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Section 1

Markov and Hidden Markov Models



Markov processes
Joint distribution of a sequence yi.1

p(y1:7) = p(y1)p(y2ly1) - - - p(yelyr:e—1) - - - p(YTIy1:7-1)

» First order Markov process

p(y1.7) = p(y1)p(y2ly1) - - - p(yelye-1) - - p(yTlyT-1)

—0—-0—-©—

» Second order Markov process
p(yr.7) = p(y1)p(y2ly1) - - - P(Yelye—1,¥e—2) - P(YTIYT-1,¥7-2)

» First order homogeneous Markov process

p(y2ly1) = - = p(yelyt—1) = - = p(yrlyT-1)



Hidden Markov processes

If the observed sequence y.7 is a noisy version of the (first order)
Markov process s1.1

p(y1:7,s1:7) = p(y1ls1)p(s1) - . . p(yelse)p(selse—1) - ..
—.p(yrlsT)p(stsT-1)

» Discrete s;: Hidden Markov Model (HMM)
» Continuous s;: State Space Model (SSM)
> e.g. AR models



Coin Toss Example
(from [Rabiner and Juang, 1986])

> The result of tossing one-or-multiple fair-or-biased coins is

y1:7 = hhttthtth---h

» Possible models:
» 1-coin model (not hidden):

p(y: =hly:—1 =h) =p(y: =hly;-1 =1t) =
1—p(y: =tlyr—1 =h) =1—p(yr = tlys—1 = t)

» 2-coin model:

p(ye=h|ss=1)=p1  p
plye=hl[ss=2)=p p
p(st =1ls;1=1) = an p
p(st =1lst-1=2) = a1 p(st =2|s;—1=2) = ax



The model

S={s1,s,...,s7:st €1,...,1}: hidden state sequence.

v

v

Y ={y,y2,--.,¥7:¥: € RM}: observed continuous
sequence

v

A = {aj : aj = P(st+1 = j|st = i)}: state transition
probabilities.

v

B = {b; : Py, (y:) = P(yt|s: = i)}: observation emission
probabilities.

» = {m : m = P(s1 = i)}: initial state probability
distribution.

v

0 = {A,B, 7} model parameters.



Applications of HMMs

v

Automatic speech recognition

» s corresponds to phonemes or words and y to features
extracted from the speech signal

v

Activity recognition
» s corresponds to activities or gestures and y to features
extracted from video or sensors signals

v

Gene finding

» s corresponds to the location of the gene and y to DNA
nucleotides

v

Protein sequence alignment

» s corresponds to the matching to the latent consensus
sequence and y to aminoacids



Section 2

Inference in HMM



Three Inference Problems for HMMs

Problem 1: Given Y and 6, determine p(Y6).

p(Y|0) = ZpYS|9 o3T)

> p(Y10) = Y., p(Y,s710) (O(12T)) (Forward
algorithm)

Problem 2: Given Y and 6, determine the “optimal” S.

> p(s:|Y,0) (O(I?T)) (Forward-Backward
algorithm)
» argmax p(Y|S,0) (O(/2T)) (Viterbi algorithm)
S

Problem 3: Determine 6 to maximize p(Y[0).



Forward-Backward Algorithm

P(Y,si =i
Plsi =iY) =2ul) = “Up
_ P(yesr:7lse = I)P(y1:t,5e = i)
B P(Y)
_ Be(eu(i)
P(Y)
» Forward:
> Oél(l') = F;Pbi(yl) 1 <i< /
> an(i) = (Sfoy aca(i)ai ) Poye) 1<i<l 1<t<T



Forward-Backward Algorithm

Plsi =iY) =2ul) = “Up
_ P(yt+1:7|5t = i)P(y1:t, 5t = i)
P(Y)
_ Pe(i)ae(i)
P(Y)
» Forward:
> ai(i) = miPp(y1) 1<i<|
> a.(i) = (Zjl.zl at,l(j)aj,-) Py, (y:) 1<i</l,1<t<T
» Backward:
> Br(i)=1 1<i<lI

> Be(i) = ZJI':1 a;iPp; (Yt+1)Be+1(J) 1<i<1<t<T



Third Inference Problem

Joint distribution of S and Y and log-likelihood for N sequences

N Th
p(S,Y) =11 (p(Sf)l:[p(st"\st” 1) (Hp 7lst )

n=1

» EM (Baum-Welch) [Baum et al., 1970]
» Bayesian inference methods:

» Gibbs sampler [Robert et al., 1993]
» Variational Bayes [MacKay, 1997]



Baum-Welch (EM) Algorithm

Joint distribution of S and Y and log-likelihood for N sequences

N Th
p(S,Y) =11 (p(Sf)l:[p(SF\Sé’ 1 ) (Hp 7lst )

n=1
N
log p(S, Y|0) = Z(Z/ s? =Y, 0) log mi+
n=1
T, T, |
ZZZISt 1 =1i,sf =j|Y,0) Iogau+z I(s{ =i|Y,0) Iogp(yt|b)>
t=2 i=1 j=1 t=1 i=1
I N
=> (Z I(sf = i| Y,H)) log 7;
i=1 \n=1
I N T,
+ZZ (ZZI(S{’_l =is’ =j|Y, 9)) log aj;
i=1 j=1 \n=1t=2

n Z (Z Z I(s?=1i|Y, 9)) log p(y?|bi)



Baum-Welch (EM) Algorithm (II)

I N
log p(S, Y[0) = > (ZI (s =ilY,0 ) log ;i

i=1 \n=1

N T,
ZZIst L= sl =Y. 0) | log aj

n=1t=2

I N T,
+ (ZZ/ st = ilY,0) ) log p(y?|b;)

n=1t=1

E step
> E(SNL T = 11Y,0)) = £y na (i)
> E(Zf}l L (sp oy =i, s =] Yf))) =30 S ne(i))
> E(SM S (st = 11Y,0)) = SN S n )

Ent(i,J) = P(si_y = 1,87 = jIY) = at(i)a P, (Ye+1) Be+1())



Baum-Welch (EM) Algorithm (l1I)

-

log p(S, Y|0) = Z( /51/|Y0>|og7r,-
n=1

i=1

i N T,
. (ZZ sy = i.s] —jv,9)>

i=1 j=1 n=1 t=2
] N T,
+> (Z D st =1ilY, 0)) log p(y7|b)
i=1 n=1 t=1

M step
> 7= (h () /N
> by = (SN 20 6ne(d)) /(S S0y 2025 €ne(i0))
» Gaussian emission probabilities:
s = (N Xl e ) /(S S ()
s g N S e ()Y — Sy S ) il
PONED DI ()




Bayesian Inference Methods for HMM

» Priors:

» Independent Dirichlet distributions on the rows of A,
aj = [ail T 3i/]

» If possible, conjugate priors on emission probability parameters:
Dirichlet for discrete observations, Normal-Invert Wishart for
Gaussian observations, ...



Bayesian Inference Methods for HMM

» Priors:

» Independent Dirichlet distributions on the rows of A,
aj = [ail T ai/]

» If possible, conjugate priors on emission probability parameters:
Dirichlet for discrete observations, Normal-Invert Wishart for
Gaussian observations, ...

> Inference methods
» Gibbs sampler: iterative sampling from
{p(se|Y,5-¢,0): t=1,...,T}, p(AlS), p(B|Y,S), p(w[S)
» Samples from {p(s:|Y,S5-¢+,0): t=1,..., T} can be
efficiently generated using the Forward-Filtering
Backward-Sampling (FF-BS) algorithm
[Friihwirth-Schnatter, 2006]
» Variational Bayes: maximization of the Evidence Lower BOund
(ELBO) obtained by assuming independence among S, A, B,
and



Section 3

Variations on HMMs



From Gaussian to Mixture of Gaussian Emission
Probabilities

log p(y?|bi) IogHNyt!u,k, ik)* Zzt log N(y?| i, Zik)

k=1 k=1
! N T,
ST st =ily,0) | logp(y?|bi) =
i=1 n=1t=1
Th

| K N
SN st =ilY,0)I(z = kly?ﬁ)) log N(y?| e, Zik)

N T, T
DD ne(NeuN(yE ma lk)—ZZ%x(i,k)

n=1 t=1 n=1 t=1



From Gaussian to Mixture of Gaussian Emission
Probabilities (II)

1 N
> (Z I(sf = f|v,9)) log p(y?|bi) =

I(s{ =ilY,0)l(z] = kly?ﬁ)) log N(y7 [1i Zik)

N T, .
Zn:l Zt:1 'Yn,t(h k)
K N T, :
Zk:l Zn:l Zt:l ’yn,t(lv k)
N T, Cven
ﬂ'k — Zn:l Zt:l ’Yn,t(’, k) Y:
ik — N Th .
Zn:l thl ’Yn,t(’; k)
N Ta H ny,n* N Th . -
i_k _ Zn:l Zt:l Y, e(i, k) yiye™ — En:1 Zt:1 Yt (7, k) ;4]
e N T, .
Zn:l Zt:l 'Yn7t(’7 k)

Cik =




HMM with labels

> L={h,h,.... /7l €1,...,J}: label's sequence.
» D = {dim: dim = P(lt = m|s; = i)}: label emission
probabilities.

N Th
p(s, v, 1) =11 (p(S{') 11 P(Sé’lst”_l))

: ) (Hp Ist)



HMM with labels (11)

> L={h,b,...,I7 : l €1,...,J}: label's sequence.
» D ={dim : dim = P(lt = m|s; = i)}: label emission
probabilities.

/

log p(S, Y, L|0) = Z <Z/ st =Y, L, )) log 7;

i=1



E step with labels

at(.]) = p(st :.j|y12t7 ) = P(St :J'IYtJl:t—ly ) )
o8 P(Yt’st :f) P(St :j’ylzt—h )
)
= p(yelse =J) > ajo—1(i)
i=1

Bt—l(i) = P(Yt:T, |5t—1:i)

/
= ZP(St =5 Yt Yt+1:T Ity ’5t—1 = i)
j=1
/
= P(Yt+1:T, |st :j) P(St =J, ¥t i|st—1 = i)
j=1
/
= Be(j) p(ytlse = Jj) ajj

=1

.



E step with labels (I1)

Ye(j) = p(st = jly1. T, ) o< p(st = J,Yes1:T5 lye:T, )=
= p(yet1:7, st = j)p(st = jlye.1, e 1) = Be(J) e (i)
§er1(i,J) = p(st =i,see1 = jlyrT, . 7)
= p(sty1 = Jjlst = i,y1.7, . 7) p(St = ilyr.T, 1. 7)
o p(Yer1:T, |st1 = Jj) aij ae (i)
= p(Ye+1, v 1|serr = J) pP(Yero:T, |Se1 = J) ajj oue(7)

= p(Ye+1lst+1 = J) Ber1()) ajj aee (i)



Semi-supervised HMM

» To avoid the uncertainty in the labeling, the beginning and
the end of each sequence can be let unlabeled

» The label emission probabilities are set a priori



Autoregressive HMM

K
p(yelye-1,5t = i,0) = > cuN(ye|Wiye—1 + i, Tix)
k=1

» E step
Vn,t (i, k) = Yo, (i) ik N(y7 — Wiye_q i, Zik)
> M step

S S SR e (i k) (7 — pi) (Y7 — i)

C = ;
S S SRy (i K)



Other Generalizations of HMMs

Hidden semi-Markov Model
Input-Output HMM
Hierarchical HMM
Factorial HMM

Coupled HMMs

v

v

v

v

v



Section 4

Extensions on classical HMM methods



Well known problems of HMM

> Model selection
» Use your favorite complexity measure (BIC, AIC, ...) and train
HMMs for different values of /
» Infinite (Nonparametric) Hidden Markov Model
[Beal et al., 2001] [Teh et al., 2006].
» Local maxima of likelihood
» Reinitialize the algorithm several times
» Spectral learning of HMMs [Hsu et al., 2012]
[Song et al., 2010]



The Infinite Hidden Markov Model

> Bayesian HMM, discrete observation, single sequence
» Priors

aj|a, I ~ Dirichlet(«/11;) b;|3, | ~ Dirichlet(8)

» Posteriors

.
HUZZ/(Sr—1:i75t2j|Y79) n; = [ni - nj
=2

)
my=3"Ise=i,ye=jl6)  m;=[my-ny]
t=2

aj|rest ~ Dirichlet(a//1; 4 n;) bj|rest ~ Dirichlet(8 + m;)



The Infinite Hidden Markov Model (lI)

» Hierarchical Dirichlet Process (IHMM)
» | =00
» Stick-breaking process

¢ = Beta(l,y) € =24¢ ;;}(1 — &) e~ Stick(y)
» Priors (i € {1,...,00})
€ ~ Stick(y) aj|a, € ~ Stick(cwe) b;|B, ! ~ Dirichlet(8)

» Posteriors (K = number of active states,
a; = [ain - aik Dojopyq il €k = €€k 2o ki1 €ll)

aj|rest ~ Dirichlet(aex + n;) b;|rest ~ Dirichlet(8 4+ m;)

0jj = resample nj with Bernouilly(ae;)
B ST
i

€|rest ~ Dirichlet(c)



The Infinite Hidden Markov Model (lII)

> Inference
» Sampling S is challenging with | = oo (Forward-filtering
Backward-sampling can not be employed)
» Beam sampling make use of an auxiliary variable to work with
a finite number of states [van Gael et al., 2008]



Spectral Learning of HMMs

» Discrete observations, J > |/

p(Y) = > p(stialst)p(yrlsT)- ZP52|51 (v1ls1)p(s1)

ST+1 ST
= 17 Adiag(by,)-- - Adiag(b,, )m
= 1'A,, - A, 7
= 1TA

YT1

p1=p(y1) P21 =p0r,y1) P31 = p(y3,y1)lpm=x
Pp1=p(1) P21 =p0r,y1) P31 =p(3,y1)lm=x

P,; = UXU’



Spectral Learning of HMMs (1)

c1 =U"p; =U'Bnr
Coo =PJ,Up; =17(u’B)!
C. =UTP5)(UTPy)T =(U'B)A(U'B)™

Cty1 = 7Ctht
- T
cooc}/tcf
C: = UTBozt
p(yr’)/l:t—l) = Coocytct

» No local maxima

» Kernelized version for continuous observations
[Song et al., 2010]
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