R2

M2

}

=
1

2
E{R2W 2(α0)} (6)

if the training data of size n belong to a sphere of size R and are separable
with margin M . The authors propose to find σ by minimizing bound (6) using
gradient descent.

2.2 The filter approach

The rest of the methods that we are going to summarize in this section are
filters. For the sake of simplicity, in the rest of the paper we will denote column
vectors with just one subindex, that is, xj will mean x·,j. Additionally, y stands
for the target output; that is, the vector whose component yi is the output of
the i-th example.

The first filter that we are going to mention is used in (Stoppiglia et al., 2003)
together with a method for selecting subsets of variables based on the ranking
position of a random feature. For the purpose of our comparative study we are
only going to focus on the ranking mechanism which, in fact, heavily inspired
the approach presented in this paper. The ranking procedure proposed by
Stoppiglia et al. is based on an embedded redundancy elimination mechanism
as follows:

• Select the variable that best explains the target output y. Such variable
will be the one whose corresponding column vector, xi, in the training data
set forms the smallest angle with y; therefore, the ranking criterion can be
expressed in terms of the square cosine of such angle as

RSM(i) = cos2(xi, y) =
〈xi, y〉2

‖xi‖2‖y‖2
, i = 1, . . . ,m (7)

Therefore, the variable selected will be the one that maximizes RSM.
• Using the Gram-Schmidt orthogonalization, project the column vectors of

the remaining input variables and the target output onto the space spanned
by the column vectors selected up to this step.
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Some state-of-the-art rankers: filters

• [Guyon et al., 2003]: similar to Stoppiglia’s method but replacing the ranking 
criterion by a slightly modified version of the classical Relief [Kira and Rendell, 
1992]

• [Yu and Liu, 2004] (FCBF): relevance analysis + redundancy detection

• Relevance score: computed as the symmetric uncertainty with respect to 
the target output

• Redundancy detection: iterative process that removes those variables for 
which xi forms an approximate Markov blanket:

•  a variable xi forms an approximate Markov blanket for any other variable 
xj if and only if SU(xj,y) ≥ SU(xi,y) and SU(xi,xj) ≥ SU(xi,y) 

• With the projected data repeat the process starting at the first step until
an stopping criterion is met. Orthogonalization is used to discard the part
of the target concept already explained by previously selected variables, so
the variable selected in the next iteration will be the most relevant with
respect to what is not yet explained.

The use of Gram-Schmidt orthogonalization can also be found in (Guyon
et al., 2003), where the authors propose and compare several feature selection
methods. One of the most promising, which we will refer to as GSReliefK,
coincides with SM, but instead of equation 7, it uses a variant of the ranking
criterion of the popular Relief algorithm (Kira and Rendell, 1992) with Gram-
Schmidt orthogonalization.

The original Relief criterion proposed by Kira and Rendell is to compute a
score for each input variable, depending on how well such variable separates
neighboring examples. The idea is to find for each example of the training
set the nearest example of the same class (a hit example) and the nearest
example of the opposite class (a miss example); the score assigned to each
input variable xi is then computed as the ratio between the average over all
examples of the distance to the nearest miss and the average distance to the
nearest hit, projected on xi. However, this idea is extended in (Guyon et al.,
2003) using the averages of the distances to the k nearest hits and misses.
That is what we denote in this paper as ReliefK.

An interesting approach that also deals with redundancy explicitly is found
in (Yu and Liu, 2004), where the authors present FCBF, a filter consisting in
two separate stages: the first one is a relevance analysis, aimed at ordering
the input variables depending on a relevance score, which is computed as
the symmetric uncertainty with respect to the target output. This ranking
criterion can be expressed as

SU(xi, xj) = 2

[
IG(xi|xj)

H(xi) + H(xj)

]

(8)

where H(xi) is the entropy of the input variable xi and IG(xi|xj) is the
information gain used for instance in (Quinlan, 1993). Notice that the use of
the entropy assumes that the values of xi must be discrete. This stage is also
used to discard irrelevant variables, which are those whose ranking score is
below a predefined threshold.

The second stage is a redundancy analysis, aimed at selecting predominant
features from the relevant set obtained in the first stage. This selection is
an iterative process that removes those variables for which xi forms an ap-
proximate Markov blanket. As defined in (Yu and Liu, 2004), a variable xi

forms an approximate Markov blanket for any other variable xj if and only if
SU(xj, y) ≥ SU(xi, y) and SU(xi, xj) ≥ SU(xi, y)
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SPE-ranker

• We propose a simplified polynomial expansion (SPE) to transform the input 
space X into a new feature space φ(X), which hopefully will have a quasi-linear 
relationship with the class

• Correlation-based ranking criterion: the ranking score of a variable xi will be 
given by the best score among those obtained by the powers of xi

• Standardizing and normalizing the feature vectors the ranking criterion can be 
expressed as a scalar product

3 A simple ranker

In this paper we propose a new filter method for variable ranking based in
Gram-Schmidt orthogonalization, like those used in the works of Stoppiglia
et al. (2003) and Guyon et al. (2003). However, in our approach the orthogo-
nalization does not have any influence on the ordering of the input variables;
instead, it is used after the construction of a correlation-based ranking as a
process devised for redundancy detection and elimination. This approach re-
sembles the framework proposed in (Yu and Liu, 2004) in which relevancy and
redundancy analyses are explicitly separated.

3.1 Nonlinear correlation-based ranking

In our approach we first construct a complete ranking using a correlation-based
criterion. This criterion relies on the existence of a linear relationship between
the input variables and the target output, circumstance which prevents its di-
rect application on problems where such relation is not linear. However, we can
transform the input space into a new space where a linear-in-its-parameters
model can be tested. This is the same idea found in kernel-based learning
methods which transform the original input space X into a feature space,
Φ(X ).

A polynomial model is acknowledged as a good approximation to nonlinear
functions. However, a full polynomial expansion would require to augment the
original input space with all possible monomials up to a given degree d. This
approach is clearly unfeasible when objects are described by a large number
of variables in the input space. For example, a full polynomial expansion up
to degree 3 of a 150-dimensional input space would yield a feature space with
585,275 dimensions; this number increases up to 1,373,700 dimensions for 200
input variables.

To overcome these enormous feature spaces, we propose a simplified polynomial
expansion (SPE) to transform the input space X into a new feature space
ϕ(X ), which hopefully will have a quasi-linear relationship with the class.
The feature space ϕ(X ) is constructed with the successive powers up to a
given degree d of each input variable. For a m-dimensional input space, the
dimension of ϕ(X ) will therefore be m · d.

ϕ(x1, . . . , xm) = (x1, . . . , xm, x2
1, . . . , x

2
m, . . . , xd

1, . . . , x
d
m) (9)

By means of the SPE the ranking obtained in this first stage of our algorithm
can take into account nonlinear correlation with the target output. Notice that

7

as we will show in Section 4.4.5, this is a common difficulty for any ranker.
However, when the relation between input variables and the target output is
not exclusively based on these products, SPE-ranker exhibits a good perfor-
mance.

Given that our aim is to obtain a ranking of variables in the input space (and
not in the feature space), the transformation of the input space X into ϕ(X )
requires some changes in the original ranking criterion. Thus, the ranking score
of a variable xi will be given by the best score among those obtained by the
powers of xi. In symbols, our ranking criterion can be expressed as

RSPE(i) = max
j=1,...,d

ρ2(xj
i , y), i = 1, . . . ,m (10)

To compute the correlation coefficient efficiently we first standardize and nor-
malize the feature vectors, as indicated in the pseudo-code of Algorithm 1.
Standardization is a preprocessing step usually employed to avoid the bias
caused by very different ranges of values of the input variables. It is easy to
prove that the correlation coefficient between two vectors coincides with the
cosine of the angle formed by those vectors standardized. Additionally, if those
vectors are also normalized, then the cosine is simply their scalar product, so
we can rewrite the ranking criterion of equation (10) as

RSPE(i) = max
j=1,...,d

(ρ2(xj
i , y)) = max

j=1,...,d
(cos2(x̂j

i , ŷ)) =

= max
j=1,...,d

(
〈x̂j

i , ŷ〉2

‖x̂j
i‖2‖ŷ‖2

)

= max
j=1,...,d

(〈x̂j
i , ŷ〉2), i = 1, . . . ,m

(11)

where ĉ represents the standardized and then normalized version of a given
vector c.

3.2 Redundancy detection

The second stage of our algorithm deals with redundancy detection. For this
purpose, and starting with the ranking obtained in the first stage, we rely on
the Gram-Schmidt orthogonalization as follows:

(1) First we select the column vector xi corresponding to the leading position
of the ranking. Then a column matrix q is built with x̂i, that is, the
standardized and then normalized version of xi.

(2) The rest of the input variables (column vectors) are standardized and
orthogonally projected 2 onto the space spanned by q.

2 We use the modified Gram-Schmidt algorithm (Björk, 1967) for numerical stabil-
ity reasons.
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SPE-ranker

• Redundancy detection: 

1. We select the column vector xi corresponding to the leading position of the 
ranking. Then a column matrix q is built with the standardized and then 
normalized version of xi

2. The rest of the input variables (column vectors) are standardized and 
orthogonally projected onto the space spanned by q

3. The norms of the resulting projections are compared with the norms of the 
original standardized vectors. Those projected input variables whose norm 
decrease more than a given threshold δ are considered redundant and, 
therefore, they are removed

4. The projection of the next input variable (following the ranking) is 
normalized and included in q. If a stopping criterion is not met, then we 
repeat this process starting at step 2

8
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Experimental results

• We define a problem space where each data set is randomly generated 
according to the following six parameters:

• Number of input variables (m)

• Number of examples (n)

• Number of relevant input variables (r)

• Degree (d)

• Redundancy (η)

• Noise (σ)

• Single experiment: Hold-out with 30 artificially generated data sets for each 
point of the problem space

• Varying the parameters of the problem space we have made 2x160 single 
experiments (2x4800 random data sets) to analyze the effect of redundancy 
and the number of irrelevant variables

9
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Experimental results: performance measure

• Given that we know the true relevancy of the input variables we can use a 
ROC-inspired setting [Jong et al., 2004] to evaluate the quality of the obtained 
rankings

• We draw the ROC-FR curve with the points {(FPR(i),TPR(i)), i=1,…, m}, 
where TPR(i) (respectively FPR(i)) is calculated as the fraction of true (false) 
relevant variables whose position in the ranking is higher than i

Since we use one-to-one redundancy, we only consider as relevant either an original 
relevant variable or one of its redundant copies (if there is more than one), whatever 

occurs first starting from the top of the ranking 

• We will use the area under the ROC-FR curve (AUC-FR) as an indicator of 
the quality of a ranking

• A running time comparison is also included
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Experimental results
Varying redundancy: AUC-FR

m∈{50,100}

n∈{50,100}

r∈{5,10}

d∈{1,2}

η∈{0,…,4}

σ∈{0%,5%}
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Experimental results
Varying redundancy: running time

m∈{50,100}

n∈{50,100}

r∈{5,10}

d∈{1,2}

η∈{0,…,4}

σ∈{0%,5%}
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Experimental results
Varying # of irrelevants: AUC-FR

m∈{50,100}

n∈{50,…,250}

r∈{5,10}

d∈{1,2}

η∈{0,1}

σ∈{0%,5%}
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Experimental results
Varying # of irrelevants: running time
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• We have presented SPE-ranker, a simple approach for input variable ranking

Simplified Polynomial Expansion
+

Correlation
+

Orthogonalization

that deals explicitly with non linear problems and redundancy

• Good performance on artificially constructed data sets

• in terms of AUC-FR

• in running time
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Conclusions
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